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INTRODUCTION: 


- “TSTUDE approfondie de la nature est la source la plus 
féconde des découvertes mathématiques. 

Non seulement cette étude, en offrant aux recherches un but 
déterminé, a l’avantage d’exclure les questions vagues et les’ 
calculs sans issue; elle est encore un moyen assuré de former 
lAnalyse elle-méme, et d’en découvrir les éléments quwil nous 
importe le plus de connaitre et que cette science doit toujours 
conserver. 

Ces éléments fondamentaux sont ceux qui se reproduisent 
dans tous les effets naturels.” (Fourier.) 

These words of Fourier are taken as the text of the present 
treatise, which is addressed principally to the student of 
Applied Mathematics, who will in general acquire his mathe- 
matical equipment as he wants it for the solution of some 
definite actual problem; and it is in the interest of such 
students that the following Applications of Elliptic Functions 
have been brought together, to enable them to see how the 
purely analytical formulas may be considered to arise in the 
discussion of definite physical questions. 

The Theory of Elliptic Functions, as developed by Abel 
and Jacobi, beginning about 1826, although now nearly 


seventy years old, has scarcely yet made its way into the 
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ordinary curriculum of mathematical study in this country ; 
and is still considered too advanced to be introduced to the 
student in elementary text-books. 

In consequence of this omission, many of the most interest- 
ing problems in Dynamics are left unfinished, because the 
complete solution requires the use of the Elliptic Functions ; 
these could not be introduced without a long digression, 
unless a considerable knowledge is presupposed of a course 
of Pure Mathematics in this subject. 

But by developing the Analysis as it is required for some 
particular problem in hand, the student of Applied Mathe- 
matics will obtain a working knowledge of the subject of — 
Elliptic Functions, such as he would probably never acquire 
from a study of a treatise like Jacobis Fundamenta Nova, 
‘where the formulas are established and the subject is 
developed in strictly logical order as a branch of Pure 
Mathematical Analysis, without any digression on the 
application of the formulas, or on the manner in which 
they originate independently, as the expression of some 
physica] law. 

In introducing these applications we are following, to some 
extent, the plan of Durége’s excellent treatise on Elliptic 
Functions (Leipsic, Teubner); and also of Halphen’s Traité 
des fonctions elliptiques et de lewrs applications (Paris, 
1886-1891). 

But while volume I. of Halphen’s treatise is devoted entirely 
to the establishment of the formulas and analytical properties 
of the functions, and the applications are not discussed till 
volume II.; in the following pages it is proposed to develop 
the formulas immediately from some definite physical or 
geometrical problem; and the reader who wishes to follow 
up the purely analytical development of the subject is referred 
to such treatises as Abel's Hwures, Jacobi’s Fundamenta N ovd, 
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already mentioned, or the Treatises on Elliptic Functions of 
Cayley, Enneper, Kénigsberger, H. Weber, ete. 

The following works also may be mentioned as having been 
consulted in the preparation of this work :— 


Legendre: Theorie des fonctions elliptiques ; 1825. 

Thome: Abriss einer Theorie der complexen Functionen 
und der Thetafunctionen einer Verdnderlichen ; 1873. 

Schwarz: Formeln und Lehrsdtze zum Gebrauche der 
elliptischen Functionen. 

Klein (Morrice): Lectwres on the Icosahedron; 1888. 

Klein und Fricke; Vorlesungen tiber die Theorie der ellip- 
tischen Modalfunctionen ; 1890. 

Despeyrous et Darboux: Cours de mécanique ; 1886. 

R. A. Roberts: Integral Calculus ; 1887. 

Bjerknes: Niels Hendrik Abel; tableau de sa vie et de son 
action scientifique ; 1885. 


We shall begin by the discussion of the Problem of the 
Simple Circular Pendulum, as the problem best calculated to 
define the Elliptic Functions, and to give the student an idea 
of their nature and importance. 

Previously to the introduction of the Elliptic Functions, 
the Circular Pendulum could only be treated by means of the 
circular functions, by considering the oscillations as indefinitely 
small, and by assimilating its motion to that of Huygens’ 
Cycloidal Pendulum, of 1673. 

But now the employment of the Elliptic Functions renders 
the ordinary discussion of the Cycloidal Pendulum antiquated 
and of mere historical interest, and banishes from our treatises 
such expressions as “an integral which cannot be found,” or 
“reducible to a matter of quadrature” in describing an elliptic 
integral, expressions which aroused the indignation of Clifford 


(Mathematical Papers, p. 562). 
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According to the new regulations for the Mathematical 
Tripos at Cambridge, to come into force in the examination 
in May 1893, the schedule IJ. of Part I. includes “ Elementary 
Elliptic Functions, excluding the Theta Functions and the 
theory of Transformation”; so it is to be hoped that this 
reintroduction of Elliptic Functions into the ordinary mathe- 
matical curriculum will cause the subject to receive more 
general attention and study. These Applications have 
been put together with the idea of covering this ground by 
exhibiting their practical importance in Applied Mathematics, 
and of securing the interest of the student, so that he may if 
he wishes follow with interest the analytical treatises already 
mentioned. 

We begin with Abel’s idea of the inversion of Legendre’s 
elliptic integral of the first kind, and employ Jacobi’s notation, 
with Gudermann’s abbreviation, for a considerable extent at 
the outset. 

The more modern notation of Weierstrass is introduced 
subsequently, and used in conjunction with the preceding 
notation, and not to its exclusion; as it will be found that 
sometimes one notation and sometimes the other is the more 
suitable for the problem in hand. 

At the same time explanation is given of the methods by 
which a change from the one to the other notation can be 
speedily carried out. 

It has been considered sufficient in many places, for instance 
in the reduction of the Integrals in Chapter IL, to write 
down the results without introducing the intermediate analysis ; 
as the trained mathematical student to whom this book is 
addressed will have no difficulty in supplying the connecting 
steps, and this work will at the same time provide instructive 
exercises in the subject ; and further, in the interest of such 


students, many important problems have been introduced in 
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the text, forming immediate applications of theorems already 
developed previously. 

I have to thank Mr. A. G. Hadeock for his assistance in 
preparing the diagrams, and in drawing them carefully to 
scale. 


ERRATA. 


Page 6. Line 9 from bottom, read Huygens. 

42, Line 6, read ne) 

“—"y 

48. Line 5 from bottom, read — 4n?(9e?+4n?)?. 

64, Line 19, read Fonctions elliptiques. 

99. The diagram must be replaced by the one given below. 
The Nodoid in fig. 12, p. 99, was described by a point 
which was not a focus of the rolling hyperbola. 

107. Line 2 from bottom, delete minus sign before radical. 

138. Equation (7), read (¢,?— ¢,°)/D. 

158. Line 12, read 36K(zx, y). 

205. Line 6 from bottom, read (wu —v) —@(w+v). 

213. Line 7 from bottom, read G+ La’ — X(yz' —y’z) =0 
with the corresponding subsequent corrections. 

227. Line 7, read P,/X,+Q/X,=0. 

282. Line 5 from top, for rectangle read ribbon. 

328. Line 12 from bottom, read Proc. L. M. S., IX. 


ABBREVIATIONS. 
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Ff. #., Fonctions elliptiques (Legendre and Halphen). 

Math. Ann., Mathematische Annalen. 

Phil. Mag., Philosophical Magazine. 

Phil. Trans. Philosophical Transactions of the Royal Society of London. 
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CHAPTER. 


THE ELLIPTIC FUNCTIONS. 


1. The Pendulum ; introducing Elliptic Functions into 
Dynamics. 

When a pendulum OP swings through a finite angle about 
a horizontal axis O, the determination of the motion introduces 
the Elliptic Functions in such an elementary and straight- 
forward manner, that we may take the elliptic functions as 
defined by pendulum motion, and begin the investigation of 
their use and theory by their application to this problem. 

Denote by W the weight in lb. of the pendulum, and let 
OG=h (feet), where G is the centre of gravity ; let Wk? denote 
the moment of inertia of the pendulum about the horizontal 
axis through G, so that W(h?+k?) is the moment of inertia 
about the parallel axis through O (fig. 1). 

Then if OG makes with the vertical OA an angle 0 radians 
at the time ¢ seconds, reckoned from an instant at which the 
pendulum was vertical; and if we employ the absolute unit 
of force, the powndal, and denote by g (32 celoes, roughly) 
the acceleration of gravity, the equation of motion obtained 
by taking moments about O is 

We + kee = ~ Woh sin 0, 
since the impressed force of gravity is Wg poundals, acting 
vertically through @; so that 

(32 —gsin@; 
h/d? gy d 
or, on putting h+i/h=l, 
oO 

ah 


, ,G.E.F. A 
a 
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Fig. 1. 
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If the gravitation unit of force, the force of a pound, is 
employed, then the equation of motion is written 


2 
a(e+ IG e= — Whsing, 
reducing to (1) as before. 


2. Producing OG to P, so that OP=1, GP=K2/h, the point 
P is called the centre of oscillation (or of percussion); and l is 
called the length of the simple equivalent pendulum, because 
the point P oscillates on the circle AP in exactly the same 
manner as a small plummet suspended by a fine thread from 
O (fig. 2); as is seen immediately by resolving tangentially 
along the are AP=s=/0; when the equation of motion of 


2 
the plummet is aH —g sin@=—gsin . 
or MORO IGG Vere a G'SS11 0 o5.. oss adee sees set etcees (1) 
and integrating, 41(d0/dt)??=C—g vers 0. ..........cesecssaeesess (2) 


These theorems are explained in treatises on Analytical 
Mechanies, such as Routh’s Rigid Dynamics, or Bartholomew 
Price’s Infinitesimal Calculus, vol. IV., and might have been 
assumed here; but now we proceed further, to the complete 
integration of equation (2). 

3. First suppose the pendulum to oscillate, the angle of 
oscillation BOA + AOD’ being denoted by 2a (fig. 2); the angle 
of oscillation is purposely made large, as in early clocks, in the 
Navez Ballistic Pendulum, in a swing, or as in ringing a 
church bell, so as to emphasize the difference from small 
oscillations, the only case usually considered in the text- 
books; in fig. 2 the angle of oscillation is made 300°. 

Then d6/dt = 0 when @=a, so that in equation i) 

C=g vers a; 
ate now denoting g/l by n?, so that 7 is what Sir W. Thomson 
calls the speed (angular) of the pendulum, 
4(d6/dt)? = n*(vers a—vers 0) 
SS CAIN Sh -— SIN FO), 5a -n'e sale <n slope sioxts ansiean > (3) 
since vers 0=2 sin730; 
d6/dt=2n,/(sin*4a—sin*}6), 


Ci eee Sal ects Pana t 4 
and nt “S| Teme ayy (4) 
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and (4) is called by Legendre an elliptic integral of the jirst 
kind; it is not expressible by any of the algebraical, circular, 
or hyperbolic functions of elementary mathematics. 


4. To reduce this elliptic integral to the standard form con- 
sidered by Legendre, we put 
sind@=sinsa sin ¢, 
equivalent geometrically to denoting the angle ADQ by ¢ 
(fig. 2), where AQD is the circle on AD as diameter, touching 
BB’ in D, and cutting the horizontal line PI in Q.: 
For, in the circle AP, 
AN=1 vers 0=2/ sin*36 ; 
and, in the circle AQ, 
AN=4AD vers 26=AD sin’d 


=l vers a sin’¢ = 2/ sin*}a sin*¢. 


Now sin?}a—sin}0 =sin*}a cos’, 
and 30=sin~-1\(singa sin @), 
ind 

so that dig =e ae 
“~ /(1—sin*3a sin*¢) 

and therefore nt =/- a dg : 

»/(1 —sin?$a sin*d) 
0 


which is now an elliptic integral of the first kind, in the 
standard form employed by Legendre. 


(fonctions Elliptiques, t. I., chap VI.) 


5. In Legendre’s notation, sin}a is replaced by x; the quantity 
/(1—«’ sin’p) is denoted by A¢g or A(¢, x); and the integral 
S1p|Ap or Ja —x’ sin’)-*dp is denoted by F¢ or F(¢,x), 
and called the elliptic integral of the first kind, @ being called 
the amplitude and « the modulus. 

Thus, in the pendulum motion, : 

nt= FI, or F(¢, sinda). 

Legendre employs ¢ instead of x, and puts x=sin 0 (a different 
8 to what we have just employed) and calls @ the modular 
angle ; and he has tabulated the numerical values of Ft (¢, x) for 
every degree of dand 6. (Fonctions Elliptiques, t. II. Table IX.) 

Legendre spent a long life in investigating the properties of 
the function F¢, the elliptic integral of the first kind; but the 
subject was revolutionised by the single remark of Abel (in 
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1823), that F¢ is of the nature of an inverse function; and that 
if we put w=, then we should study the properties of dp; 
the amplitude, as a function of uw, and not of was a function 
of ¢, as carried out by Legendre in his Fonctions Elliptiques. 


6. Jacobi proposed the notation ¢=am w, or am(u, x) when 
the modulus « is required to be put in evidence; and now, 
considered as functions of u, we have Jacobi’s notation 

cos f= cos am U, sin d=sinam u, AP=A amu, 
the three elliptic functions of wu; and in Jacobi’s Fundamenta 
Nova (1829) the properties of these functions, 
cosam wu, sinamwu, Aamu, 
are developed, the elegance of Jacobi’s notation tending greatly 
to the popularity of this treatise. 


7. Definition of the Elliptic Functions. 

Jacobi’s notation is rather lengthy, so that nowadays, in 
accordance with Gudermann’s suggestion (Theorie der Modular 
Functionen, Crelle, t. 18), cosamw is abbreviated to enw, 
sinamw tosnw, and Aamw to dnw; and 

cenu, snu, dnw 
are the three elliptic functions (pronounced, according to Hal- 
phen, with separate letters, as ¢,n, w; s,n,w; d,n, uw); and they 
are defined by 
cn u=cos ¢, sn wu=sin gd, dnu=Agd=,/(1—«’ sin’) ; 
where ¢ is a function of wu, denoted by am wu, and defined by 
the relation 


W aff —x? sin’) “dg, 


amu 


so that u=/./(1—«? sin’¢) -2d¢ ; 
0 
d d : 
and = ot = ,/(1—x«’sin’¢)= dnw. 
d cos eer 

Thence ues = —sin gSf= — snudnwu; 
and similarly 

dsnu_dsing _ dp _ 

Sa ne COs $ T= enwdnw; 

ddnu_ dAg__ «singcospdd _ eee 


and Cedi © Ag du 
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8. Returning now with these definitions and this notation 
to the motion of the pendulum, we have, on comparison, 
u=nt, while «=sinja, so that the modular angle is ja; 
and c=AD/AB=AB/AE, 7P=AD/AE (fig. 2); 


also p=am u, cos P=cnu, sing=sn u, dp/dt=n dn wu; 
d6/dt=2nx« cn w= 27k en nt, 
sntO= «xsnu= «sn, 
cos30= dnw= dnt; 


AP=AEsinj0=AB sn nt, PE=ALKcos30=AE dn nt; 

AN=AD snnt, ND=AD cn?nt, NE=AE dn?nt; 

NQ=,/(AN.ND)=ADsnntennt, NP=ABsnut dunt; 
giving these quantities as elliptic functions of w or nt. 


9. We notice that «=O for infinitely small oscillations of 
the pendulum, the only case usually treated in the text-books ; 
and now ¢=u=nt, so that 

ch w=cos u, snu=sin uw, while dnu=1; 
and the elliptic functions have degenerated into the ordinary 
circular functions of Trigonometry. 

But in finite oscillations of the pendulum, where « is not 
zero, these new functions are required, which are called the 
elliptic functions; and their geometrical definition is exhibited 
in fig. 2, in a manner similar to that employed in Trigonometry 
for the circular functions. 

The name elliptic function is somewhat of a misnomer ; 
but arose from the functions having been first approached by 
mathematicians in their attempt at the rectification of the 
ellipse (§ 77). 

For finite oscillations the circular functions are applicable 
only to cyclocdal oscillations, as discovered by Huyghens, 1673, 
whence the motion on the are of a cycloid is generally investi- 
gated at length in elementary treatises; but this discussion 
may be considered as of mere antiquarian interest, now that we 
are proceeding to discuss the finite oscillations of the pendulum 
by the aid of the elliptic functions. 

We may however make here a slight digression on cycloidal 
oscillations, treated in the manner we have employed for 
circular oscillations. 
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10. Cycloidal Oscillations. 

In the eycloid, fig. 4, the angle ADQ or d=nt (not am nt, 
as in the circular pendulum) for all finite oscillations; for 
as P oscillates on the are BAB’ of the inverted ¢ycloid 
described by the rolling of the circle AZ, Q follows P at the 
same level on the circle AD with constant velocity. 


—s 


Pa 


pre 4. 


For if PQN meets the circle on AF as diameter in R, then, 
from a well-known property of the cycloid, the tangent 7'P is 
equal and parallel to AR, and half the arc AP; and if n, p,q, 7 
denote simultaneous consecutive positions of V, P, Q, R, 

the velocity of Q_ 1,29 _ 14.24 Q9, Vn 
the velocity of P = Pp Nm "Pp 
=cosec gYP sin pPQ=cosec AFQ sin AHR 
_tADAR_43AD /AN.AE_ 44D 
_NQ AE AENAN.ND (/(AE.NDY 

Now the velocity of P=,/(2q. ND) 

and therefore the velocity of Q=43AD,/(29/AL) 
=AD,/(g/l)=n . AD, a constant, 

if AH=41; and therefore the angular velocity of Q about D 

is n, and the angle ADQ=¢=nt. 

Therefore the oscillations are zsochronous, since the period 
2Q4/n= 2a/(l/g) is independent of the amplitude of oscillation. 
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But in the circular pendulum the period increases with the 
amplitude or angle of oscillation; because in the circle ls 
(fig. 2) the versed sine AN varies as the square of the chord 
AP, while in the cycloid AP (fig. 4) the versed sine AV varies 
as the square of the arc AP. 

The time from P to A on the cycloid is equal to the em. 
(circular measure) of the angle ADQ divided by n or ,/(g/); 
and generally the time over any finite are Pp of the cyeloid 
will be equal to the c.m. of the corresponding angle QDq divided 
by n, supposing the body to start from the level of D. 

This will be true even when the point D is above H, as at 
D’, so that the body enters the cycloid with given velocity ; 
as for instance in the case of a railway train entering with 
given velocity V a cycloidal tunnel BAB’ under a river. 

Making DD’=1V?/g, the impetus of the velocity V, then 
the time occupied by the train in the tunnel from B to B’ is 
twice the cm. of AD’C divided by n. 

Also if the length of the tunnel is 2s, then s=,/(20h), if 
AD, the depth or versed sine of the tunnel, is h; so that the 
time occupied is 


2 tan~ 
nN 


oes Ss h 
Dp= Nz tan Tey vi era) 
11. The Period of the Pendulum, and of the Elliptic 


Functions. 

The period of the pendulum is the name now given to 
the time of a double swing, according to the report of a Com- 
mittee at the Conference of Electricians in Paris, 1889; 
thus, if the swing is small, the period is 27,/(//g) seconds. 

But if the angle of vibration 2a is finite, the period is in- 
creased ; denoting the period by 7, and therefore the quarter- 
period, or time of motion of P from A to B (fig. 2) by 47, 
then as ¢ increases from 0 to 7, 6 increases from 0 to a, and 
from () to 37, so that nt or u increases from 0 to K, where (§ 4) 


UG ay fies sin’) id ; 
0 
and K (or F"« in Legendre’s notation, and called by him the 


complete elliptic integral of the first kind) is now called the 
real quarter period of the elliptic functions, to the modulus x. 
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Now, expanding by the Binomial oes 
Sl Ota ae 


(1 —sin?g)$=14. > ar ae ) 2n(gin p)?, 
and, by Wallis’s Tveorern, 
hr Taner On 1), 
Sin ¢)™1p= ars In. 27 
0 


so that = K=tq[1 > Ear oe = — aye | 


Thus the period of a per of length J, oscillating through 
an angle 2a, is 


pte a4 (OV cantar (5) ote 


HGS is oy (sin$a)®+.. } 


As a first approximation therefore in the correction for am- 
plitude of swing, the period must be increased by the fraction 
4(sin $a)? of itself, or by 100(4 chord of a)? per cent. 

Thus a pendulum, which beats seconds when swinging 
through an angle of 6°, will lose 11 to 12 seconds a day 
if made to swing through 8°, and 26 seconds a day if made to 
swing through 10°. (Simpson’s Fluwions, § 464.) 

The value of K or #« has been tabulated by Legendre 
for every degree and tenth of a degree in the modular angle 
(fonctions Elliptiques, t. II., Table I.). 

We denote the modular angle by 4a, and put c«=sinha; 
while coska is denoted by x’ and called the complementary 
modulus, so that 


and then F’«’ is denoted by A’, and called the complementary 
quarter period. 

The following table (from Bertrand’s Calewl Intégral, p. 714), 
gives the logarithms of the quarter periods K and 4’, correspond- 
every halt degree in}a,the quarter: angle of swing; and then 

Qxx’ =sin a, e=Sinta, x =cossa, 
and 4a is the modular angle. 

The modular angle in the Table is given from 0 to 45°; to 
determine K for a modular angle greater than 45°, we look 
out the value of K’ corresponding to the complementary modu- 
lar angle. 
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12. We notice that when the modular angle is 15°, then 
log K’/K ='2385606 =} log 3, so that K’/K=,/3; 
this will be proved subsequently ; but it shows here that the 
period of a pendulum oscillating through 300° is ,/3 times the 
period when the pendulum oscillates through 60°. 

Again we shall prove subsequently that, 
if K'/K = ,/7, then 2x’ =4; 
so that equal parallel horizontal chords, BB’ the higher, and 
bb’ the lower, each of length one-eighth the diameter, cut off 
arcs of the circle below them, which would be swung through 
by the pendulum in times which are in the ratio of ,/7 to 1. 

Many other similar numerical examples can be constructed 
when the Theory of the Complex Multiplication of Elliptic 
Functions is studied. 

13. When a=4z, the pendulum drops from a horizontal 
position and swings through two right angles, as in the Navez 
Electro-Ballistic Pendulum; and now ae and the modular 
angle is }7. 

Table IL. from Legendre’s Fonctions Elliptiques, t. IL, gives 
to five decimals the value of w=/’¢ for every half degree in 
the value of ¢, when the modular angle is 45°; and thence by 
means of the preceding formulas which determine the motion 
of the pendulum by elliptic functions, the pendulum can be 
graduated so as to measure small intervals of time At= Au/n, 
as required for electro-ballistic experiments. 

Then from Table IL, when K=K’, and Kae =},/2, 

cn w=cos g, sn w=sin g, dn u=,/(1—}$ sin’¢). 
14. Generally in the pendulum, K=4nT, so that the period 
T=4K/n=4K,/(1/9). 

When «=0, K=}7, and the period is 27,/(l/g), as proved 
otherwise in the ordinary elementary treatises, for small 
oscillations of the pendulum. 

But in the finite oscillations of the pendulum, with 

u=nt=4Kt/T, 
then (§ 8) dO/dt=2nx« en 4Kt/T, 
singO= «sn 4Kkt/T, 
cos} = dn 4Kt/T, ete. 
Putting t=0, w=0, we find 
en0=1 sn0=0/ dn0=ie 
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and putting t=4hT, w=K, 6=$7, 
when the pendulum has swung to OB, 
en K =cos $7=0, sn K=1, dn K=x’; 


while putting t= 2h 
when the pendulum is swinging backwards through the verti- 
cal OA, en2K—= —T sn 2K =0, dn2kK=1; 


analogous to the values of cos@ and sin 0, for 6=0, 47, 7; 
so that 2K is the half period of the elliptic functions, corre- 
sponding to the half period x of the circular functions. 


Since /ilgjAg =fijiag+/ig/Ap=2K £u, if @=am u, 


therefore am(2K+u)= wrtgd= wtamu; 

and generally am(2mK+u)=mr+¢=mrtam u; 

so that en(2mK+u)=cos(mrtamu)y= (—1)"en u, 
sn(2mK £u)=sin(mz tam w)= +(—1)"sn u, 

while dn(2mK+u)=dn uw; 

analogous to cos(mr+0)= (—1)"cos 8, 


sin(ma £0) = £(—1)"sin 0; 
and representing the motion, m half periods, past or future. 
15. The degenerate Circular and Hyperbolic Functions. 
As a increases from 0 to z, « increases from 0 to 1, and K 
from 47 to infinity; the pendulum has now, with «=1, just 
sufficient velocity to carry it to the highest position, and this 
will take an infinite time. 
For with a=7, equation (3), page 3, becomes 
4(d0/dt)? =17(1 + cos 0) = 2n? cos?h6 ; 


0 
nt = freee Ato 


a log tan}(7+ 6) =log(secd6+ tan $6), 
which is infinite when 0=7. 
In small oscillations the period is 27/n, and the motion of 
M, the projection of P on the horizontal axis Aw, is then a 
Simple Harmonic Motion (S.H.M.) given by the differential 


equation ke +n’2=0, 


the solution of which is 

a2=A cos nt, or Bsin nt, or A cosnt+B sin nt, or acos(nt+e) ; 
so that 7 is the constant angular velocity round D of the point 
Q on the infinitesimal circle AQD, as in the cycloid. 
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In Kepler’s Problem in Astronomy, 7 represents what is 
called the mean motion of a planet or satellite, and nt or nt+e 
the mean anomaly ; a satellite of Jupiter, when observed in 
the plane of its orbit, supposed circular, will appear to move 
with a 8. H. M. 

But with «=1, putting }@=¢= angle AFP (fig. 3) 

nt = /sec pdd=log(sec o+tan >), 
so that sec o-+tan Oe 
sec p—tan d=e™, 
sec d=4$(e"%+e-™) =cosh nt, 
tan ¢ =43(e%—e-™) =sinh ni, 
sin ¢=tanh nt, cos  =sech nt, 
tan$¢=tanhdnt, and so on. 

Also d6/dt=2n cos$§=2n sech nt ; 
so that if the angular velocity of the pendulum in the lowest 
position OA is 2n, the pendulum will just reach the highest 
position OH; but the time occupied in reaching it will be in- 
finite, since 0=7, 6=4$7 makes nt and therefore ¢ infinite. 

The velocity of P in any position is 

l(d0/dt) =2nl cos}O=n. EP, 
and therefore varies as HP. 

If HP in fig. 3 is produced to meet Aw in M’, then 

AM =AF tan}9=2l sinh nt, HM’ = EA seck@=21 cosh nt; 
so that, if AM’ or HM’ is denoted by 2, 

Wa 


—n*x4=0, 


dt 
the general solution of which differential equation is 
a= A cosh nt+B sinh nt. 

16. When the pendulum just reaches the highest position 
OF, «=1; and wu (or nt) and ¢, the em. of the angle AEP, 
are connected by the relations 

u=/f sec fp dp =log (sec + tan ¢) 
=cosh“!sec @ =sinh-Itan f=tanh-'sin 6=2 tanh-ltan}¢. 
Conversely 
@=cos~*sech w=sin~'tanh w=tan-'sinh w=2 tan-lHtanh tu; 
and then ¢ is called by Professor Cayley the Gudermunnian 
of u, and denoted by gd wu; so that if 6=ed wu, then 
u=gd-'=log (sec 6+ tan f)=cosh~'sec g, ete. 
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Hoiiel proposes for ¢ the name of hyperbolic amplitude of 
u, with the notation ¢=amh uw, instead of gdw; so that 


amh w 
U =fsee odo ; 


U 
or ¢=amh wu = frcch udu =cos~'sech w=sin-!tanh u, ete; 
0 
analogous in the general case of the elliptic functions, for any 


modulus x, to (§ 7) 


F-lu=amu =i) dnudw= cos-tenu= _ sin~'sn u, ete. 
0 
As degenerate forms, when «=1, 


cn w=sech u, sn w=tanh uw, dn w=sech u ; 
while, with «=0, 
cn w=cos u, snwu=sin u, dnu=1. 
Thus, when x=1, the elliptic functions degenerate into the 
hyperbolic functions; and, when «=0, into the circular fune- 
tions; but with any other value of the modulus x, the elliptic 
functions must be considered as new functions, of a higher 
order of complexity than the circular or hyperbolic functions. 
The following Table, from Legendre, F. #,, t. IL, Table IV., 
gives the values of 
w=log (sec P+tan ¢)=log tan(t7+4¢) 
for every degree of ¢ radians ; whence the numerical values of 
the hyperbolic functions of w can be determined, by aid of a 
table of circular functions, and by the relations 
cosh w=sec ¢, sinh u=tan ¢, tanh w=sin 4, ... 
For values of w greater than about 4 the Table fails; but 
then it is sufficient, to two decimals, to take - 
cosh w= sinh u= te"; 


4 


log, cosh w=log,sinh u= Mu —log 2 ; 
or, to a closer approximation, 
log, cosh w= Mu—log 2+ Me-™, ..., 
log, sinh w= Mu—log 2—Me-*,..., 
log, ,tanhu= —2Me-*..., 
M denoting the modulus log,,e. 
(Proposed Tables of Hyperbolic Functions, Report to the 
British Association, 1888, by Prof. Alfred Lodge.) 


THE ELLIPTIC FUNCTIONS. 


16 
TABLE is 
ca) uU c<) U Pp uUu 

6 | 0-00000 | 0-00000 || 30 | 0:52360 | 0:54931 | | 60 | 1:04720 | 1:31696 
1 | 0:01745 | 0-:01745 || 31 | 0°54105 | 0-56056 | | 61 | 1-06465 | 1:35240 
2 | 0-03491 | 0:03491 | | 32 | 055851 | 0-59003 | | 62 | 1:08210 | 1:38899 
3 | 005236 | 0:05238 | | 33 | 057596 | 0-61073 | | 63 | 1-09956 | 1:42679 
4 | 0-06981 | 0:06987 | | 34 | 059341 | 0-63166 | | 64 | 1:11701 | 1°46591 
5 | 0:08727 | 0:08738 | | 35 | 0°61087 | 0-65284 | | 65 | 1:13446 | 150645 
6 | 010472 | 0:10491 | | 36 | 0-62832 | 0-67428 | | 66 | 1:15192 | 1°54855 
7 | 0:12217 | 0-12248 || 37 | 0-64577 | 0-69599 | | 67 | 1:16937 | 1°59232 
s | 0:13963 | 0:14008 || 38 | 0-66323 | 0:71799 | | 68 | 1-18682 | 163794 
9 | 0:15708 | 0:15773 || 39 | 0-68068 | 0-74029 | | 69 | 1-20428 | 1-68557 
10 | 0:17453 | 0:17543 || 40 | 069813 | 0-76291 || 70 | 1-22173 | 1-73542 
11 | 0:19199 | 0-19318 || 41 | 0°71558 | 0-78586 | | 71 | 1:23918 | 1-78771 
12 | 0:20944 | 0-21099 || 42 | 0-73304 | 0-80917 | | 72 | 1-25664 | 1-84273 
13 | 0-22689 | 0-22886 | | 43 | 0-75049 | 0-83284 | | 73 | 1-27409 | 1-90079 
14 | 0:24435 | 0-24681 | | 44 | 0°76794 | 0-85690 | | 74 | 1-29154 | 1-96226 
15 | 026180 | 0:26484 | | 45 | 0°78540 | 0-88137 | | 75 | 1:30900 | 202759 
16 | 0-27925 | 0-28295 | | 46 | 0-80285 | 090628 | | 76 | 1:32645 | 2-09732 
17 | 0-29671 | 0-30116 | | 47 | 0-82030 | 0-93163 | | 77 | 1-34390 | 2-17212 
18 | 0:31416 | 0°31946 | | 48 | 0:83776 | 0-95747 | | 78 | 1-36136 | 2-25280 
19 | 0-33161 | 0-33786 | | 49 | 0:85521 | 0-98381 | | 79 | 1-37881 | 2:34040 
20 | 034907 | 0:35638 | | 50 | 0-87266 | 1:01068 | | 80 | 1:39626 | 243625 
21 | 0°36652 | 0°37501 | | 51 | 0-89012 | 1-03812 | | 81 | 1-41372 | 2:54209 
22 | 0:38397 | 0°39377 | | 52 | 0-90757 | 1-06616 | | 82 | 1-43117 | 2-66031 
23 | 0:40143 | 0:41266 | | 53 | 0-92502 | 1-09483 | | 83 | 1-44862 | 2°79422 
24 | 0-41888 | 0-43169 | | 54 | 0-94248 | 1-12418 | | 84 | 1-46608 | 2-94870 
25 | 0:43633 | 0-45088 | | 55 | 0-95093 | 115423 | | 85 | 1:48353 | 3:13130 
26 | 0°45379 | 0°47021 | | 56 | 0-97738 | 1:18505 | | 86 | 1:50098 | 3°35467 
27 | 0:47124 | 0-48972 | | 57 | 0-99484 | 1:21667 | | 87 | 1°51844 | 3-64253 
28 | 0-48869 | 0°50939 | | 58 | 1-01229 | 1-24916 | | 88 | 1:53589 | 4-04813 
29 | 0-50615 | 052925 || 59 | 1-02974 | 1-28257 || 89 | 1°55334 | 4°74135 
30 | 0:52360 | 0°54931 | | 60 | 1-74720 | 1-31696 | | 90 | 1:57080 | infinite. 
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Considered as a function of the latitude o, w was called the 
meridional part by Edward Wright, 1599, who first employed 
it for the accurate construction of the parallels of latitude on 
the Mercator Chart, by making the ratio of the distance from 
the equator of the parallel of latitude ¢ to the distance between 
the meridians whose difference of longitude is ¢ equal to the 
ratio of u/¢ (§ 98). 

17. Returning to the general elliptic functions, we notice 
that en?u+ sn’u=1, 

dn?u+x’sn2u=1, 
dn?u—x?en?u=K?; 
or, in a tabular form, 


en. sn dn 
cnu= cn u r/(l—snu) | /(dn?u—K?)/K« 
snUu= p/(1—en?u) sn wu r/(1—dn2w)/K 
dnw= | /(c?+xcen"w) | ./(1—x’sn?w) dn wu 


whence any one of the three elliptic functions cn, sn, dn, can 
be expressed in terms of any other; the three functions are 
thus not absolutely necessary, but all three are retained and 
utilized for simplicity of expression, as sometimes one and 
sometimes another is most appropriate for the particular pro- 
blem in hand; in the same way, of the circular functions 
cos 6, sin 0, tan @, cot 0, sec 0, cec 0, vers 0, 

one would be sufficient, but all are useful; and so also with 
the hyperbolic functions cosh u, sinh u, tanh u, .... 

For the reciprocals and quotients of the elliptic functions 
en, sn, dn, a convenient notation has been invented by Dr. 
Glaisher, according to which 1/en uw is represented by ne u, 
1/snw by ns u, 1/dnw by ndu, en w/dn wu by edu, and so on. 

In this manner snw/en w would be denoted by sew; but it 
is more commonly denoted by tanam w, abbreviated to tnw; 
while cn w/sn wu or cs w would be denoted by cotam wu, or ctn u. 

According to Clifford (Dynamic, p. 89) we might abbreviate 
the designation of the hyperbolic cosine, sine, and tangent to 
he, hs, and ht; or we may write them ch, sh, th; with cn, sn, 
tn for the elliptic functions ; and merely ¢, s, t for the circular 


functions. 
G.E.F. B 
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18. Pendulum performing complete revolutions. 

Secondly, suppose the pendulum performs complete revolu- 
tions (fig. 3). 

We have seen previously (§ 15) that if the pendulum has 
an angular velocity 2n=2,/(g/l) in the lowest position, it 
will just reach the highest position; and therefore if this 
angular velocity is increased, the pendulum will perform com- 
plete revolutions. 

The integration of equation (1) in the form 

41?(d0/dt)? = C—gl vers 0 
or kv?/g+AN=AD, a constant, denoted by 2h, 
shows that the velocity of P is that which would be acquired 
in falling freely from the level of a certain horizontal line 
BDB’, which now does not cut the circle, as in fig. 2 when the 
pendulum oscillated, but lies entirely above the circle, as in 
fig. 3, at a height 2R above the lowest point A; and the im- 
petus of the velocity of P is the depth of P below BB’. 
Denoting the angle A“HP by ¢, so that 6=40, then 


21(d¢/dt)* = 9(2R—I vers 2) = mh —lsin*¢), 


d 
or (32) = TE Pi - vs in’) = a —x’ sin*¢), 
on putting =1/R=AE/AD; and n?=g/l, as before ; 
so that nt] =/(L —x* sin’¢)-2d¢ = F(¢, x), 


in Legendre’s notation ; and inverting the function according 
to Abel’s suggestion, with Jacobi’s notation, 
40=g=am(nt/k, x); 
and now, with Gudermann’s abbreviated notation, 
cos $9=cn nt/k, 
sin $0=sn nt/k, 
dé 
co 
AN=1 vers §=2U sin’ = AE sn2nt/k, 
NE=AE cn’nt/x, ND=AD dn2nt/x, 
AP=AE sn nt/x, PE=AE cn nt/k, 
NP=2lsin $0 cos$9 =AEsn nt/x en nt)k. 


=2" dn nt/x, 
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19. The time of moving from A to £ is obtained by putting 
@= 7, and is therefore Kx/n; and therefore the period, or 
time of a complete revolution, is 2K«/n (not 4Kx«/n). 

With the series for K as given in § 11, and with 2=1/R, 
the period of the pendulum for a complete revolution is 


i? if URINATES Sy A ea ha 
ral Gat1+( ) sales 2 Bee re :) pte} 
The analogous expression for the period when the pendulum 


oscillates, rising on each side to a height 2R, less than 21, is, 
as in § 11, 


ol i+) 7+G34) et Gas) et} 


Putting «=1, and R=1, makes X infinite, and brings us back 
again to the separating case between oscillations and complete 
revolutions of the pendulum; and we thus regain for this 
case the original expressions involving hyperbolic functions, 
previously investigated in § 15. 

But as « now diminishes again from 1 to 0, the pendulum 
revolves faster and faster, until finally, when «=0, we must 
suppose the pendulum to revolve with infinite angular velocity, 
the fluctuations of which for different positions of P are in- 
sensible ; and the period is now zero. 


20. We notice that, in the circle AQ (fig. 2) the point Q 
moves according to the law 
p=am nt, 


so that Q moves round in a circle, centre C, in fig. 2 like the 
point P making complete revolutions in fig. 3. 

But now, in the motion of Q, gravity must be supposed 
diluted from g to «‘g; for if R or xl denotes the radius of the 
circle AQ, g the diluted value of gravity, and n’=,/(9’ a the 
speed of the pendulum CQ, then we must have 

p=am nt=am n't/k, 
so that V=Kn, 
J /R=«°g ft, 
J/gar?Ril=c*. 

We may dilute gravity in the circle AQ by inclining the 

plane of the circle to the vertical at an appropriate angle. 
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21. Another way of diluting gravity would be to replace the 
circle AQ by a fine tube in the form of a uniform helix with 
horizontal axis through its centre C' perpendicular to the plane 
of the circle AQ, and to suppose the particle Q to move in this 
helix under gravity. 

Then we shall find that if the length of one complete turn 
of this helical tube is equal to the circumference of the circle 
AP, the particle Q moving with velocity due to the level of £ 
will follow the motion of the particle P moving on the circle 
AP with velocity due to the level of D, so that PQ will always 
be horizontal, if once it is horizontal, and P, Q will always be 
at the same level during the motion. 

For in this case the mechanical similitude is secured by in- 
creasing the square of the velocity of @ in the ratio of 1 to 
1/«4, instead of diluting gravity to «4g. 

We may secure the same effect by supposing Q to be a point 
ona pendulum CQ’, of length greater than CQ; or else of length 
CQ, but of which the axis C is cut into a smooth screw of 
appropriate pitch; or else engaging with teethed wheels, so as 
to increase the angular inertia about C. 

22. If we produce CQ to any fixed distance CQ’=V’, then Q’ 
will also perform complete revolutions like a pendulum of 
length /’, with gravity changed in a certain fixed ratio depend- 
ing on /’; and we can keep gravity unchanged by choosing /’ 
so that n?=g/l =n? =x*g/l, 
or V=1/x?=1 cosec*sa ; 
and now Q revolves with velocity due to a level at a height 
21/x* = 2l.cosec*ha above its lowest position; so that the period of 
revolution of a simple pendulum of length / cosec?4a, when the 
velocity is due to the level of a line at a height 2/cosect4a above 
its lowest point is equal to the time of oscillation of a simple 
pendulum of length / through an angle 2a from rest to rest. 

These problems on the pendulum have been developed here 
at some length, in accordance with the idea of this Treatise, 
that it is simple pendulum motion which affords the best 
concrete illustration of the Elliptic Functions. 

Similar principles are involved in the following three 
theorems, which the student can prove as an exercise in the 
manner employed for the cycloid in § 10. 
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1. If two vertical circles, of diameters AD and AZ, touch at 
their lowest points A, the time of oscillation from rest to rest 
of a particle in the circle AH with velocity due to the level 
of D will be to the time of revolution of a particle in the 
circle AD with velocity due to the level of H in the ratio of 
AK to AD (fig. 2). 


2. Two particles move, under gravity, in vertical circles. 
The one oscillates; the other performs complete revolutions. 
Prove that if the height to which the velocity of the first is due 
bears to the diameter of the first circle the same ratio as the 
diameter of the second circle bears to the height to which the 
velocity in it is due (the heights being measured from the low- 
est points of the circles) the ratio of the squares of the times 
in corresponding small arcs—and therefore the squares of the 
whole times of oscillation and revolution—will be that com- 
pounded of either of the before-mentioned equal ratios and 
the ratio of the diameters of the circles. 


3. Two equal smooth circles are fixed so as to touch the same 
horizontal plane, their planes being at different inclinations ; 
two small heavy beads are projected at the same instant along 
these circles from their lowest points, the velocity of each bead 
being that due to the height of the highest point of the other 
circle above the horizontal plane, show that during the motion 
the two beads will always be at equal heights above the hori- 
zontal plane. 


23. We have compared the motion of the pendulum in tig. 1 
with that of the simple equivalent pendulum composed of 
the particle P moving on a smooth circle, or at the end of a 
fine thread or wire OP; oscillating from B to B’ in fig. 2, and 
performing complete revolutions in fig. 3, the velocity of P at 
any point being that acquired in falling from the level of D. 

Taking as coordinate axes the horizontal and vertical axes 
Aw and Ay through A, and referring the motion of P to the 
coordinates « and y, then since P describes the circle AP of 


radius J, o2 = 2ly — y*. a 
Denoting by v=ds/dt the velocity of P, then by the principle 
of energy 4v?/g=2R—y, 


2R denoting the height of D above A. 
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: de  t—-y 
But since dy J@ly —y)’ 
ds? de lke 


dye dye By yp 
while 3(ds/dtyP =g(2R—y); 
so that 4(dy/dt) =g2R—y)(2ly — ¥"), 
das a 1 


dy J@g) /{2k-y)2ly—yy 


l y y 
yen J SIAR yely-y)y 
called an elliptic integral in y, and of the first kind. 


24, Firstly, if the pendulum oscillates, & is less than /, and 
y oscillates between 0 and 2R; and the integral is reduced to 
Legendre’s canonical form by putting y=2Rsin*¢; when 


nt = /(1—12 sin’) -4dp = F(¢, «), 
0 
where C= Ril, =g/l; 
and therefore with Jacobi’s and Gudermann’s notation, 
p=amn(nt, k) 
and y=2R sn?nt = 2k? sn?nt, «= 2k sn nt dn nt; 
or AN=ADsn?nt, ND=AD en’nt, NE=AEF dn*nt, 
as before, in § 8. 


25, When x=0, the oscillations are indefinitely small; 
and now y=2R sin?nt, 
where F is a very small quantity ; 


and nt “/ Teak py asin alse 


an ordinary circular integral. 

It was Abel who pointed out (about 1823) that in looking 
only at the Aliiptic Integrals, mathematicians had been taking 
the same difficult point of view as if they had begun to deduce 
the theorems of elementary Trigonometry from an examination 
of the properties of the inverse circular functions, as deduced 
from the circular integrals. 

(Wiels-Henrik Abel. Tableaw de sa vie et de son action 
scientifique. Par C. A. Bjerknes. 1885.) 
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26. Secondly, if the pendulum performs complete revolu- 
tions, as in fig. 3, R is greater than /, and y oscillates in value 
between 0 and 2/; we now reduce the elliptic integral in § 23 
to Legendre’s standard form by putting y=2I sin’¢, 


when nt/« =f —x’ sin’p)~4d¢ = F(¢, x) 
0 
where ko bile. 


the reciprocal of its former expression ; and now 

g=am(nt/k, x), y= 21 sn?nt/k, e= 21 sn nt/c en nt/« ; 
or AN=AEKsn?nt/xk, NE=AE cn?nt/c, ND=AD dn2nt/c, 
as proved before, in § 18. 


27. In the separating case between oscillations and complete 
revolutions, R=/, and now cx=1; 


and = y=2lsin?¢=/ vers2¢=1 vers 0; 
also (§ 23) nt= [sec odd =log(sec ¢+tan ¢) 
0 
=cosh~1sec¢ = sinh-!tan¢ = tanh -!sing =2 tanh-“tanh¢ ; 
so that o=gd nt, or amh nt, 
and sec 6=cosh nt, tan ¢=sinh nt, sin d=tanh nt, 
y = 21 tanh?nt, «= 21 sech nt tanh nt, 
as before, in § 15. 


28. Landen’s Point. 

With centre # in fig. 2 and radius HB describe a circle 
cutting the vertical A# in L; then L is an important point in 
the theory of pendulum motion and elliptic functions, called 
Landen’s point. 

Since EB=ED.EA=HC?—CA?, 
therefore the circle, centre # and radius /'B, will cut the circle 
AQD, centre C, at right angles; and 

LQ? = LC?+ 0Q?+2L0.CN=2LC. EN =211—x' VEN; 
since LC?+ CQ? =L0?4+ £C?— EL? =2L0C. EC, 
and EL=EB=2’, EC=1l1+«?), LC=U1—«’y. 
Now, by § 20, the velocity of Q 
=,/(29'. EN) =,/(29x*. EN) =n’, /(2l. HN) 
=n.LQ(1+«’). 

Similarly in fig. 3, where P makes complete revolutions, the 
velocity of P=n.LP(1+k’)/«, where the Landen point L is 
obtained by drawing a circle with centre D, cutting the circle 
AE orthogonally, and the vertical AD in L. 
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We shall prove subsequently that any straight line through 
L divides the circle APE in fig. 3 (or the circle AQD in fig. 2) 
into two parts, each described in half the period. 


29. Change from one modulus to its veciprocal. 

It is important for the simplicity and for convenience of 
tabulation of the elliptic functions that the modulus « should 
not exceed unity; but the preceding reductions of the motion 
of the pendulum to elliptic functions, in the two cases in which 
the pendulum oscillates and performs complete revolutions, 
show us how to make the elliptic functions to a modulus x, 
which is greater than unity, depend on the elliptic functions 
to the reciprocal modulus 1/x, which is less than unity. 

For, on comparing the two expressions for y, according as 
the pendulum oscillates or performs complete revolutions, 


y=2K sn(nt, x), or 21 sn%(«nt, 1/«), 


where C=R/l; 
so that sn?(nt, x) =sn2(«nt, 1/x) ; 
or, putting nt=u, 


csn(u, x) =sn (xu, 1/k), 
so that dn(u, «)=ecn (cu, 1/r), 
en(u, x) =dn (cu, 1/k). 
Independently, if we suppose ¢=am(u, x), and if we put 
k Sin d=sin Wy, 
then x Cos ¢ dp=cos yy dv, 
and cos 6=,/(1—«~*sin*) = A(, 1/«), 
cos W=,/(1—«’sin’¢) =A(¢, x); 


so that wu =/a —«*sin’) ido = /sec Wy dé ; 


KW = free pd =f —K7 sin’) 2dyp, 


or v=am(xu, 1/k); 
and since x Sin d=sin x, etc, 
therefore Kk sn(u, x) =sn(ku, 1/k), ete. 
When w=K, ¢=$7, and Y=sin-k; so that, if « is less 
sin-1k 


than unity, Kk=f (1—x«~*sin*)-Idv. 


0 


/— - 
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30. Rectilinear Oscillations expressed by Elliptic Functions. 

In simple pendulum motion, referred to horizontal and ver- 
tical axes Aw, Ay, drawn through the lowest point A, we have 
shown in §§ 24, 26, that 


y = 2lk*sn?nt, x= 2k sn nt dn nt; 
or y = 2isn?nt/k, ©=21 sn nt/K en nt/k ; 


according as the pendulum oscillates or performs complete 
revolutions. 


Treating the vertical motions separately, and differentiating 
according to the rules established in § 7, we find, on taking 


y = 2lx’sn?nt, 
dy/dt = 4lnx’sn nt en nt dn nt 
dy /d? = 41n7x(en? nt dn?nt —sn?nt dn?nt — sn2nt en2nt) 


= ne|( —5f)(1- y) al i zi) ie nk sts) 


=4nre(1 4h a a), by § 17. 


Taking y=2/ sn?nt/c, we find in a similar manner 
diy  Aln2 rey BK2y - 
gene tg) 
both immediately obtainable from the equation of § 23, 
EP (dy/dtP=g2k—y)(2ly —y’) 
whence (d?y/dt?) = 49(Rl— Ry —ly + iy”). 

We shall find similar expressions for d?y/dt? when y varies 
as en’nt or dn?nt, all of the form 

dy/d?®=A-+By+Cy. 

Let us determine then, as exercises in the differentiation of 
the elliptic functions, the acceleration d*x/dt?, and thence the 
force at a distance x, which will make a body oscillate in a 
straight line according to one of the laws 


a=aecn nt, sn nt, dn nt, tn nt, ne nt, ns nt, ... 


Taking xc=a cn nt, 
da/dt= —na sn nt dn nt 
Pa/d? = —na(en nt dn’nt —«*sn’nt en nt) 


ag? 
he P 
= — n2a( x 2 Ke+ 2), 


26 THE ELLIPTIC FUNCTIONS. 


Pa, *en(1-5); 
so that qptee= 2n7x7a\ 1 a) 


reducing to zero when «= 0. 

It is Std simpler to find dz/dt, and then to express }(da/dt)? 
as a function of w; and then a differentiation with respect tot 
will give dx/dt? pomeditele as a function of @. 

Thus, if x=usn nt, 

da/dt=na cn nt dn nt 


sy =or-3)0-2), 


QS 
so that “a= —n(1 +02) 2 ure 


Ca, 22 2008 
Gi wi pets = 


reducing to zero, when «=0. 


Similarly, if a=a dn nt, 
dx ‘ se sat 
dé => = n-(1 +k 2\ ep = 
Generally, when w varies also as tn es ne nt, ..., we shall 


find a relation of the form 
Bade? = wx + 20%, 
which, when multiplied by du/dé and integrated, gives 
k(da/dt?=C+huu*+ brat 
or da/dt= ,/(2C'+ ux? + vat), 
t=/(20+ pa? + yx) ta, 
an elliptic integral, of which the different expressions are given 
in Chapter II. 


31. A Special Minimum Surfuce. 

Another interesting exercise in the differentiation of elliptic 
functions is to verify that the surface discovered by Schwarz 
(Gesammelte Mathematische Abhandlungen, vol. L., p. 77), 

cnx+cny+enz+enez cny cnz=0, 
with the modulus x=}, is a minimum surface, having zero 
curvature at every point, and therefore satisfying the condition 
(1+9°)r—2pqs+ (1+p*)t=0, 
Pp, % 7, 8, t having their usual meaning as partial differential 
coefficients of z with respect to # and y. 
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Schwarz shows that this condition is equivalent to 
1 1 _ (1+9?)r-2pqs+ (1+ )t _ ee Ox OY 
= l+ p+ 0, 
Pi Ps eam By ce Ge ons 
Py P2.denoting the principal radii of curvature of the surface 
(C. Smith, Solid Geometry, § 255), where 


Le 2p ge 7 
TP +E Hy Pree 
Let us write ¢,, s,,d,, for ena, sna, dna; and CpG on Oy Cay Oey 
d, for the same functions of y and z. 
Then C,+¢,+¢,+6,6,¢,=0; 
and differentiating with respect to a, 
— 8d, — 8,9 — 8,003 — C,C,8,0,9 = 0, 
80,1 +¢9¢5) _ 


iy a 8,dl,(1 + ¢¢,) 
__ aAtes 
Be Cs ra ase 
a (1+¢,¢)2—(q+¢,) ___8,°8," 
s (1+¢,¢,)? ~ (1+¢,¢,) 
so that 83(1 +¢,6,) = 8,8, ete. ; 
_ __ 8983, halal Sy, hori d,/s, ped 83/ ds 
882d; 81d, ds/sg 8,/d, 
By symmetry q=—- da), ; 
ak ds/8 
so that we = write 
—d,/s, 
c) {(d,/81)? + (da/82) + (dg/85)?}” 
— d,/8, 


| LG 2/82)” ees i 
JC aetaies C,— 0,0 C, (< s) = meen. 


da\s, ee ~ 3,” da\s, oer 
OX fe, (/d; dz ds _d,/d, ¢ | ds eg }+ 3 
ay Ox =(2(+3 Cre a as 8 a 32 8, * <p) ee 
where — D=(d,/ 3)" + (do) 8)" + (d/83)? ; 
OX  (¢,d,* | c,d,” Vat et 
we On = (+4 ae = aD’ 


By symmetry 
ox = (2, © Gir +6 d,' st) D3 
Oy \s,28,2 8,78," 


so that StS 0 provided that 
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Che a oe, te ost + ois 3G, ge a oe Ly 
85°83 3 oy Pues 
or aaa, 24 sd )+ ... =05 
or, since s2=1—c¢,7, d2=41(3+¢;”), 
c{(1—¢,)2(38 +42) + (1 — 6,3 + 6,")} +... =9, 
or (6, + Cy + Cg + C4C5C3) (3 — CyC3 — C30, — C402) = 9, 


and this is true, in consequence of the original relation 
6, +6, 4+ C3 + ¢,C,C, = 9. 
The other relation 3—c,¢,—¢,¢,—¢,¢,=0 
represents isolated conjugate points, where 
C6, =C,=C,=1. 
Another minimum surface is 
tn ytnz+tnztne+tnetny+3=0, 
with =a on oe 


32. Elliptic Function Solution of Euler's Equations of 
Motion. 

Before leaving the mechanical interpretation of elliptic 
functions, we may just mention here an important application, 
the application to the solution of Huler’s equations of motion, 
for a body under no forces, moving about its centre of gravity, 
- or about any fixed point. 

Kuler’s equations for p, g, 7, the component angular velocities 
about the principal axes, are (Routh, Rigid Dynamics) 

Adp/dt=(B—C)q7, 
Bdq/dt=(C—A)rp, 
Cdr/dt=(A —B)pq; 
where A, B, C denote the moments of inertia about the princi- 
pal axes ; and two first integrals of these equations are 
Ap’? + Be?+C7?=T, a constant ; 
A*p? + Bq? + C772 = G?, a conan 
obtained by multiplying Kuler’s equations respectively by (i.) 
Pp, % 7, and adding, (ii.) by Ap, Bg, Cr, and adding ; and then 
integrating. 

Comparing these equations with the equations of § 7, 

en’u= —snudnu, sn’u=cenwu dn u, dn’u= —x«?sn wen u, 
where accents denote differentiation with respect to u, we 
notice that if A > B>C, and the polhode includes the axis OC, 
so that AT > BI >G?> OT, we may put w=nt, and 
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p=P mu, q=—Qsnu,r=Rdnu; 
and then, on substituting in Euler’s equations of motion, 
B-—C_nP A-C_7Q A-B &nR 
ie OR ene eRe e 0. = iP. 
Putting ¢=0, and therefore p=P, g=0, r=R; then 
AP?+CR?=T, A?P?4+ 0*R? = G2, 


G?—CT AT— G? 

h Dp al eh eg Bee : 

oo peel 0) = (A= 0). 
and then g2— pr Cages eee 


PeB=C a(R): 


: ee cA OBO) AT CBC) 
Ane # 2, pee 
while n2—R AB es ABC ‘ 
pa > PP AA-B. G-OTA-—B 
SP Oeh eA TGs pe 


If the polhode encloses the axis of greatest moment A, so 
that AT’ > G?> BI'> CT, we must put 
p=P dnu, g=—Qsnu, r=Ronuw; 
and then determine P, Q, R, n, « as before; when 
peeGe C1)\AT 8) eaAl-€ B-C 
ABC - G@—OT A-B 


In the separating case, when G?= BT, then «=1, and 
p=P sech nt, g= —Q tanh nt, r= Ff sech nt; 

so that, when ¢=0, 

_@B-O 5 s_ PAB. 

BAP ASC) ae eee RO ARO 
and initially or finally, when t= +a, 

p=0,g=+G6/B, r=0; 

and the body is spinning about its mean axis B. 


But when the body is spinning about the axis of greatest or 
least moment, G2= AT= A2p’, or @=CT=Cr?, and «=0; and 
the period of a small oscillation is 2a/n, where 

_(A—B\A-O),_(A-BYXA-0), 
Wamu dO, 2. 57> TBO 

_(A-C)\B-C),,_ (A-OVB-O) , 

Lames RCSA eee AD ke 


? 


or 


We shall return subsequently to these equations in Chap, IJ. 
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THE ELLIPTIC INTEGRALS (OF THE FIRST KIND). 


33. In Chapter I. we have immediately made use of Abel’s 
valuable idea of the Inversion of the Elliptic Integral, which 
is the foundation of the modern theory of the Hlliptic Func- 
tions ; and we have considered the functions which are inverse 
to the elliptic integral, and treated them as the direct funda- 
mental functions of our Theory. 

Previously to Abel’s discovery (1823) it was the elliptic 
integral which was studied, as in the writings of Euler and 
Legendre ; and, in fact, in a physical and dynamical problem 
it is the elliptic integral which arises in the course of the 
work ; for instance in the form of the Equation of Energy, 

4(du/dt)=X, so that ./2 t= fda],/X; 
and now, when X is a cubic or quartic function of a, so that 
@x/dt? is a quadratic or cubic, as in § 30, the integral is called 
an elliptic integral of the first kind; and we have to follow 
Abel and determine the elliptic function which expresses « as 
a function of t. 

To accomplish this, it will be useful to employ the notation 
of the inverse functions, given by Clifford (Proc. London 
Math. Society, vol. vii., p. 29; Mathematical Papers, p. 207) 
analogous to those used in Trigonometry for the inverse 
circular functions; and to make a collection of all the important 
cases that can occur. 


34, The Circular and Hyperbolic Integrals. 
Starting with the circular functions, sin 2, cos a, tan, cot a, 


..., we have, in the ordinary notation, 
30 
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COMLS | ae ee in-+,/(1—2? 
Coes e=sin-!,/(1—2?), 
*\ da 1 
Teg? =tan-#=cot- 
ar % moe 
, eal =cot-4¢#=tan oe ete. 
We can employ a similar notation with the hyperbolic func- 
tions, cosh a, sinh w, tanh a, cotha, ..., and write 
2 Oe 
C= iG Oe tw = sinh-1,/(a@?—1)=log{a+./(2?—1)}, 
2 de 
J Riera tw =cosh-1,/(1 +a?) =log{,/(1+2%)+a}, 
2 ti l+a 
— -lyn —1 
T=, = tanh ea 
~ de weet 
fea = = coth- 4 ir log = aC = Le > ete. ; 


and the analogy with the circular functions is now complete, 
and the results can be more easily remembered and written 
down, than when the logarithmic function alone is employed. 
To avoid complications due to the multiplicity of the 
values of these and subsequent integrals, in consequence of the 
variable « assuming complex values and performing circuits of 
contours round the poles of the integral, we suppose for the 
present that « is real, and increases or diminishes continually, 
so as to assume all real values once only between the limits of 
integration; also that the positive sign is taken with the 
radical under the sign of integration; we thus obtain what is 
called the principal value of the integral or inverse function. 


35. The Elliptic Integrals. 
With the elliptic functions, sn u, en u, dn u, we have (§ 7) 
eee nadie dl NSS —snudnu, AN —’sn Ucn u; 


du Ow du 
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and en2u =1—sn2u, dn?w=1—x«’sn?u ; 
so that, if e=snu, a enw=,/(1—2), dnu=,/(1—«*2?) ; 


ee oy 
awe ae? .1—K*x"), 


a S yaa WP ae ag) ee OY BN, K)s.-c0e0-0- (1) 


when ite modulus « is required to be put in evidence. 
Putting w=1 makes the integral equal to K, the quarter 
period corresponding to the modulus « (§ 11). 
Similarly, with 
x=cnu, then snu=,./(1—2?), dnw=./(k*+xx), 


Cn ee BED wie ee 
ae snudnw= —,./(1—2?. 2+), 


: da 
and Sra “ae Fp ee Ven le, OF Cn 1(Gik)y ence te) 


so that the integral is A when the lower limit is 0. 
Again, with 
a=dnu, then «snu=,/(1—2?), enw=,/(2?—K”); 
dx 
du 


" da 
Ix Ble =x?) =uw=dn- ty or dn-*(a, k) sieleralaisieiioye (3) 


We may also put «=tn u, using Gudermann’s abbreviation 
of tn wu for tanam w; and now 


and =—’snucnu=—,/(1—a?.2?—«?), 


il rJ/(1+K?2?) 

= nw eee 

cn U Vd +e, nw (Cer 
in ou +e", 1+x2"), 


ere Tee gy Ne or tn-*(a, k) Maa Aroron (4) 


and the integral is A when the upper limit is «. 
Putting «=sin ¢, cos ¢, Ag, or tan ¢ in SS) (2), (8), or (4), 
reduces the integral to 


J _ sin2g) -?*dp =u=F(¢, x) 


mente x) =sn~(sin g, c)=cn-(cos g, «)=dn-"Ag, x); 
so that 
p=am u, and cos @=cn u, sing=snu, Ap=dnu, tang=tnu. 
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36. Thus, with a>b>a, 
oy da Lee 1b 
Sie 2 42 b?— 2?) Thane ¢. -), ao oconpGnseAnGG (5) 


0 


- indicating that we must put a=bsin g; and then the integral 
is reduead to 


Lf "(oit4) Nipabe fang?) 2a) 
0 


Similarly, Mpa ~o>n> a, 


1 a b 
Te ee a? 7S b2). = a sn-3(%, 2) eee ccc cvecvees (6) 


indicating the substitution 2=acosecd (or acecd, as Dr. 
Glaisher writes it). 
Thus, for instance, with o>a>1/k, 


5 da =sn-1(4 ) 
/(1—a?. 150?) xa? “) 
Again, 


s da 
NAC +a. b?— a?) “ae 


4 dx oh Ss 
JS Ja? +2" 0? —b*) aa x Tea po 


ti 
{ it 

i ae OF) ale : -5 2) fi (8) 
te 0-2) }- 


.(10) 


40 
PG cares} } aD 
b 


en-1 


Vegerrs a+) 
37. As numerical examples, 


Oe yah? 0X, bal?) 


the integration required in the rectification of the lemniscate 
7? =a? cos 26; so that r=acn(,/2 s8/a, $,/2). 
ee % 
JS x1) =$,/2cn- (=, 4/2) = $,/2nce-(x, $,/2), 


th Dr. Glaisher’s notation (§ 1D) of new for 1/en wu. 


G.E.F. 
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Consider also the vibrations given by the dynamical 
equation dx/d?= —2n’x(c?—2?), 
as in $30; so that ~=0 gives the point of stable equilibrium, 
and w= +c gives the points of unstable equilibrium. 

Integrating, supposing the motion to start from rest where 
web, 4(da/dt)? = C—n'c*a? + tn7a* 

= 4n?(b? —a?)(2c? — b?— a”). 

(i.) When b?<c?, the motion is at the outset towards the 
origin, and da/dt= —n,/(a?—«? . b? — x), 
writing a? for 2c?—b?; so pa 


fy al pe X 
N ae b?— a2) 


ae sn), with SMA OY (5) ; 


or x=bsn(K —ant). 

(ii.) When 6?=c?, da/dt= +n(b?—2*) ; 
and, by § 34, the ultimate state of motion is given by 

«=b tanh bnt, or b coth but, 

according as the motion falls away from the position of 
unstable equilibrium, towards or away from the origin. 

(iii.) When ¢? < b? < 2c?, 

da/dt=+n,/(a?—a? . x? —b?), 


~ de ~ dat 
Me eae x? — ie eee Rp 


=}(K-sn-12), mod. ih &, by (6) ; 
or w= b/sn(K —bnt)=b ns(K — bat). 
(iv.). When b?= 2c?, 
EO, ee ae 
JS ale 2) pine, 
or C= i sec bnt. 
(v.) When 0? + 2c”, we must write a? for b?—2c?; and now 


du/dt= CRE 22. }2), 
nt Si ae re b®) 


a ecesa) 
~ ae SPE O)S’ 
or w= b/en,/(a?+ b?)nt =b ne,/(a?+ b2)nt, 
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38. So far the function X has been treated as an even 
quartic function of z, or as a quadratic function of x”, resolved 
into two real factors; but according to Prof. Felix Klein there 
are certain Sih in ooasilacing the integrals obtained 
by writing = sein (1), (2), (3); and then, writing ke tonic, 


JS jersey /2, 
or 2en-1,/(1—z), or 2dn-4/(1 iz)... seceeee (11) 


Conversely, by writing for z the values 2, 1—a, 1—ka®, we 
reproduce the integrals (1), (2), (3) from (11), by the simplest 
quadric transformations ; and it will not cause confusion if 
we sometimes call k the modulus. 

For these and various other reasons, Prof. Klein suggests 
(Math. Ann. XIV., p. 116) that we should consider (11) as a 
more canonical form of the elliptic integral than (1), the form 
with which Legendre and Jacobi have worked. 


39. Now, with X=ax—-a. 0 B.w—y, and a>8>y, 
we have, if ee 


“ee any 
JX Ja) Ne 


See oe GE % aca nay 
with P=k=(B—y)(a—y); 
indicating that we must put 
“2—y=(a—y)cec*¢, c—a=(a—y)cot¢, 
and then a —B=(B—-y)A*¢ cee’, 
to reduce the integral to Legendre’s canonical form 


Fo= J 1—ksin2¢) -2d¢. 
0 
Similarly, by putting x-a=(a—)tan’¢, x«- B=(a— B)sec*¢, 
* Mdx 


ELIS eae si fase 
JX a—B 
sent, 5 = dn ee Deer (13) 


where JM is used throughout to denote 3,/(a—y). 
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Thus, with 0 >a> 1/k, integral (11) becomes 


Wage a.1— kx) son | nl 
ile 
=2en1,/o— Loan 1/2; 


ka—1 
Sijeses 1 Re) Nee 


=2en7! eis =2dn-1,/2—* nag 


k.a—1 1 
40. When a>a> 8, X is negative, and 
Mde _o-1 a-~x 
HS ae 
=en"1,/2—8 d 1, f2=¥ hs eee (14) 
a—B a-y 
” Mda =on-1,/2=¥ a— B 
/(-) a8 oy 
=cn-! fe ae cao he (15); 


and now the modulus «’ is given by c?=k’=(a—£)/(a—y), 
and the modulus is therefore complementary to the modulus 
in (12) and (13); and the form of the result in these and other 
subsequent integrals indicates the substitution required to 
reduce the integral to Legendre’s standard form (§ 4); while 
the results can be verified by differentiation. 

Thus, with 1/k>a> 1, integral (11) is imaginary and may 
be written 

th da ore 1—kex 
rJ(@.1—x%.1—ka) 1—k 


= Bien 2254 = 2idn-1/ (ke), mod.k 


r—l 
deiere 1—a. a a 1l—k.« 


1—kex as 
au Pe =2idn Ae mod. k’; 


=27en-1 


7 denoting ,/(—1). 
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41. When 6>a> y, X is again positive, and 


B Mdx eel a—y.B—«“ 
Ry x : B-y.a-«“ 
=en-/5— lhe Shee ca Deaedoetedees (16) 
B-y. a—-x a—-xv 
« Mdz a 
Ne che 
/X Boy 
er ee Bax _ =I eae ae 
| en ee dn Hyg PBR TE ET (17) 
with k= (8—+)/(a—y), as in (12) and (18). 
Thus 


1l—« 


2 =2sn7+ - 
J/(a.1—«.1—ke) l—ke 


=2en-14/—— F#—9an-1 Wie es 


while the result is as in (11) when the lower limit is 0. 


42, When-y>x2>—0, X is negative, and 


Y Mdx 2 Seog Paes 
MX) Ba 
=en-t4|'g—¥—dn- eee Levees onc (18) 
*Mde _ 1/2=¥ 
M-X) Naa 
=en-1,/%—* —2=dn-? = =; PAE ceo sacho es (19) 


with modulus k’=(a—8)/(a—y), as in (14) and (15). 
Thus, with 0>a>— 0, integral (11) becomes 


: ce da =%ien-1,/—* 
rJ(@.1—2.1—kz) 1—w 
x 


Syaxe f=efl= hay 2S Wi Tex 


Be es te ee : 
=2iven oN dn ofp Oh. 
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43. We notice that the substitution 


makes 


da y dy 
Uc Ca 


or changes (12) into (17), or (13) into (16). 


Thus 
le oF 
A ase rae Vy-a.y-B.y-y) Ja-yy 
where r=k=(8—y)/(a—y). 
Again the substitution 
os oe Sele ike Lo Fpciee Goals} 
a—B com “a-y ay 
changes (14) into te) or (15) Ke a and shows that 
gt (21) 


a dla e/a ae — f 
[ia-%2-B VL Net 8-9. 7-D V(a-y)"” 
where k’=x?=(a—8)/(a—y). 


The substitution which changes any one integral into another 
is obvious by inspection of the preceding results. 


44, Thus the integral /dz/,/X can be written down, ex- 
pressed by inverse elliptic functions, when X is a cubic form 
in a, resolved into its three real linear factors. 


For are with a2>?> i 


Vi, aa fete, ft 
J(a+r. a +A) J (a2 a+r’ Nar?) 


an Seer occurring in the mathematical theories of Electricity, 
Magnetism, and Hydrodynamics, in connexion with ellipsoids. 


As another example, the student may prove that 


I; OS Spee ee cee Te en-*(< Nees, 
(a/a)? + (y/b? + (z/cP? J (a=) « Note)’ 
when the integration is extended over the surface S of the 


sphere 4yr+era7? 
(W. Burnside, Math. Tripos, 1881). 
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45. When two of the roots, 8 and y suppose, of the cubic 
X=0 are complex, we combine (#—)(a— y) into the real 
quadratic (c—m)?+n?, suppose ; so that X=a—a.(vw—m)?-+n2. 

Now we substitute 

XX _ (@—m)?+7n? 


y= (c-al &@— a” 
a quadric substitution, the graph of which is a hyperbola, and 
find the turning values of y, say y, and ys, the values of y 
which make the quadratic in a, 
(2—m)?+n?—y(~—a)=0 
have equal roots; so that y, and y, are the roots of 
(gyt+tm)y—(ay+m?+n’)=0, or ty? -+(m—a)y—n? =0. 


w—2,)* L— M5)? 
Then y=, ee 
poe da Te — ae 


«, and x, denoting the values of « corresponding to y, and ys, 
and therefore denoting the roots of the quadratic equation 
2 a n?—n?=0; 
so that ee C= mM+4y,. 
Then ° de _f, SOEs 
JX aS (~—2,)(a—25)/Y 


Sgt yy a Y — Ys) 
“Jaw Wise ree 


eG. e fee ee 

by (12), with K=y/(Y1- Ys) B= —Ys/(Y1— Ys)» 

since y, is positive and y, negative, or y, > y>0>y,. 
Again, with ee same substitution, 


Le aw. (a— ecmren LI —Y.Y,— ye Y3—Y) 
¥3—Y 
“TG 7 ae ies 


by (19), to a modulus *’ the complementary modulus of (22), 
namely K=y,/(Y.— Ys): 
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_ 46. We denote (a—m)?+n? by H’, and then 
ae, =a+H, e,=a—H; 
and by means of ae same substitution as in § 45, 
-1%,—% 


ie (a—m)+n?} -yia Bi, 
Lig: ee (a—a) cl. 


Nip hate! 
e=}h—ha—m)/H,......00- (24) : 
face eee) mi 
Jfa-a .(a—m)yP+n} /H H+(a—a)’ 
2—141(a—m)/H,......200 (25); 


indicating that the substitutions w—a or a—e=H(* (ee tah) 
reduce the integrals to Legendre’s standard form ; also that 


2x =n/H. 


Thus, as numerical pa 
da n-1(2= 1—,/ 
J ste He ys = seta) 
Ire Je ne w(Sscize*)) 
a /3—-1l+a 
ee —x3) ss ORs) 
ff. TA" 75" erway c)3 


with | 2xc’ =4=sin oe C= 810, LD ae = sie 
47. We notice that p=hr ns x=atH; so that 


See : elie 


at+H 


xe 
wee ie io m)2+n2} 2D eidiejereleteittsteters (26) 


Sima (“2—my+n2} , 
atH da Ge 


— J Jaa. (e—mP +0} ~ JH a ed (27) 


Th f/3+1 da _ F(si 15° 
a Ve Tea ys 


/3+1 
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VE. veda. a F(sin 75°) 
a — a) _ A Ea Pose 


But, ie the Cubic mab eeation xe = (4—23)/32?, 


ke | Cae a) a ae 
then 1-2? 9728 5 i aa 


and Joe) = Ay ices 


ge inet Sis aaa ~v' 8 | ED Jes 


or F(sin 75°) = ,/ 3F(sin 15 Py 
that is, K’/K = ,/3, if «=sin 15°, as stated in § 12. 


48. Degenerate Elliptic Integrals. 


When the middle root 8 of the cubic X=0 approaches to 
coincidence with either of the extreme roots, a or y, or when 
the pair of imaginary roots become equal, the elliptic integrals 


degenerate into circular or hyperbolic integrals. 


41 


We notice, from § 16, that when k=0, sn-1~ becomes sin-!a, 
en~1a becomes cos~1a, ete.; and that, when k=1, sn-!a~ becomes 
tanh-1!a, en-!a or dn-1z becomes sech-1a, and tn-1!a@ becomes 


sinh - 12%. 
Thus, when k= : the integral Oe 


J Jer l—a. a c= we 


= 2 tanh-1,/a = 2sech-1,/(1—2) 


= 2 cosh- 14/2 = 2sinh- ye = ginh-126/@ 
l-«z 


This supposes that «<1; but with o>a>1, 


S ak = 2 coth-1,/a = 2 cosech-1,/(a#—1) 


But when k=0, the integral (11) becomes 
2 de 


iim Ne 
=2cos-1,/(1—«#)=sin-12,/(a@.1—2); 
ie ne ee 
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49. Making B=y, or a, in the integrals (12) to (19), and 
still denoting $,/(a—y) by M, then 
(i.) with wo >a>a, 


ce Mda By ig ee tr ne Wp! ed 
(2—y)n/(@— a) o—y ey, 


= sin c= 
« Mdz or: +1, feo = Nees 
Uicemmiess  Naay O° Nay 
a i) Mda 1 /2=¥ = . h-2 Osenyy 
Ie Sra is ee sin ee 
gs 3 Wal fe RB di) iwW(a-y-e—y), 
= cosh 1/2—¥ pAcHial DA Seo 


this integral being infinite when #=a.° 
(ii.) With a>a>y, 


« Md a “gaa! ere csaln ee 
Ve ea oe cae cos mre 
¥ 


which is infinite when «=a; 


a Mdsx Wes = 
= ——— =cosh7! —!£, 
Vi ee sinh, COS eee 


which is infinite when w= y. 
(iii.) With y>a>—o, 


y Mda a lye 1 ae 
New —2)/(y—a) ee Aan ar a—x’ 
«= Mdz a See Pacers Ura o 
—_—— ON Ge ge 


«= Mdz ~ 1 /9=8 = -1,/22¥ 
SO-A N52 Nya 


this last integral being infinite when «= y. 
The limits have been chosen so as to exclude these infinite 
values. 


50. Weierstrass’s Elliptic Functions defined. 

When the general cubic expression X is given, not resolved 
into factors, then Weierstrass’s notation becomes useful, and 
may be defined here. 
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Weierstrass writes s+f for x, and chooses f so as to make 
s* disappear in the new value of X, which he denotes by 49; 
and thus S= 483 — 9.8 — gs, 
where g, and a are called the invariants ; so that the integral 


fe us =f Geen oi, suppose ; 
2/KS ISS SGP = 98-9)’ 

and now, inverting the function in Abel’s manner, s is an 
elliptic function of u, denoted by gw in Weierstrass’s notation, 
so that 


Z ds =—ym-1 -l/o- 
Jere neL SOL Oma Sc NGan Gd, ye enn enor a.) 


when the invariants g, and g, are to be put in evidence. 


51. In Weierstrass’s notation we are independent of the 
particular resolution of S into factors; but by what precedes 
in equation (12), if, when S is resolved into real factors, 

S = 4(s—e,)(s—e,)(s— es), with e, > e, > és, 
then, with o>s> oe 


ey u sn-1 4/0 
J (4. — a CaO) OE 8 —é, 
il x ae il 2 \— 
=————cn },/——_! =_,-——dn"} 4 
r/ (= és) s—e,  /(e,—¢s) eel 

by (12); so that 


€,—é: _ gU—e 
sn®,/(e, —@3)W= nee cn’ panes as 
Qu — 
dn?,/(e,—¢3)U= eee Bdee ce bcece teoate ee (B) 


The value of w for s=e, is denoted by «,, and called the 
real half period ; and by (20) we notice that 
» ds * as K 


= oe he Cea oe (28) 

and by (13) and .B), a “o-i(4 a A= +4) we (29) 
With e,>s>e,, Ke is again real, and by (16), (17), and (B), 
‘Ss = eee sea) onan sss2(80) 


far € 1 a aaa Je cast vidoben (31) 
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52. For values of s between e, ande,, or between e, and 
—o,,/S is imaginary; however, the value of Sas| JS be- 
tween the limits e, and —o is denoted by w,, and called the 
imaginary half period ; so that, by (21), 

4 ds * ds aK’ 
JB Re Tse eee 
and, from (12) andl (14), 
K = (@,—,)/(€, 3), K = (€, — €p)/(€, — es) 
Also, from (14) and (15), with e, > s>e,, 


4 ds (Fa 1 Shep ithe ) 33 
a =19 Bee e353 Jos Is Peat etrn | ) 
€1 — @ ee 


de 4 Sl (nl OS ys = Sees see 4 
gai? ( pate i; On) (34) 


and, from (18) and (19), with e, >s>—oa, 


“Sante (A= we Be BY op. <9) 


é;—8 


5 ds 


a ee Jay — Gg) secsnd eyo meenete Reema (36) 


-o 


53. The quantity g,>— 279,” is called the discriminant, and 
is denoted by A; it is called the discriminant, because the 
roots of S=0 are all three real, or one real and two imaginary, 
according as A is positive or negative; and A=0, when two 
roots are equal. 

Since S= 43° — 9.8 — y, = 4(8 — €,)(8 —e,)(8 — es), 
therefore é, te,+¢,=0, 
and  ga= —4(e,€3 + €3€, + €,€y) = 2(€,2 + 6,2 +657), Ja = 40, .€9s 

A=16(6,—€3)"(es — €1)*(¢, — &)”. 

Therefore 


KK? = (€, —€y)(€,— @s)/(€,— es), 1 — 12/2 = = $9./(€:— 5)”, 


4 (Lan)! _ 9,? 

20 eit ae 

This quantity g,°/A is called by Klein the absolute invariant, 
and denoted by J; and then, with k for «2, 


pad GHk+R 7 (+h2—b 2h) 


27 k*(1—k)? ’ 2721 —kp : pet) 


and 
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54, For the present we reserve the difficulties of interpreta- 
tion of the multiple values of the integral w= Sas| »/8, due to s 
being allowed to assume complex values, and to perform 
circuits round the poles, branch points, or critical points, so 
called, of the integral, given by the roots of S=0. 

We suppose the variable s to pass once through all real 
values from o to —0«; and now 

(1,00 = 's'=¢, 


JPN P-"S5 Jo Js): 
or U=0, — fis] JS= @,—- p(s Aas 2 Sealer 5.4. 6,) 5. mock OUD) 


S— 6, 
1 


which, employing the direct functions, expresses the relation 


e(w,—u) —e,= See Ragin 3 ee (38) 
wal 
til )ae, = 6 es, 
waa,+ [ds] JS 
=, $4 9-1( 4% _¢; ds 9s) Sere (39) 
1 
or w= 0,+e4— fide]a/S 
a €1 — €y- Oy —€ 
=o bei p (Aaa, OP —9y) seneven( AO) 
(iL) ¢, = 8 > ez, 
w=e,+o,t fds] JS 
=0, + 0,+ 9-44 "8 Come “340, : In ree pete aL) 
2 
or 1 =20, + 0,—/d5]/8 
é €, — €g «Cn — 
= 2w, + @3— Q~ Sr eee és) slatprotetstereistets Bote) shareloieres (42) 


(iv.) 6-8-2, 


i 2o,+u,+/5)/8 


° é é. 
= 20, + w3 +4 eer 92) ~9s) i - (43) 
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or w= 20,+205—/{da[a/S 


—-o 


= 2Qw, + 2w3— 41 O~M(—8 5 Yor —Ga)e veereeerencreesecscnns (44) 
Thus fal /8= Dor Pi2iigy -:<sassa) as seeneonemars (45) 


and 2w, is called the real period, and 2w, the imaginary 
period of Weierstrass’s elliptic function gu. 
With Argand’s geometrical representation of a complex 
quantity, such as 7+7y, the complex quantity 
u=to,ttw, (0<t<1,0<t<1) 
represents all points lying inside a rectangle, called the period 
parallelogram. 
As s or gu diminishes continually from » to —, the argu- 
ment w describes the contour of this rectangle ; and for 
U=(i.) to, (0<t<1), (i) o, +t, (0<t <1), 
(iii.) to, +o, 1>t>0), iv.) fo,(1>=¢>0), 
the values of s or gu are real, and lie in the intervals 
(i.) O>8>e,, (ii.) €,>8>,, (iil.) €,>8> eg, (iv.) eg >s8>— ; 
while the corresponding values of g’w are taken as 
(i.) negative, (ii.) positive imaginary, 
(ili.) positive, (iv.) negative imaginary. 
For any point w inside the rectangle gw assumes a complex 
value. (Schwarz, Elliptische Functionen, p. 74.) 


55. In the same way, with the integral (11), denoting its 
value between the limits » and z by u, 


(i) o> 2>1/k (8 39), 


1 kz—1 
= FI Reset OW gad 
w=2sn ig=2k 2sn71 hogan (46) 
(ii.) 1/k>z>1 (§ 40), 
ey, 1—kz 
= 2K. 2¢sn-} : 
‘3 - os ( 1—k’ c) 
ois J ‘7 ° eS z—l , 
=2K +21K —27sn af Tae: K’). ene eecvvicesesocns (47) 


(iil.) 1>2>0 (§ 41), 
w= 2K 42K’ 42 sn-1,/ 22 


—kz 


= AK 20K — 2 Be) 2s sias cade tae ee (48) 
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(iv.) O>z2>—c (§ 42), 
w=4K 4K +24en-1( 4/5 ae a) 


Zz 
po 5, SRY, 1 ‘ 
— 4k + 4K’ — 27sn here: K ) Sie elsieisieisis\eieleis| sic'e!s ole (49) 
7 dz apes, 2 
Therefore whee Sea 35) mee Ad KO es eawev oa cat (50) 


and 44 and 47K” are called the real and imaginary periods of 
the corresponding elliptic function, in this case sn?}u, 


56. But if we take Legendre’s and Jacobi’s fundamental 
integral fda] /X, where X =1—«a?.1—«%2?, and denote 
fac) /& by u, then, by the preceding article, with «? for z, 
(i.) o>ae>1/x, 


1 22 — J 
ween t= Kon} / et Gee eee ree (51) 


Gy lic =o 1, 
ee 1-2? , 
u=K+ isn ( 5 ,«) 
K 


=K+tk’-71 AA ee 2) incertae Peper (52) 
Gu.) 1>2>—1, 
w= K+ik’+sn7! 
=9K+iK’+sn-la 


1—a? 


(iv.) —1l>ae>-1/k, 
oe pate ig? — 1 ; 
w=3K+ ik tien (oy 2) 


Be arpa 
=e 28K —isn-1(,| 5, ee ae (54) 


(v.) —Ufr>xn>—0, 


pay 22 — 1 
w=8K+2K rN pet 
Epo K ee ANCE RY Ree OO COREE (55) 
Ka 
Therefore /(1—a?. 1—x2x?)-tdw=4K+420K’;...........---(56) 


and 4K ond 2K ‘are called the periods of the elliptic func- 
tion sn u. 
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57. If, with 1>a#>—1, and X=1—2?.1—x«*x*, we denote 


x 1 
the integral /dx/,/X by wu; then /da/,/X=K (§ 11); and (§ 41) 
0 


1—2? 


K-w “fino res 


or, employing the direct functions, 
1—a _cnwu 


sn(k —u)= nie Tata os Cdiays sere (57) 
and then (§ 17) 


Ke, 2 / 
en(K —u)= Vc = = —— OD SO Uae (58) 
Sil y= vl ; fe SA ord eee (59) 


relations analogous to equation (38); or to the relations 
sin($a — 0) =cos 0, cos(4a—6) =sin 8, 
of the circular functions of Trigonometry. 

58. When the discriminant A of S is negative, and two of 
the roots of the equation S=0 are imaginary, we take e, as 
the real root, and combine the product s—e,.s—e, into 
(s—m)’+n%, as in § 45; and since 

S=4s°— 9.8—9,=4(8—e,){(s—m)+n*}, 
therefore m= —}é,, g.=3e,2—4n?, g,=¢,3+4n%, ; 
while H?=(e,—m)?+n? = 2624-72, 

4? = n?/H? = 4n?/(9e.2+ 4n2), 

1— 16x? = 39./(9e,? + 4n*), 

A= 9,5 — 27937 = — 4n?/(9e? + 4n?)?, 


_ 98 _ _(1—16x%e)_ _(1-16b+ 1672) 
ape HN 108%  ——108K(1—k) ~ 
J—[a = 2 + 32k — 828? 


108k(1 — k) ais'elaleloiaiels:sieinte 


59. Now, as in § 45, by means of the quadric substitution, 


is _ @bhe) hn? 
(s—e,)? §— ee ee einai ( 


Cao 
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do _(s—e,"—H?_(s—s,)(s—s 
we find = - = i 3” suppose ; 
ds (s—e,)? (ORION re ind seas 
. aes 2 a4 2 
while eet ce Sepa uebmaly 
S—é, 8S—é, 


provided 8, =e,+ H=4(e,-e,—6,), 


8, =¢, -H =}(e,—e,—¢,). 


Thence s,+83= 2¢,= }(e, +63) —¢— = — $€,—e, ; 
or ¢,= —}e,; on the supposition that ¢,+¢«,+¢«,=0; 
and €, =, + 2H, e,= —2¢,, e3=€,—2H. 
hen ards (s—e,)de 


JS SJ 2X(8—=8,)(8—8,)x/(o — 6) 


egGoae T—€).0—6) | E Se (61) 


where U= 4(o — &)(o— &)(o —€) = 40° — y,0 — yg, 
suppose ; and the discriminant A’ of is now positive. 


60. Now, y2=—- 4A(eye3-+ €3€, + €€5) — 12¢,2+4 16H2, 
Yq = tee .¢, = 32e,H? — 8e,3, 
A’= y3—27y,? = 256H (4H? — 9e,?)?, 
Perens en ae 2H Fe, 


€, — €, 4H €) — €3 4H” 
4H*—9e2 v2 3 
2) /2__ ant 2 /2 Y2 
NO ie 4H? ~— HY” ae ~ 64H? 


Denoting by J’ the absolute invariant of >, then (§ 53) 
2 ose 4 (1 —)d2X?)3 
ND NE 
If we put 4\?\?=1 ne then 
,_ ar —1)® (r= 1)(8r' +1) 
a 277 ees 277° : 
while, with 4x’x?=7 in (D), 
4r— 1)? (r= 1)(8r-+1? 
eg eae ae ae (E) 
Now, if 2xx’ =2AN, then +r’=1, the relation which holds in 
the transformation from a negative discriminant in S to a 
positive discriminant in ~. 
If we equate the values of J in (C) and (E), we find 
(= 1 
4k? = =4(1—kY 4k(1—k) 
D 


G.E.F. 
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61. When A is negative, and when we know the real factor 
s—e, of S; so that, with fe,2+?=}9,/e., 
S=4(s—e,){(s+$e,)?+n’} ; 
then, with H2=4(9e,?+4mn?), and expressed as in § 46, 
” ds 1 s—e,—-H 
U= i ee ee a des snter cues (62) 
with 2xx’=n/H ; so that 
en(2u,/H) = Soa, or pu= at ae, (63) 
by means of which we change from Weierstrass’s notation to 
Jacobi’s and vice versa, when A is negative. 
. Thus, for example, if g,=0, then ¢, = (49,)?, n? = $e,", H? = 3e¢,?; 
and, as in § 46, 


= pag bey 
ICRP AL ee 


aD ifs 6/8 + DG95)F 5° 
= agacegp SECIS TKIgDe 


= ds earn (oe (0) 

Gs ee s 
Wale et (6 (/8= Dg ae 
“Sy ECE 


62. Supposing s to range from «© to —o in the integral 


ua/ts| /8, when A is negative, then 


(i.) o>s>é,, 


W=9""(8; Joy Js) 
H?2 


6 eines a (64) 
6 2 
where w, denotes /ds/,/S, the real half period of gu. 

(ii.) PSvet ‘ 


2 
u=o,+ig uit 


€5— 


see —9) 
=Wyt We —10~(C,—83 Go, — Gg), -erececeesseces (65) 
where w, denotes is) /8S, a pure imaginary quantity, called 


the imaginary half period of gw; and the period parallelogram 
(§ 55) is now bounded by w, and w,’, as adjacent sides. 


Also, (§47), og=K/c/H, tg =tR SH. ccccesecseessises 1...(66) 
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63. Treating in the same way the integral (2) 


u=[ da 
J 2? RY 


by replacing z by 1—2? in §§ 38, 55; 
(jose > 1) o 


eee Kd 
w=ven (4 See ©) 
SED CTO RE AGL EDTA ere eon oe th ee (67) 
Gi ele = 1s 
w=tk’+en-le 
See Ae tON S10). 062s ia vannive bdeva svt (68) 
CiiT. eal co — 00 , 
w= 1K'4+2K+ten-\—1/a, x’) 


? 


9:17 . > se a 1 
Keo Ie on (foes koe snesn(69) 
64. By the substitution 2?=1 ly, the integral 
da IES dy 
; /(A+ Ba? + Cxt+ Da) S2,/(Ay?+ By? + Cy+D) 
1 “ds 


= sal Fp (70) 


on putting y=s—4B/A; which can be expressed by Weier- 
strass notation, or by the notation of Jacobi, when the factors 
of the denominator are known, as in equations (12) to (19) ; 


Je E+F2 

r/(A+ Bu? + Cxt+ irae 

can thus be reduced to elliptic integrals, of the form considered 
in §§ 39-61, the first term by the substitution z?=1/y, and the 
second term by the substitution «=z. 


Lar hith fice Mae tS a (aft ‘ + 
Thus | a) 23" \/B— Ty a? 1? 


the integration required in the rectification of 7?=«a%cos 36. 
But by substituting 7?/a?=1/y, we find 


-_ adr DTU peo emery 
2 ALG —— 7°) =| ase 4) =? (y ? 0, 4) ) 
0 
2 


so that 7 =0(5; 0, 4). 
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65. Write X for w—a?.2?—b?.a2—c?, where a?>b?>c?*; 
and write M for b,/(a?—c?); then we find, on substituting 


y for 1/x®, and taking a, 8, y for 1/c?, 1/0, 1/a*; 
(i.) 0 >> a?, comparing with equation (18), 


Md _ 4-1 te ey 0 Ora 
a a a ee 
eb ra a2 — b? 2 —c? 
=i 1a dnt ee Bea 
2 B82 ¢2 
to modulus ,/© 
b?. a?—c? 
(ii.) a? > a? > b?, comparing with (17) and (16), 
« Mda _, [b?.a—2? 
—— =sn-!,/{—— 
r/(—-X) a? —b?. x? 
_, Jar.a?—b? -, fa?.a?—e ce 
=cn a4 7p podn fa ae (72) 
“ Mda ae 1 
(—-X) a?—b?. 
. b2— 02. a2?@—a2 6? —¢? , a? 
=o eS “adn ee oe (73) 
b2 
to modulus (ee 
b?, a? —c? 
(iii.) b? > a > c?, on comparison with (15) and (14), 
’Mda ay a—c?. b—x? 
OO b?—c?, a2—a? 
7 Ste? eee Oe 
= 1 = 2 
men ta em ae gta gt a8 ta pe age (74) 
* Mda Ane ba? 
NM OOe b?—c?. a? 
POET aye po ewe ne 
np a 
= CN Ala at —dis 1 yes (75) 
OF ia 
to modulus ,/%-2 —@ 
b?. a2—c? 
(iv.) c? >> 0, on comparison with (18) and (12), 
SMO Men. m0 2 Coa 
i) ae N be 
b? — 2, a2 b?—c2 -@2— a2 
ee ae nes 7-2 
cn. Page in Wye Ra A), 
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* Mdx aye ae 
J/(-X) c?.a?— 2 
25d ope Nahe 
son Oe io Riel a*. bP a (77) 
C2, a2 — Gs Pe 
z 7272 
c? a? —b 
to modulus 5g 
b?.a?—¢ 


66. When X is a quartic function of z, and we know a factor, 

x —a, of X, then the substitution «—a=1/y reduces 
Sau], /X to the form M/dy/,/Y, 

where Y is a cubic function of y; and this form can be treated 
by the preceding rules. é 

But, independently, if we can resolve X into four real linear 
factors, e—-a, ©—B, e—y, L—6, 
so that X=#-a.n—B.“%—-y.u—6, 
and we suppose that a>8>y>06; then with 

(i.) o>-xvx-a, 


g da 
SJ Jere a=B 7 =) 


= 2 apres B—6.%—a 

r—/(a-y. 8-6) a—d.«2—-6 
se 2 ne a—B.%—6 
(RO Sy Neer 


2 a—B.u—y 
= —————,—> dn- 1, | ———_¥,,...(78 
Sa=y B=" Na=y.a= 
indicating that we must put 
ee 0 a Ge OO ee ey 
AHEROS Soar greaag OS Marae any oa Fee 


to reduce the integral to the standard form (§ 4) 


z dp 
eae) sie nae 
and then ey es cleak Aaah 


the anharmonic ratio of the four points A, B, C, D, the poles of 


the integral (§ 54), given by w=a,8 y, 0. 
The verification by differentiation is a useful exercise for the 


student. 
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(ii.) With a>a>, we change the sign of X to make the 
integral real; and now, writing M for $,/(a~y.8-—6) throughout, 


SID 

: ¥ Soe 4 Ie 8.2 2-8 a-0.& ov, 

=sn a (8 —B.a—6 =dn sy. Be!) 
* Mdx 
Ws) 

=sn-1 cag BELA oes flores Ee Dveues (80) 


a—(3.a%-y a—-B.a“-y B-6.a-y"" 
but now the modulus «’ is the complementary modulus to x, so 


that FEE NIG NS 
a—y-.B—6 
the different forms of the result indicate the appropriate substi- 
tution required for reducing the integral to the Legendrian form. 
(iii.) With B>a> vy, X is again positive, and 
B Mda 


JX 
=gn-! ee Wg ~B.a-y _ =dn Spee -B. ee 125) 
B-y.a-« —y.a—%& .a-@ 
* Mdzx 
SX 
ne 3-8. $.B- 8 
: w— —x - —8.a-% 
=sn7! B- y.@ Paar ie ch 3 y. mamta Si : oy ana (82) 


with the same modulus « as in (78). 


‘(iv.) With y>a> 6, X is negative, and 


y Mda _ 
J IR® 
_, [B-6.y-« Age eee B-y.a-2% 
yen fe Sey rt Rae ae ei eae me 
Be N ab. Bae Nys8.B a eon Ne ce 
2 da. 
hee 
Sy [O=¥e WO Ly fad —o _, fa-d.B-a% 
mont F- 28 oy | SS * an 1a ES (84) 


with the modulus of (79) and (80). 
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(v.) With 6>a>—o, X is positive, and 


® Mdax 

3) OE 
Bent, [OXY 8-2 pga fyo8-a-@_ gn fy-8- Bo igs 
sn. Va cn Se es hee 


with the original modulus of (78), (81), and (82). 


67. Landen’s Transformation. 

When Legendre’s and Jacobi’s standard integral (1) is 
treated as a particular case of these integrals (81) and (82), we 
write a=1/A, B=1, y=—1, 6=—1/), so that M=4(14+A)/r; 
and now, with y for variable, 

1 40 +A)dy 
ie GaN) 


Bee jitvl-y 4, fl-av.lty_ pene 
Bee Ol in Nia Nip 
Y 41+A)dy 

Ee oe) 
-1 
Bon-2, fPFATFY oy a fl7A Any _ ayaa fIATOdY ign) 


DAEENia NO Ty T+n.1Fny" 
where the modulus x is now given by «?=4A/(1+A)’, so that 
na Vin), or A+ Ede 
and we are thus introduced to Landen’s transformation, to be 

discussed hereafter. 
Changing, in § 41, x into y’, and k into )°, we find 


1 dy 


—4y? phe $0 1=)?.y? h., 1-d 
eerie ae ea Nee 
with modulus ); indicating, on comparison with (86), results 
such as 


~T ae Sasi: des Ree y 2/r 
pee) Wi d) = sn 2.1—nvy’ ah 


‘ as ) BTL N ieee x 
3(1+A)en ( a =cn ( Ti y ? iw), 
Ie LON 
= ms e i “A ‘ 
Baten tome \) =an~( [pater 75) (89) 
which can be translated into the various forms of Landen’s 


quadrie transformation. 


=sn-1l eo) 
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Denoting integrals (86) and (88) by u and », then 
w=4k(1+A)y, v=(1+c)u; 


1+A.1-— 

sn*(u, k) Sie 
Tene ey, Hsp ye les 

2 Sees SS ees, ct ciccrres 
en?(U, «) = eon ie , dn?(u, «) Cec (90) 

“() 

sn 2(u, Napa 

F [ee Sh! 
en2(u, eae dn2(v, X)= = ree feat enna (91) 

ah ante ee K)en(u, Bs (92) 


OMENS Hee 
We can easily prove, or verify by differentiation, that 


SREGARD b(+A)dy 
a(t Fol ry) 


= sn-{h/(ty.1+dy)-d/(1-y-1-ay)} 
=en-“Y{E/(1+y.1-rAy)+i/(l—y 1 +ry)} 
1-)?2y7)+rA,/(1-y? 1—~A 
me neial\ Tas ¥ ees Ta ore Jan Py (93) 
to the same modulus c=2,/A/(1+A); so that, denoting this 
integral by wu, and denoting sn(u, x) by , then 
=$,/(1+y.1+Ay)—3./(1—y .1—Ay), 
Jl-w)=hJ/ (i +y-1-ry)+3/0-y-1+aAy), 


ay A/A-r2y*)4An/ (1-9?) _ Thad 
oh aie aS > RRR (CLT VaR) 
or dn(u, k) = SAR ent), I (95) 
since y=sn(v, A), where v=(1+x«’)u; 
and thence 
dn(v, A)=F(1+A)dn(u, «)+$(1—A)nd(u, k),..-.. seers (96) 
Aen(v, A)= (1 +A)dn(u, c)—$(1 —A)nd(wU, c)j...ceceseeeeese (97) 


(Cayley, Elliptic Functions, p. 183). 
The relation (92) between a and y, namely, 
1 Bf (l z 
us ye i S a) ae eae (92)* 
thus leads to the differential relation 
4(1+A)dy a da 
Ja-# 1-9) Jdaa?. 1a) fear ecake (98) 
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68. The six anharmonic ratios of a, 8, y, 6, arising by per- 
mutation or substitution, give rise to six values of the modulus 
k, given by 

i lee 
k, 7, 1— ae a —P Rope 
or sin?9, cec’@, cos?@, sec?@, -—cot?@, —tan’6, if k=sin?0; 
or tanh?u, coth?w, sech2w, cosh2u, —cech?2w, — sinh2u, if k= tanh2w. 

We may notice that the expression for J in (D) of § 53 is 
unaltered if for & we substitute any of these other five values ; 
and, on comparison with Weierstrass’s notation, 

J=g9,3/A, J—1=279,2/A, 
so that we may put 
J1ak+h  _(+h1—2h)2—h , _BO-b 

Us a sare a 432 rE mat 
and then e,=74(2—k), e,=72(—1+4+ 2h), e,= 3,(—1- ad 
sothat k=(e,—e,)/(e,—es), as in § 51.. 


...(100) 


69. Degenerate Forms of the Elliptic Integral. 

When two of the roots a, B, y, 6 become equal, the corre- 
sponding integrals degenerate into circular and hyperbolic 
integrals, which can easily be written down, on noticing as 
before (§ 48) that (i.) when £=0, sn-'w becomes sin-4z, en-‘a 
becomes cos~1z, ete; (ii.) when k=1, sn-1w becomes tanh~'z, 
cn~!z or dn-!a becomes sech~!z, and tn-!a becomes sinh~1a. 

When two of them are equal, we may replace the four 
quantities a, 8, y, 6 by the three distinct quantities a, b, ¢, 
suppose, where a>b>c; and now the degenerate elliptic’ 
integrals fall into three classes, I., IL, IIL. 


I. Writing VM for 4,/(a—b.a—c); then 
G.) o>a>a, 


vp ae sinh- fe a ° = cosh] pele 
(@—a)J(«—b.a—c) b—c.2—-a b—c.“—a 


Gi.) a>a> 6b, 


“Se 1 poe 2S sinh-t,/¢ 2-2 eo! 
Se at) /(@—b.a—c) — =e b=eG—n 


Git) bre, 


: Md ee a—b.a—c_ Rea a—c.b—# 
Pb - b—c.a-“ | b—c.a—« 
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o Mda Det reel a—c.b-« 
Sie aa b=e.0=a b—c.a—a@ 


(iv.) c>ou>—o, a 
g Mdz eae b.c—m _ aie ile a—¢.b—~% 
jm ee Pain b—c.a—“ 


II. Writing M for },/(a—b.b—c); then 
(is)eoon= 07a, 


* Mda 7 == ah my pees 
Vecuce e—C) ae CaO bm a—c.a—b 

(Gi) a>a> 6, 

@ Md h-t/Poean? a et a—b.a—e 
Oar Gee = ae C.0—b a—c.“a—b 

(iii) b>a>e, 


: Mda a oe CO-8 nd a—b.«x—¢ 
(6-2). /(a—@."— 5=osh c.b— a= a—c.b—x 


(iv.) aria ©, 
oN eee C.4—2 int, (Ce 
he Sane Sean =p ee a—c.b—a# 


Ill. Writing M for $,/(a—c.b—c); then 
(.) o>a >a, 


fost os Mda aes jets” —c.2—b ie Wye = a 
(a—¢),/(w—a.a—b) a—b.a— oan a—b.x—c 


Gi) a>a>b, 
Se Mdz« eo ogee! oy fb-c.a—a. 
(=) SG@—7.e=b) 9 Na—bie cumas a—b.av—e 
Ie Mdza in ee b_ en b—c.a—a@ 
(«—c),/(a—a@.2—b) a—b.ae—c Vaabee —¢ 
6 
(iil,) b> a>¢, 
e Mdza a—c.b—x C.4—2x 
Deon (cmrnms a.b— cane eben b.a— cece Nae b.a—e 


(iv.) c>a>—o, 


Mdx a—c.b—a b—c.a—«a 
= wie x.b— ey oe a hoce > Se ee . 


a—b.c—2z 
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_ 70. When all four roots of the quartic X =0 are imaginary, 
so that 
(w—a)\(e—B)=(a—mP+n?, (@—y\(a—8)=(@— pyr +e, 
Sie /X =f\(e—mP+n? (apy + q} Ade 
is reduced by the substitution 
ye (2—m)? +n? 
(2—pyP+¢ 
Let us suppose that Y is resolved into two quadratic factors, 
so that X is of the form 
X =(ax?+ 2ba+c)(Ax?+2Ba+C), 
where, by supposition, ac—b? and ACV'—B? are negative, so 
that the roots of X =0 are all imaginary. 
24 9 
Let TS et} SUPPOSE, sess. os 6s (101)* 
then the maximum and minimum of y, the turning points of 
y, being denoted by y, and y,, 
YW —y = (Ay, —4)(@, —2)7/D, y — Y= (a— AY.) (@—2)?/D, ...(102) 
x, and x, denoting the values of # corresponding to y, and y, 
of y; and now 


Pe her es (101) 


dy _2(Ab—aB)(a,—x)(a—a,) 


eT Oe 103 
da (Aa? +2Ba+ C0) ee) 
For @ is given in terms of y by the solution of 
(Ay—a)u?+2(By —b)a+ Cy—c=0,......2ec ee (104) 


and this equation has equal roots at the turning points of y, 
which are therefore given by the quadratic equation 

(Ay —a)(Cy—¢) — (By —b)°=0, 
or (AC— B?)\y?— (Ac+a0—2Bb)y+ac—b?=0,...... (105) 
and then 
By—b Ls ax+b  be+e 
~ Ay—a Ga ae Azc+B ~ Bet 


da 
Now 2) JUD) DiJy 


Ddy ‘ 
2(Ab—aB)(a,—x)(a@—22)/Y 
_/(Ay,— 4. 4—AYs) dy 


24b—aB) S Wy-i-Y-Y— Yo) 
and} (Ay,—a)(a—Ay2) = — A°YYotAQ ys +Y2)— 0 
_ (Ab—aBy? 
memA Gop 
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...(106) 


so that ie ders . yi dy ; 
RN) ke NAC Be nl Ay Y= y-Y =a) 
. ee 1 /(AC— B*)dax _ 
which, by (15), gives oui ee 


eee oe Upp 1/8 
en<!, (fi ia = on-), (2 dna ee 
mia Y1— Yo ae Yi— Ye Ue, ae § ) 
with e=1—Y/Yy K?=YolY1 3 


the last expression, s the inverse dn function, being the 
simplest, as expressing a function of an argument oscillating 
between two positive limits, y, and ¥,. 
71. For example, if 
X =a2'+ 2a2x?cos 2a+at 

=(a?+ 2ax sin a+a’)(a?—2av sin a+a’), 
and if y = (w+ 2ax sin a+a*)/(a’—2ae sin a+’), 
then 2,=a, y,=tan*(ia+4a); &,= —4, y,=tan*(47—4ha); 
sothat «k Pie (1—sin a)/(1+sin a) ; 


ane Si G +2 re 2a+a*) 


1—sin a.v?+ 2aa sin a+a? 


ee di! 
que a) a 1+sin a.2?—2axvsina+az (108) 
2 
But, by substituting ae ae ; 
a 1—z 


: da z 
de J (a+ 20?xe0s 2a+a4) 2aS /(1—2. cos’a+2sin2a) 
pe bu. a? 
by (2), a reduction of the elliptic integral to a different 
modulus, the modular angle being now a; affording another 
illustration of Landen’s transformation of § 67. 
Thus, with a=47, equation (108) gives 


seagate 


th . ‘ 1 
= -l/,. ee -1 
9 co (2; sma)= 3g cB 


1—,/2a+2 
where «’=(,/2—1)? (when K’/K=}4); and by (109), 
ae 
J+) aoc ret iv 1/2) 
1 dg ‘yan n/ 20 da 1-2? 


fo, Meee etre <i 

Jase) §° Hirey J J+! tea 
For other numerical examples the student may take 

A =0'+ 20? +2, ot+30?+3, cttor+l, xv*+2x?+ 3, ete. 
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72. When two roots only of the quartic XY =0 are imaginary, 
we may still make use of the substitution (§ 70) 
y=N/D, where X=ND; 
but now take ac—b? negative, and AC— B? positive. 
Proceeding as before we find that the maximum y, is positive, 
but the minimum y, is negative; and y oscillates between 0 
and y, for real values of ae ; and 
dy 
Six" Tae= BY)S JAY -Y,-Y-Y—Ys) 
so that, by (14), 
SEL 


Se D2) eee af 
Pe is M— Ys) oe Ys) ie YW 


y me Y Ys 
“JOD a) aN Ga a=W mo pee ten 
with =YNY1—- Ys) K?= —Y3[(Y— Rie 


73. By another method of reduction we shall find 
(Enneper, Elliptische Functionen, p. 23) 


a da 
Veneer. oo 


ACE Er 
H(e=B)+K(@=a) “J 


1 
| CEE) 


e da 
Jee (a—m)?+n?} 
B 
Leae 3 ee 8) a 2 
cn K(a—«)+ H(a— By’ oq ioleines @ ) 
m)?+n?, ee (B—m)P?+n?; 
Dios —Ke}/HE, 
Hoa QP Day /HEK, 
so that 2xr’ =n(a—6)/HK. 
Degenerate forms occur when a and 6 are equal; and now 


- da 
dee see aa +n7} 
= cosh w/{(a—m)?+n*},/{(e@—m)? +n} 
Bee +n"} a 
dar 
ca ema 


, 1 eee wWi{(a= m+n} J { (w= m)P +07} 
~— S{(a—myP+n7} na—x) 


etc.; where H 
and K 
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74. Replacing y by W/D in equations (102), then 
Dy,—N=(Ay,—a)(a,—2), 
N—Dy,=(a—AY2@ =H)" ; 

so that we may write, according to Mr. R. Russell, 
D=Aa?+2Ba+C=P(a,—«7)?+ Q(a— 2)’, 
N= aa? + Wha +e =p(e,—L)?+ YH — Ly); veeeveeeee (113) 
where P=(Ay,—4)/(Y;—Yo); V=(@—AYo)/(Y1 — Yo) 5 
and = p= Py, = QYy 

Interesting numerical examples can be constructed by giving 

arbitrary integral values to a, x, P, Q, p, g; and now the 


substitution avai s 
Ly — 0 
will make, as in § 37, 
dee = (2, — xz 
JX SRG POD ee (114) 


75. When the factors of the quartic X are unknown, we 
employ Weierstrass’s function, and we shall show subsequently 
in Chap. IV. that the elliptic integral fda JX is reduced to 
Weierstrass’s canonical form 4 Jas/ »/8 (§ 50) by the substitution 

s=—H/X, 
H denoting the Hessian of the quartic X (Cayley, Elliptic 
Functions, p. 346); we may thus write 


OforS  efe ve! 
Xone (-y: Ja 4) nogeoboocouonen (115) 
where g,, gz are the quadrinvariant and cubinvariant of the 
quartic X or avt+4ba>+ 6cex?+ 4da+e, 


so that g,=ae—4bd+ 3c’, 
Jz = ace + 2bed — ad? — eb? — 3, 
H = (ac— b*)a* + 2(ad — be)a + (ae+ 2bd — 8c?)a:2 
+ 2(be—cd)a+ce—d? ; 
and the general reduction of the elliptic integral of the first 
kind /da/,/X, where X is a cubic or quartic function of z, 
is now complete. 
The application of this general method to the particular 
cases already discussed is left as an exercise for the student. 
76. Systematic Tables of the integrals of the elliptic functions 
snu, cnu, dnu, nsu, dsu, es u, deu, neu, seu, ed u, sd uw, nd u, 
and of their powers have been given by Glaisher (Messenger of 
Mathematics, 1881). 
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Suppose fen udu is required ; we may write it 
0 


enudnudu _ UG ae eee, d 
dnw Jaen) (Gas ets Cea 
ete. ; so that 


J en udu =cos~t(dn wv) =sin “(x sn u)=tan-(« sn u/dn uv) 
0 
=7sin-(2«sn wdn w)=am(«w, 1/x), ete. 
Similarly, 


EK 
Jen udu=cosh -1(dnw/«’)=sinh -1(cen w/«’)=tanh~(«enw/dnw) 


dnwu+tkcenw dnu+xcenw K 
Bein y= ech log : : 8 dnw—xcnw’ Os 
while [andes =c0s-Yen uv) =sin-Xsn Ub) = BNW eae a +e (116) 
0 


As an exercise the student may integrate ns uw, ds u, ...; also 
sn?u, cn®w, dn?u,...; and obtain formulas of reduction for the 
integrals of (sn x)”, (en wu)”, (dn uw)”, .... 

As a general method, for (snz)” for instance, we put 
sn?u=s; and now 


44n—1) 
(sn w)"du=4 s gs Sint Un, SUppose. 
/(1—s.1—ks) P 


By means of the well known formula of reduction, 
(p+ l)avp4,+ 2pt+1)byy+ porvp_-, =x? /N, 
for Up = fuPda|,/N, where V=aax?+ 2ba-+c, 
we have, on comparison, 
a=k, b=—4(1+h), c=1, p=h(n—-1); 
so that Up =2Un, Up, = 2Unto Up-1=2Un-2; and 
(n+ 1)ktinsg-nN A +h)un,t+ (n—1)un-.=sn"-tuwenudny,...(117) 

the formula of reduction for U,= isn w)"du. 


When the limits are 0 and K, we obtain the recurring formula 
(n+1)ktinsy.—2L+h)unt (2—1)un-2=9, ...... (118) 


dar 
analogous to Wallis’s formulas for (sin or cos 0)"d0. 


The same formulas hold for Mea tad w)"du, since (§ 57) 
ed u=sn(k —u). 
Thus wp, is made to depend ultimately on w,, already deter- 
mined, or on u,; and a similar procedure will hold for the 
integrals of (cn w)” or (sd u)”, (dn uw)” or (nd w)”, ete. 


64 THE ELLIPTIC INTEGRALS. 


77. The Elliptic Integral of the Second Kind. 
We may mention here incidentally that the integrals of 
sn2u, enw, dn2u, ns?w, ds, cs, ... 
require for their expression new functions called elliptic im- 
tegrals of the second kind, such as occur for instance in the 
rectification of the ellipse. 
For if, in the ellipse (w/a)?+(y/b?=1, 
we put e=asin d, ¥=bCos ¢; 
Ose ata OA- 


then Tame dg? lg? 


so that a= JJ (1—esin?¢) dp = /A(¢, e)dg = /An2udu, (119) 
0 0 0 


on putting ¢=am(u, e); and e, the excentricity of the ellipse, 
is now the modulus. 


The integral ¥é /(1—«’sin’d)d¢ or Si A(¢, «)d¢ is denoted by 
0 


= acos*¢ + b’sin’¢ = a*(1 — e*sin9) ; 


E(¢, «) by Legendre, and called the elliptic integral of the 
second kind; and when the upper limit is 4, the integral is 
denoted by Hk, or by # simply, and called the complete elliptic 
integral of the second kind. - 

Exanvples.—The following examples are collected chiefly 
from Legendre’s Fanctions Llliptiques; the results, being 
now expressed by the inverse elliptic functions, will serve as a 
guide to the substitutions required to reduce the integrals to 
the standard elliptic forms, and the correctness can be tested 
by differentiation as an exercise. 


— 1. fa +0%)-tdo=/2 en (L4a2)-4 
2. fa aty He J2en-{(1 2944 1/2}. 
5 (q?—1)-fde= aa teay cary iy 1/2}. 

4. [w-a.0—B)-tdw 

2 


- lian feageteee 8 1a 
5. J(a—«.a2—)-#de= 


bole 

<< 
bo 
6 


Ta=By Fieapy 3} 
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- % /n 
6. —m)?+n?}-ida = — ot 
Se m)+n*}-tdx 7, oo {(@—mP4+ngP 1/2}. 
7. Prove that, if w"=4a"(1 —x"), 


Q-1fn 
(1—a")!-¥mda =2-2f (1 —w)-Sdw ; 
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x 
(L—a")!-Ynda= 
Daa x 

ae express the result when n=8, 4, or 6. 
8, Prove that, if z—a is a factor of the cubic X, so that 
X = («#—a)(axv?+2ba+c) ; 
: 3 xe ac—b? 
ae -1( , 

Sx ue ace+2ba+e" e—a’ °, SN Sees 


a 
an integral occurring in the determination of the motion of a 


projectile in a resisting medium. 
Evaluate the integral when aa?+2ba+c=0, so that 


X =(e-a)(a—y). 
: cenudu_ /l—dnw 
9, Prove that ON rex rere iecdaes 


a Esnudu 
fi eae aes 


w anid =2K(K — E)/k. 


(iii.) 


(iv.) Sie sin gd¢= : sin-Ik. 


(v). yi PO at 


10, Prove that 
EE)? > K> B>2Kx?/A+k?). 


11. Denoting the integral JAg)-nde by U,, establish the 
0 


formula of reduction 
NK ?Uns9—(M—1)(1+K2)Ua+(n —2)Un_2= — K’sin ¢ cos g(Ag)~” 


Evaluate wu, for n=2, 3, 4,.... 


G.E.F. 


CHAPTER. III. 


GEOMETRICAL AND MECHANICAL ILLUSTRATIONS 
OF THE ELLIPTIC FUNCTIONS. 


78. Graphs of the Elliptic Functions. 

Now that the Elliptic Functions have been defined and a 
few of their fundamental properties have been established in 
Chapter I. in connexion with the pendulum; while in Chap- 
ter IJ. the reductions of the elliptic integral to the standard 
form have been tabulated, let us consider some further applica- 
tions, and first in connexion with the graphs of amu, cnu, 
snwu, dnu, represented by curves whose equations are of the 
form y=am 2, cn aw, sna, or dn x. 

The graphs of these equations are given in fig. 5, in curves 
(i.), (ii.), (ii.), (iv.); the modular angle employed is 45°, so that 
the curves can be 'plotted from the numerical values given in 
Table II., analogous to the graphs of the circular and hyper- 
bolic functions, given in Chrystal’s Algebra, Part II.; thus, 
for instance, the curve y=amw is the graph of the relation 
between ¢ and wu in § 5. 

We notice from the equations of § 57, Chap. IL, that by 
sliding the curves along Ox through a distance +K, the curve 
y =sn @ becomes changed into y=sn(K+a2)=cna/dnz or eda, 
and not into y=cna; while the curve y=cn x becomes changed 
into y=cn(@—K)=«’'sna/dn@ or x’sda@, and not into y=sna; 
so that the curves y=sn# and y=cnz are essentially distinct 
curves, and cannot be superposed, like y=cos @ and y=sina. 

The curve (i.), the graph of am, consists of a regular un- 
dulation, running along the straight line y=47a/K; so that 


am «= }7a/.K + periodic terms = }7ra/K+>B,sin(nza/K), 
66 
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in a Fourier series, where the B’s are to be determined sub- 
sequently ; and then by differentiation, 
dn # = ($7/K){1+22=nB,cos(n7a/K)}. 

So also the graph of Hg or Hamu, the elliptic integral of 
the second kind (§ 77) consists, like (i.) the graph of ama, 
of an undulation running along the straight line y=Ea/K; 
so that we may write, in Jacobi’s notation, 

Kama=Kau/K+Zzx, 
where Zz is a periodic function of w, which can be expressed in 
a Fourier series 
Ze= XC, sin na] K ; 
and then, by differentiation, 
dn? = L/K +(2/K)=nC,, cos nrax/K ; 
whence also the expression for sn?# and cnx in a Fourier series. 


Fig. 5. 


We proceed now to some mechanical and geometrical appli- 
cations of these curves. 


79. Prostem I. The curve assumed by a revolving chain 
We shall prove that 
y/b=sn Ka/a 
(fig. 5, iii.) is the equation of the curve of a uniform chain, 
rotating steadily with constant angular velocity m about an 
axis Ox, to which the chain is fixed at two points, 2a feet 
apart, gravity being left out of account, eg. a skipping rope. 
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Denote by ¢ the tension in poundals of the chain at any 
point, and by w the weight in lb. per foot of the chain. 
Then the equations to be satisfied are 
d (da d (dy f 
AG (T)= » 7A iq) +n CH ENE 


Therefore tdz/ds=7', a constant, the thrust in poundals in 
the axis due to the pull of the chain ; and therefore 
d (dy d?y dx , n*w 
gag) tp YHOO ast dg tog =O 


the differential equation of the curve of the chain. 


dy” _ ds* 
at bt at = da? 
Sithen dy d?y ds d?s . 


da da? da da?’ 
ds n?w dy 
iat Y de x 
Integrating, supposing y=b when dy/dw=0 and ds/d«=1, 


and therefore 


ds ae 
da) op 9): 
so that t=Tds/dx=T+4nw(b?—y?). 
dy? /ds ds TC ies 
Then 54 =(G-1)(F+1)="7 oe y+ on a -»)}, 


da 


so that « is an elliptic integral of y, of the form (5) in 
Chap. “II; and y is an elliptic function of x, obtained by 
inverting the function of the integral. 


To obtain this function, let y=bsin g; then 
dy” ee _nw TW 
ies b?cos? "b (PP yl + gpl — yt, 


2 2 
or ggeet (1+ eB: ~)(L=eesin® ip), k7= es 


da* T ~ AT nb? 
so that o=am K-, where H« _7*wb 
i PME 
and y/b=sn Kaa, 


the equation of the curve formed by the chain; and now 2a 
denotes the distance between the ends of the chain. 
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We may denote 7/in2w by h?; and now 
be elle h? RD ale 20b ,,, 2a 
Saris erat (ogre pe Ke, 
whence the modulus « and quarter period K can be determined 
when / and a are given; and 


ds _ 6% — yy? 2x’cos’*h A’d 
leek pe 
while SK ag, 
is % ho Me ge al 
tEtS yaya ~ 
ao dp meee K Ag 2a at K Ag’ 


and integrating, with the notation of §§ 5 and 77, 
Kh? a 
= 2g (d, K) FE, K). 


If 27 denotes Ft: length of the chain, then s=l when ¢=}7, 

and F(¢, x) =K, E($, x) =H; and therefore 

l+a= JERR /a= bE/k=2ak/Kx?, 
from which x, K, and # must be found by a tentative process, 
from Legendre’s F.L., II., Table IL, when a and / are given. 

For instance, if e=x«’=3,/2, as in Table II., page 11, 

K=1°85407, E=1:35064; 
and b/a=15255, l/a=1-9206. 

80. When the chain is fixed at two points not in the axis, 
nor in the same plane through the axis, the chain when re- 
volving in relative equilibrium will form a tortuous curve, 
which will sweep out a surface of revolution, of which the 
preceding curve y/b=sn Ka/a is a particular case of the 
meridian curve, while the general equation is of the form 

ay +2=b’sn?(Ka/a)+c’en(Ka/a). 

For in this more general case the equations of relative 

equilibrium are now 


£ (9) = 0, £ (EE) + ny = 0, Ns ) + news = 0, 


ds as ’ ds * ds 
Three first integrals of these equations are 
“i 
Eee rina aee fet ri pis Peciee unawns esieee a aaibire 1 
tre dhe (1) 
dz wy) 
—— — g— ea ee 2 
1 sage. H, a constant ; (2) 


and t+hn?w(y?+27)=A, a constant. .......ceeeereees (3) 
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Putting Yea, 
dy, dz dr? 
then Var. 4 i= ba , 
dy H 
and from (1) and (2), ye Gla 


therefore, squaring and adding, 
dy? ar Jah 
(Geto )- Ge) 1 pe 


A (i) =e) oe 


2 2 a 4H]? 
=F — 4)— - = Fn — 1? wr) — 40? — ies 


12 7 


VES 
suppose ; and for 7? to lie between b? and c?, we must suppose 
d?>b?>r?>c?, and as it is of the form (17), p. 37, we put 
7? = b’sin?d + c?cos*@, 
b?—7? =(b? —c?)cos*g, 7? — 0? = (b? —c?)sin*¢, 
?—-r=d?—?—(b? —&)sin’¢ = (d?—0)A’¢, 


4p 1)2 
ee ee O)= 7 (72 —B2) (7? — 2) (7? — A), 


where x? = (b?-—c?)/(d?-¢? s 
Then ce “y= 4(b? — c?)?cos? ae 
=e c*)?(d? — c*)cos* sin’ A?¢, 
d 2 4p 12 O res 
or ae = a (202) A2¢, 
so that g=am Ka/a, 


where = K°/a? = n*w?(d? — 0°) /4T? = 4(d? — 0) /ht ; 
and then P=P+e=bsnKe/a+cen*Ka/a, 


the equation of the surface swept out by the chain, the meridian 
curve being similar to curve (iv.) in fig. 5. 


81. The chain will obviously take up the form which, with 
given length between the two fixed ends, has the maximum 
moment of inertia about the axis of revolution ; and we have 
thus investigated the solution of an interesting neonient in the 
Caleulus of Variations. 
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The form of the chain for a minimum moment of inertia is 
obtained by supposing that r?> d?, as in (13), p. 35; and by 
putting 7 — dl? = (d? — b*)tan2¢, 

7° — b? = (d?—b?) sec’¢, 
P?— = (d?— &)A% sec’g, 
x= (0? — c?)/(d?—?), as before. 


Then (7) =4(d?—D9FtanYg seotg 
=e — b*)?(d? — c)tan*¢ sec*pA’¢, 
or age ih OP Gs —c*)A*¢, 
so that g=am Kz/a, 


and then y +2 = Psec* — btan2p 
d? — b’sn?Ka/a 

~ onKa/a 

=n’? Ka/a— bse? Ka/a 
is the: equation of the surface of revolution upon which the 
chain lies, when its moment of inertia about the axis of a is 
a minimum. 

The projection of the chain upon a plane perpendicular to 

the axis is to be investigated subsequently. 


82. When the two points to which the ends of the chain are 
fastened lie in the axis, or in a plane through the axis, the 
chain takes the form of a plane curve, whose equation is 


y/b=sn Kala 
for a maximum moment of inertia, as already shown in § 79; 
and ycnu Ke/a=d, or y=dne Ka/a 


for a minimum moment of inertia; which can be proved as a 
simple exercise in the Calculus of Variations, by considering 
the variation of the integral 


SYP tS 1+ p%)ds. 


83. PropLEM II. “The curve on which an ellipse, of semi- 
axes a and b, must roll for its centre to describe a straight line 
Ox is the curve whose equation is 

y/a=dn a/b, 
the modulus « being the excentricity of the ellipse.” 
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For if the centre M of the ellipse describes the horizontal 
straight line Ox (fig. 6), M must always lie vertically over P; 
the point of contact with the fixed curve, so that the ellipse 
rests in neutral equilibrium if its centre of gravity is at the 
centre M; teeth being cut in the curves, if requisite, to prevent 
slipping. 

Therefore Fa nas subnormal 

MG=— - r in the ellipse += oe 


must be equal to the subnormal 


MG= yi in the fixed curve AP, where MP=r=y. 


Fig. 6. 


Now in the ellipse, differentiating, 


2dr (1 1 ih aka 
5 5-(e- ,)2sin 0 cos 0= 2I(3 Fy nap) 


: yea Lael I 
since 5-a-(g- ,)sin? 0, oe =(5—=)o0s'a ; 


a? ie 
x SE Ce le), 
dé ab ; 
so that in the fixed curve ae 
“u- TLCS) 
z ’ 


fe NG Va) 


by (9), p. 33; or, by i award of the function, 
y/a=dn w/b. 


Wav 
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The are of the rolling curve is obviously the same function 
of 7 as the arc of the fixed curve is of y; and therefore the 
ares are expressible by elliptic integrals of the second kind. 

The curve 4P can be described as a roulette, by a point P 
fixed to a certain curve which rolls on Oz, and therefore 
touches Ox at G, since G, the foot of the normal PG, is the 
centre of instantaneous rotation. 

Since PM is the perpendicular from a pole P on the tangent 
of the rolling curve, and that the relative orbit of P and M is 
the ellipse, therefore the pedal of the rolling curve with respect 
to the pole P is an ellipse; or, in other words, the rolling 
curve is the first negative pedal of an ellipse with respect to 
its centre, that is, the envelope of lines drawn through each 
point on the ellipse perpendicular to the line joining the point 
to the centre of the ellipse. 

The first negative pedal of an ellipse with respect to its 
centre is called Talbot's curve ; its (p, w) equation is 

1 cos’ , sin’w , 
p a2 ee 
and it is of the sixth degree (Cayley, Proc. R. S., 1857-9, p. 171). 


84, For a rolling hyperbola, changing the sign of 6’, the 
fixed curve must be given by 


Ebdy ab a eb } 
eof Typ PP. Pt) SGP) ly M@+R Ss 
by (8), p. 83; so that, by inversion of the function, 
a/y=cn x/ax, or y/a=nc a/ak, 
is the equation of the fixed curve for the hyperbola. 


85. When the fixed curves are of the form of curves (i1.) and 
(iii.) in fig. 5, we shall find in a similar manner that the rolling 
curves which will rest upon them in neutral equilibrium are 
given by 

1 _cosh?9 , sinh?0 1__cosh?9 __ sinh?0 
ane ue (fig hon AO, ama Xa 


Taking the first of these two ees curves, 


1_1_(1 aa ae 

Tas (- ties inh26, ears (<.+ j2)cosh 6; 

2dr_(l Cia 34 
and 4 = (5 iene 2{(-a-St) 
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OR) CAE asi 
ts ab 
so that in the corresponding fixed curve 
oY ON Ca ie by") 


ab 


or 


ey ab nH a \ 
ce POLP) SEP) la SP+P Ss 
by (7), p. 83; so that, by inversion, 
y/a=cna/be, with mod. c=a/,/(a? +0"). 
Similarly it can be proved that the second rolling curve can 
rest in neutral equilibrium on the fixed curve (fig. 5, iii.) 
y/a=sna/a, with mod. a/b. 


86. Proptem III. Dynamical Problem. “The curve 
rcn@=c is the relative orbit of the centres of gravity of a 
straight rod fitting into a smooth straight tube, resting on a 
smooth horizontal table, when struck by an impulsive couple, 
the centres of gravity of the rod and of the tube being initially 
e feet apart.” 

Suppose the rod to weigh m lb. and the tube to weigh 
M \b., and denote the moments of inertia about the centres 
of gravity by mk?, MK? (lb. ft.?). 

Then, if P is the ¢.G. of the rod, Q of the tube (PQ=7), and 
O the (stationary) ¢.c. of the system, 


OP =Mr/(m+M), 0Q=mr/(m4+M). 
Denoting by 7 the initial angular velocity communicated to 


the system by the impulsive couple, then from the Principle of 
the Conservation of Angular Momentum, 


{m/(k2-+ OP) + MK? +. 0Q)}(d6/dt), 


ss 2, mMr?\de 2, mM ; 
or (mh? + MK t= (mh?-+ MK? +o me ab’ 
Again, from the Principle of the Conservation of Energy, 
M \*dr* M de? 9d? 
1 
in em) det! mpm) mag tae 
: m \*dr? m Re 0 
+2 eer det? sr  ™ gt a 


or, after reduction, 


1 mM /dr de? 
5} a age ta )+ +Honk? + ME), 
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the kinetic energy in foot-poundals, is constant, and 
1 mM 
=5 meng? oe $(Mh?P + MEK)? ... ccc ec cceres (2) 
Therefore, employing the value of d6/dt given by (1), 
s mMr* 
M mk? + MK? + - 
Abnae (Sa+r?) +m? +MK?= ( mb) 
m+M\de ; mic 
mk? + MK? + 
m+M 
or, finally, 
di = coy + MEP + m Mr*|(a + M) ‘ 
de? mi?+ MK?+mMc?/(m+ My (8) 


so that 7 is an elliptic function of @, given by (8), p. 33. 
We therefore put r=csec ¢; and then find 
sae 1 —i’sin?G = A74, 
. mie+M Kk? ; 
— mke?+-MkKPA+mMe|(m+M)’ 
so that ¢=am 0, cos ¢=cn 4; and therefore 


where 


cn O=€c, 
87. When c=0, «=1, and this method fails; but now 
1 dr mMr? 7? 


7 ae Gn MK Em) ot a 
suppose, where a7=(m+M)(mk?+ MK?)/mM ; 


; a 
and now 0 Sar Ta) =sinh oy 
or r sinh d=a, 
the equation of one of Cotes’s spirals, the relative orbit of the 
centres of gravity of the rod and tube, ultimately described 
after leaving the unstable position of coincidence. 
- The system of the rod and tube may be supposed started 
by any arbitrary impulse, not necessarily a couple, and the 
essential character of the relative motion is unaltered: but now 
the c.c. of the system is no longer at rest. 

88. Other mechanical arrangements, leading to the same 
equations of motion, will readily suggest themselves; thus the 
tube may be supposed to be one of the hollow spokes of a 
wheel of weight M 1b., moveable about a fixed vertical axis, 
while the rod is one of a number of equal rods, or balls, of 
collective weight ™ lb., one in each tube, and initially placed 
with the ¢.G. at a distance ¢ from the axis of the wheel. 
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Now, if the wheel is started by an impulsive couple with 
angular velocity , the path of the c.c. of each rod or ball in 
its fools will be of the form 

ren @=c. 

89. Proptem IV. Central Orbits and Catenaries expressed 
by Elliptic Functions. 

When a Central Orbit, expressed in the polar coordinates 
(1/u, @), is described under an attraction to the pole, of magni- 
tude P (dynes per gramme), then, as is proved in treatises on 
Dynamics, P is given by the equation 

(Cu ao 1 dé 
poe ita dt w dt’ 
and the constant h is twice the rate of area swept out by the 
radius vector; and v the velocity is given by 


a ° = (oe w), 


Given the equation of the orbit as a relation between uw and 
0, the value of P as a function of w is thence easily determined 
by differentiation, as in § 30; Jet us then determine P for the 
orbits au=sn, en, tn, or dnmé; 
also for the inverse curves 

au = ds, ne, es, or nd m0, 
in Glaisher’s notation ; the remaining orbits 
' au=cd, sd, de, dsmé; 
are not distinct curves, being merely formed by reflexion in the 
line @=}K'/m, since cd m0 =sn(K — m6) (§ 57), ete. 

As in § 30, we shall find by differentiation that (d?w/d6”) + wu is 
always of the form 4w+ Bu’, so that P is of the form wut+ ru; 
and conversely, given this form of P, we find by integration 
that (du/d0) is of the form C+ Du?+ Eu‘; so that @ is an 
elliptic integral of u, and w an elliptic function of 0, of which 
the results are given in § 36. 

When the orbit is given by 

au=sn?mé, cn?mé, dn2m8, ..., 
we find by differentiation, as in § 30, that P is of the form 
Au? + wu?+ vut; and conversely, when P is of this form, 
(du/d@) is a cubic form in u; and @ is given as an elliptic 
integral or inverse elliptic aint of u, by the results of 
equations (12) to (45), Chap. II. 


+u), where h=7?—— 
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As an exercise the student may determine the value of P 
and v’, as functions of w or 7, in the orbit 
1 __en’mé _, sn?mé 
re) b2 
and its inverse curve, whose equation is of the form 
r= aen?m0 + b’sn?mé. 

Similarly the central forces required to make a chain assume 
the form of one of the preceding curves can also be determined 
(Biermann, Problemata quaedam mechanica functionum 
ellipticarum ope soluta, Berolini, 1865). 

When a transverse force 7’ is introduced into the field of 
force, then h is no longer constant, but, as demonstrated in 
treatises on Dynamics and the Lunar Theory, 


dh? 2T L _dlogh 
dd u?” hue do’ 
: Au Pr T du 
ee gee ray eat a0" 
SAE dlogh du 
so that P=h?u (ited dé do ) 
If we assume P=fh?u*; then 
d du\ , dlogh | dw _ 
Pate =) i gale or hag =O a constant. 
dé A DU 6 ar : 
But ada , so that qe Ot SOD a —C, which shows 


that the body approaches the centre with constant velocity C. 
Suppose, for instance, we take an orbit given by 


mé=am au, 


then nao =o" dn au= C=, /(1—1sin’m8) ; 
27,3 
and P=hus C — 1—«’sin’m6), 
2 29,3 
T= we =— or esin m@ cos m0 ; 


so that V, the potential of the field of force, is given by 


1 Cs So 7 
Vas a all—« sin mA) ; 
V OV 
and then peed T= 


or’ ~ Oe 
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90, Proptem V. The motion of Watt's Governor. 

“The oscillations of Watt’s Governor between the inclina- 
tions a and 8 to the vertical, when constrained to revolve with 
constant angular velocity w, are given by 

tan}@=tan}a dn(nt, x), with x’ =tan}6/tanja, 
where @ denotes the inclination of an arm to the vertical axis 
at the time ¢.” | 

Consider the motion of either rod and ball, as if unconstrained 
by the other, and denote by C the moment of inertia of the 
rod and ball about its axis of figure, and by A the moment of 
inertia about the axis on which the rod turns at the upper 
joint O (fig. 7). 


Fig: 7. 


Drawing the three principal axes OA, OB, OC at O, and 
three moving coordinate axes Ox, Oy, Oz, such that Om 
and OA are coincident, Oz is vertical, and yOz, BOC in 
the same vertical plane, then the components of angular 
velocity about OA, OB, OC are —(d6/dt), —wsin 0, wcos@; 
and the corresponding components of angular momentum are 
— A(d6/dt), —Awsin 0, Cw cos 0. sh 

The components of angular momentum about Ox, Oy, Oz 
will therefore be 
h,= —A(d6/dt), h,=(C—A)wsin 0cos 0, h, =(Ceos?0+ A sin’6)w; 
while the component angular velocities of the coordinate axes 
Ox, Oy, Oz are 0,=0, 0,=0, 0;=w, with the notation , of 
Routh’s Rigid Dynamics. 

Take the poundal as the unit of force, and denote by M the 
weight in lb. of either arm and ball, by h the distance in feet 
from O of the centre of gravity; the equation of motion 
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obtained by taking moments about Oz or OA is 


os aig wan 


or —A(d?6/dt?)+(A—C)o*sin 6 cos @=Mghsin 0;.......... (1) 
so that, if A = C, the motion reduces to simple pendulum motion. 
Integrating, on the supposition that a>6>, and that 


_d0/dt=0 when 0=a and 8, 


2, 
ae ane (cos @— cos a)(cos 8—Cos 8). .........5. (2) 


The position of relative equilibrium is given by d?@/di#?=0 

and then, if @=y, 

cos y = Mgh/{(A — C)w} = (cos a+ cos 8), .......0.. (3) 
so that in these oscillations the point D, which controls the 
valve, makes equal excursions above and below its position of 
relative equilibrium. 

The technical name for these oscillations is “ Hunting”; and 
some kind of frictional constraint is required to prevent these 
oscillations from becoming established. 

(Maxwell, Proc. R. S., 1868.) 

Denoting tanta, tan}(, tan}6 by a, b, w respectively, then 
equation (2) may be written 

4 dx’ A-C Hes —x Se ee 1-2? 
+2" d2 A lta 14+@ iBT 
da? A-—C 
az OA 
and this, by equation (9), p. 33, gives 
x=adn(nt, x), or tand@=tanta dn nt, 
where x’ =b/a=tan}6/tan $a, and n=wsin}acos$6,/(1 — C/A). 

For a small oscillation, we put a=§; and then «’=1, c=0; 

and now the period of an pagers 


Sea 
wsinaVvV A—CO 


91. If we suppose the whole weight of a rod and ball con- 
centrated at the centre of gravity, we have C=0, d=WMh?; 
and now the motion may be assimilated to that of a particle 
in a smooth circular tube, which is made to rotate about a 
vertical diameter with constant angular velocity w. 

(Prof. B. Price, Analytical Mechanies, § 403). 


or 


w*cos”$.a, Cos" B(a? — x) (a? — b?) ; 
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The equation of motion (1) now reduces to 
2 
ne hePsin 9 cos 0= —gsin 6, 

where h denotes the radius of the circle; and for oscillations 
on one side of the vertical between a and 8, a>0>8, 

(d@/dt)? = w*(cos 0 — cos a) (cos B —cos 8), 
the solution of which is, as before, 

tan}@=tana dn nt, 

where x =tan}G/tanka, n=w sina cos$P. 

If the particle in its oscillations just reaches the lowest 
point of the circle, 8=0; and then «’=0, c=1; and now 
dn nt degenerates into sech nt (§ 16); so that 

tan}0=tantasech nt, where n= singa ; 
the position of relative equilibrium being given by 
cos y=g/w7h = 4(1+ cos a) =cos*ha. 

If the particle passes through the lowest point, it will come 
to rest again where 9= —a; and now 

(d0/dt)? = (cos 0 — cos a)(2 cos y— cos a—cos 6), 
where 2 cos y—cos a >1; and the solution of this equation is 

tani@=tanjacn nt, where n=,/(cos y — 0s a). 

When a=z7, we shall find the motion given by 
sinha/(w?-+9/h)t 
tan3@= x : 
“(1 +he*/g) 

so that, after an infinite time, the particle just reaches the highest 
point of the circle, where it will be in unstable equilibrium. 

A still greater velocity of the particle relative to the tube 


will make the particle perform complete revolutions, which 
will be expressed by 


tan $0=C tn nt. 


We have supposed the circular tube to be made to rotate 
with constant angular velocity about a vertical diameter; but 
the motion of the particle relatively to the tube will be found 
to depend on similar equations when the tube is attached in 
any other manner to the vertical axis. 


SF 
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92. Such will be the motion of a pendulum swinging about 
an axis fixed to the Earth, and now it is interesting to notice 
other cases of motion of bodies which can be directly compared 
and made to synchronize with the motion of an ordinary 
pendulum, swinging through a finite angle. 

Thus the pendulum, if moveable about a smooth vertical 
axis, which is fixed to a wheel moveable about a fixed 
vertical axis, the inertia of the wheel being sufficiently great 
for the reaction of the pendulum to have no sensible effect on 
its angular velocity, will perform pendulum oscillations, with 
g replaced by aw’, w being the angular velocity of the wheel 
and a@ the distance between the axis of the wheel and of the 
pendulum. 

Again a cylinder of radius @ and radius of gyration h, rolling 
inside a fixed horizontal cylinder of radius b, will synchronize 
with a pendulum of length /=(b—a)(1+k?/a?). 

If the fixed horizontal cylinder is free to rotate about its 
axis, and has its centre of gravity in the axis, then the length 
of the equivalent pendulum is 


2 2 2 
l=(b—a)(1+%), where nae (+8, Hees 
mk?, MK? denoting the moments of inertia about the axes 
of the rolling and fixed cylinders. 

The rolling cylinder may be replaced by a waggon on 
wheels, and the motion can still be compared with that of 
a pendulum. 

A circular cone, whose ¢.G. is in its axis of figure, and whose 
axis is a principal axis, performs pendulum oscillations when 
it rolls on an inclined plane, or inside or outside another fixed 
cone, whose axis is sloping, the vertices of the cones being 
coincident; the determination of 1, the length of the equivalent 
pendulum, in these cases is left as an exercise to the student. 

In those cases where the finite oscillations are not of the 
pendulum character, we suppose the motion indefinitely small ; 
and now, in small oscillations under gravity, instead of giving 
the formula for the period of a small oscillation, it is in general 
simpler to give J, the length of the pendulum, whose small 


oscillations have the same period. 
G.E.F. 1) 
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Thus for the vertical oscillation of a carriage on springs, 
1 is equal to the permanent average vertical deflection of the 
springs, due to the weight of the body of the carriage. 

For the small vertical oscillations of a ship, /= V/A, where 
V denotes the displacement of the ship (in cubic feet), and A 
the water line area (in square feet); and if the ship is floating 
in a dock of area B sq. feet, then it is easily proved that 


93. The Reaction of the Awis of Suspension of a Pendulum. 
It is important to know the magnitude of this reaction in 
the case of a large swinging body, like a bell in a church tower. 
Denote by X and Y the horizontal and vertical components 
of this reaction, considered as acting on the swinging body ; 
and take the gravitation unit of force, the force of a pound. 
Then X, Yand W, applied at the centre of gravity G (fig. 1), 
will be the dynamical equivalents of the motion of the body, 
collected as a particle at G; and since the component accelera- 
tions of G are h(d6/dt)? in the direction GO, 
and h(d?0/dt*) perpendicular to GO, 
therefore, resolving horizontally and vertically, 
Wh(d?6/dt?)cos @— Wh(d@/dt)’sin 0 = Xq, 
Wh(d?6/dt?)sin 0+ Wh(d0/dt)*cos = Yg— Wa; 
while, from the pendulum motion, 
L(d?6/dt?) = —g sin 0, 40(d0/dt)?=9(2R—1 vers 6). 
From these ee we mah 


va 
= 1 — faint + 8 Eee 6— eos 6(1 —cos 8), 


Vi h_ (2h 4Rh 3h 
or q7it+7=-(G-Ae ie a 0+ e038 
KE 2h ARh 
Wo es Z = )si no—3sin 6 cos 0, 


and therefore the resultant of X and Y— W(1—h/l) is a force 
2h  4kh 3h 3h 
T= W( 745 +" re0s 6) = Woz (+ $R—y) 
in the direction GO; and a varies as the depth of P below 
the line y=4l+4R, 
whence X and Y are easily constructed. 
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94. In the simple pendulum, 2=1, and the tension 7’ of the 
thread PO is given by 


W?rGlt4R—y), 

At the end of a swing y=2R, and 7/W=1—2R/I; so that, 
if 2F is less than J, T is always positive. 

But if 2R is greater than J, so that the plummet swings 
through more than 180°, T changes sign, and the thread will 
become slack, unless replaced by a light stiff rod. 

When 2 is greater than 2d, the pendulum makes complete 
revolutions ; and now, at the top of a revolution, y=2l, and 
T/W=4R/l—5; and when 2F is greater than #1, 7 is again 
always positive, and the plummet can be whirled round at 
the end of a thread, without the thread becoming slack. 


95. When the axis of suspension of the pendulum is hori- 
zontal, and cut into a smooth screw of pitch p, the equation of 
energy gives 

SW? +1?+ p?)(d6/dt)?= Wo(H —h vers 6), 
if the centre of gravity descends from a height H above its 
lowest position ; so that | 
(h? +k? + p*)(d?6/dt?) = —gh sin 8, 

and therefore l=h+(k?+p*y/h; 
and now in addition to X and Y, the reaction of the axis exerts 
a horizontal longitudinal component Z anda couple pZ, given by 

Gee Ww : 0 —Wphsin@ 
7) P ae +k? +p? - 

Similarly the increase in / due to the pendulum being sup- 
ported on friction wheels may be investigated. 

As an exercise the student may investigate the small oscil- 
lations of a system of clockwork, in which the wheels are 
unbalanced about the axes, and prove that for small oscilla- 
tions the length of the simple equivalent pendulum is given by 

L=(Swk?p*)/(Zwhp?cos a), 
where w denotes the weight, wh the moment, and wk? the 
moment of inertia of a wheel about its axis; a denoting the 
angle which the plane through the axis and centre of gravity 
makes with the vertical in the position of equilibrium; and 
p denoting the velocity ratio of the wheel. 
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96. The Internal Stresses of a Swinging Body. 

These internal stresses are most forcibly realized on board a 
ship rolling in the sea, not only in their effects as producing 
sea-sickness, but also in causing the cargo to shift, if the cargo 
is grain, coal, or petroleum, in bulk. 

It is usual to consider the ship as acted upon by two forces, 

(i.) W tons, the weight or displacement of the ship, acting 
vertically downwards through the centre of gravity G, 

(ii.) W tons, the buoyancy of the water, acting vertically 
upwards through M the metacentre (fig. 8). 


Bira8: 

These two forces form a couple of moment W.GM.sin 6 
(foot tons), so that the ship will roll about a horizontal longi- 
tudinal axis through G, like a pendulum of length GL=/2/@M 
feet, Wk? denoting the moment of inertia of the ship about 
this axis of rotation. 

Now to find the force which acts upon w, any infinitesimal 
part at P of the ship, to give it its acceleration and to balance 
its weight, we refer the point P to axes Ga and Gy, drawn 
upwards through GM and perpendicular to GM. 
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This force will balance the reversed effective force of w at P 
and the effect of gravity on w; and therefore, in gravitation 
measure, will have components 


2 
w .d°0 .w n (q) +w cos 0, parallel to Gz, 


g deg ° ai 
a2 
= x 1-5 y et +w sin 6, parallel to Gy. 


If w is suspended as a plummet by a very short thread, the 
thread will take the direction of this force, and will therefore 
make an angle with Gx 

tan -12 sin 6 — a(d?6/dt?) — y(d6/dt)? 
g cos 0+ y(d?6/dé?) — a(d0/dt)? 
Supposing the ship to roll like a pendulum of length J, 
through an angle 2a, then 
(26 /dt) = = —gsin@, and 31(d0@/dt)?=g(cos @—cos a) ; 
and by § 8, 
d?0/dt? = — n?sin 0= —2n’sinh6 cos $0 = — 2n?« sn nt dn nt, 
(d6/dt)? =2n7(cos 8 — cos a) = 4n2(sin? a—sin?}0) = 4n?x?en2nt. 

At any instant the lines of reversed resultant acceleration 
will be equiangular spirals, of radial angle ¢, round the centre 
of acceleration G as pole, the resultant acceleration at P being 


9; sin 6 cosec ¢, and the resultant effective force wy sin @ cosee ¢, 


when we put GP=r, and l(d6/dt)?=g sin @ cot ¢; so that 
tan ¢@ =(sn nt dn nt)/(2« en*nt). 

Superposing the effect of gravity, the resultant lines of force 
or internal stress will be equiangular spirals of the same radial 
angle ¢, round a pole J, the position of which is obtained as 
follows (fig. 8):—Draw LK perpendicular to GZ to meet the 
horizontal line GX in K; describe the circle on GK as diameter, 
and draw KJ making an angle GKJ=¢ with GK; this will 
meet the circle in J. 

For the resultant effective force of w at P, being 


Pe PG 

f= w7sin 6 cosec = Woy 
making an angle ¢ with GP, will, when compounded with w 
upwards, and taking the triangle PGJ turned through an 


angle ¢ as the triangle of forces, have a resultant 
t=w.PJ/GJ, making an angle ¢ with JP. 
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This will be the tension and in the direction of a short thread, 
from which w is suspended as a plummet at any point P; and 
the deflection of this plumb line from its original mean direc- 
tion in the ship will be a measure of the tendency of a body 
to slide or of a grain cargo to shift; and to a certain extent of 
the tendency to sea-sickness at this point of the ship and at 
this instant of its motion. 

The tendency will clearly have its maximum value at the 
end of a roll, when d@/di=0, and ¢=47, and then J coincides 
with K. (Prof. P. Jenkins, On the Shifting of Cargoes, Trans- 
actions of the Institute of Naval Architects, 1887.) 

The plumb line at P will now set itself at right angles to 
KP, while the surface of water in a tumbler at P will pass 
through K; and a granular substance at P will begin to slip 
if KP makes with its surface an angle greater than the angle 
of repose of this grain. 

Thus up the mast, at a distance a feet from G, water would 
be spilt out of a tumbler, or sand in a box would shift, by the 
rolling of the ship through an angle 2a, which would not spill 
or shift, if the ship heeled over steadily, until an inclination 8 
(the angle of repose of the sand) was reached, given by 


tan 8=(1+a/l)tan a. 


At the centre of oscillation ZL, where a=—l, there is no 
tendency for the water to spill, and this shows that the motion 
of the ship is felt least by going down below as far as possible 
in the middle of the ship. 

In a swing the body is very near the centre of oscillation, 
so that ordinary swinging is very little preparation for the 
motion of a vessel. 

A swing to act properly as a preparation for a sea voyage 
should be constructed as in fig. 5, to imitate, in full size, the 
cross section of the ship, suspended at M ;, and now the varying 
effect of the motion can be experienced by taking up different 
positions on the deck, up the mast, and in the cabins, con- 
structed in this swing. 

Sir W. Thomson proposes to find the axis of rotation of a 
ship and the angle through which the ship rolls by noting the 
direction of the plumb lines of two such plummets, suspended 
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at two given points across the ship ; planes through the plum- 
mets perpendicular to the plumb lines at the extreme end of a 
roll would intersect in KX; the horizontal plane through K would 
meet the median longitudinal plane of the ship in the axis G; 
while the plane through XK perpendicular to the median plane 
would meet it in Z, whence GZ, the length of the equivalent 
pendulum, and therefore the period of small oscillations could 
be inferred, as a check on this construction. 


Example. A rod AB, whose density varies in any manner, 
is swung in a vertical plane about a horizontal axis through A. 
Prove that the bending moment of the rod is a maximum at a 
point P, determined by the condition that the c.c. of the part 
PB is the centre of oscillation of the pendulum. 


97. Proptem VI The Elastica or Lintearia. 

The Elastica is the name given to the curve assumed by a 
uniform elastic beam, wire, or spring, originally straight, when 
bent into a plane curve (fig. 9) by a stress composed of two 
equal opposite forces 7’, on the assumption that at a point P 
at a distance y from the line of the applied stress the bending 
moment 7'y is equilibrated by a moment of resistance B/p, 
proportional to the curvature 1/p; and the constant B is called 
the flexural rigidity of the spring (Thomson and Tait, Natural 
Philosophy, § 611). 


BIG OM Be x OMG ex 


USS 2h 


Then Ty=B/p, or yp=B/T=C’, suppose ; 
and by Kirchhoff’s Kinetic Analogue, the normal of the Elas- 
tica performs pendulum oscillations on each side of a perpen- 
dicular to the line of stress, as the point on the curve moves 
with a constant velocity. 
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For, when the normal has turned through an angle Q, the 


by dO ey, 
curvature F SR g 
and by differentiation 
a) _idy 1. 0 
ET Ee 


which agrees with the equation of pendulum motion 
d?6/dt? = — n’sin 0, if s/e=nt. 

Corresponding with the oscillating pendulum we have the 
undulating Elastica, intersecting the line of stress at an angle 
a; and thus, writing s/c for nt in § 8, 

sin 4@=«xsns/c, cos $@=dns/c, 
sin 9@= —dy/ds=2k sn s/c dn s/c, 
so that y =2cx en s/c, 
measuring s from the point A, at a maximum distance from the 
line of thrust; and a graduated bow might thus be employed 
for giving mechanically the numerical values of the en function. 

In the nodal Elastica corresponding with the revolving 
pendulum, 

§=2ams/cx, sin @=2 sn 8/cx cn s/cx = —dy/ds; 
so that y = 2(c/x) dn s/ck. 

In the separating case, «=1, and y=2csechs/c; and 

40=ambh s/c, sin 49=tanh s/c, tan $9 =sinh s/c, ete. 

In the undulating Elastica 


se = cos 0= ,/(1— 4x? sn’s/¢ dn?s/¢) = 1 — 2x?sn?s/c ; 


and in the nodal Elastica 
& =cos @= ,/(1—4:sns/¢ cn’s/c) =1—2sn2s/c; 
so that a is given in terms of s by means of pane integrals 
of the second kind (§ 77). 

A great simplification is introduced when c=«x’=4,/2; the 
Elastica now cuts the line of thrust at right angles, and 

cos 6 = cn?s/¢ = $y? /c?,. 

which shows that this Elastica is the roulette of the centre of 
a rectangular hyperbola, rolling on the line of thrust. 

It is easily proved that in this curve the radius of curvature 
p is half the normal PG; also that a chain can hang in this 
curve as a catenary, provided the linear density is proportional 
to (nc s/c)*; this is left as an exercise for the student. 
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When «=0, the undulating Elastica corresponds with small 
oscillations of the pendulum, and the Elastica is ultimately 
coincident with the line of thrust, the ordinate y varying 
as sins/¢ or sinaw/c; and then the length of the beam, 
we=7,/(B/T), is the extreme length at which the straight 
form of the beam begins to become unstable under the 
thrust 7. 

The nodal Elastica becomes practically a circle when «=0, 
corresponding in Kirchhoff’s Kinetic Analogue to the practi- 
cally uniform revolutions of a pendulum when the velocity is 
indefinitely increased. 

The Elastica is also called Bernoulli's Lintearia, being the 
cross section of a horizontal flexible watertight cylinder, when 
filled with water, the free surface of which lies in the line of 
thrust Ox; for if ¢ denotes the constant circumferential tension, 

t/p=wy, the pressure of the water, 
or yo=t/wW= 

It is also the profile of the surface of water drawn up by 
Capillary Attraction between two parallel plates (Maxwell, 
Encyclopedia Britannica, Capillary Action). 

The student may prove, as an exercise, as in § 80, that if the 
wire is bent into a tortuous curve by balancing forces and 
couples at its ends, it will assume the form of a curve in a 
surface of revolution defined by an equation of the form 


y?+22=a7en(s/c)+b’sn7(s/c). 
(Proc. London Math. Society, vol. XVIIL) 


98. PropLemM VII. Sumner Lines on Mercator’s Chart. 

Sumner Lines, so called after Captain Sumner, of Boston, 
Massachusetts, are the projections on Mercator’s chart of 
small circles on a sphere; if simultaneous observations are 
taken of the chronometer and of the altitude of the sun ora 
star, the observer knows that he must lie on a small circle 
having its pole where the Sun or star at that instant was in 
the zenith, and having an angular radius the complement of 
the observed altitude; and two such observations are em- 
ployed in Sumner’s Method for determining the ship’s place. 

According as the observed altitude of the Sun or the star is 
greater or less than the declination, the small circle on the 
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Earth does not or does enclose the polar axis; and the cor- 
responding Sumner line will be a closed or open curve, whose 
equation may be thrown into the form 

cosh y/C = SCC a COS 2/C, vresseerereeeeenerenees (i.) 
or sinh y/c = tan B cos a/c. .. Aly 

On Mercator’s chart (§ 16) the latitude 0 at ‘he feueieuae 
¢ of a point whose coordinates are , y may be written 

p=x/c, 0=amh y/c, 
where 7¢/180 is the length on the chart of a degree of longitude 
at the equator. 

These relations are obtained by noticing that the bearing by 
compass of two adjacent points on the chart will be the same 
as on the terrestrial sphere, if 

dy dé 
da cos 0dq’ 
and now, if e=c¢, so as to make the meridians of longitude 
equidistant parallel straight lines, then 
dy/d0=c sec 0, y/e= /sec 640, 
or (§ 16) @=amh y/c. 

Now let 6 denote the declination of the Sun or star, y the 
observed altitude, ¢ the difference of longitude of the observer 
and of the ee then in the spherical triangle SPZ 

PS= tar 0, SZ=thir—a, PZ=}7—-0, SPZ=4¢, 
S denoting aye Sun or star, Z the zenith of the observer, and 
P the pole of the Earth’s axis. 

Since cosSZ=cos PS cos PZ+sin PS sin PZ cos SPZ, 
therefore sin a=sin ésin 0+ cos 6 cos 6 cos d, 
or  cosdcos @=sin asec O—sin6é tan 0 

=sin a cosh y/¢e—sin 6 sinh y/c; 
and according as a is greater or less than 6, this is reducible to 
the form A cosh(y—b)/e or —Bsinh(y—b)/c; and this again 
by a change of axes to the form of (i.) or (ii.). 

(Crelle, XI, Gudermann, on the Loxodrome; Messenger of 
Mathematics, XVI and XX., Sumner Lines.) 

Differentiating equation (i) with respect to a, 


dy _—secasina/e_ — —secasina/e 
da sinhy/e — ./(seca cos*a/e— 1; 
ds tan a sin a 


dx /(seca cos’x/e—1)— »/(sin2a— sin2x/c)’ 
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so that, as in §§ 3, 4, and 8, 
sin #/¢=«x sn s/c, cos /¢=dn s/c, 
cosh y/c=sin adn s/c, sinh y/c=tan a cn s/c, 
the modular angle being a. 
This shows that s/c in the closed Sumner Line (i.) may be 
equated to né in the oscillating pendulum, and then a/c will be 


half the angle made by the pendulum with the vertical; also 
in the Sumner Line 


d. 
COs pas= en s/c, or Y=am s/c, 


the intrinsic equation ; and p=csin asec a/c. 
The differentiation of equation (ii.) gives in a similar manner 


ds _ 1 
dx ,/(1—sin?8 sin’a/cyY 
so that x/c=am s/c, with mod. angle 6; 


and now, in the corresponding undulating Sumner Line, «/¢ is 
half the angle made with the vertical by a revolving pendulum, 
if we put s/e=«nt. 


Also cos =S= dn s/c=(cn «s/c, 1/k) 
by § 29; so that yy =am(xs/c, 1/x), 


the intrinsic equation; and p=ccosec 8 sec a/c. 


Fig. 10. 


The second curve, by a shift of origin a distance $c to the 
right, becomes sinh y/c=tan 6 sin 2/c, 
and then it cuts at right angles the first curve (fig. 10) 
cosh y/c=sec a cos w/c. 
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For, differentiating these equations logarithmically, 


coth 4 ay cot” 


Cc 
tanh 2 dy _ —tan”; 
c d Cc 
dy, 
and therefore the product of the de® is —1J. 


In fact putting see a=cotha’, the curves are derivable as 
conjugate functions from the equation 


a+iy=camh(a’ +2). 


99. Prosiem VIII. Catenaries. 

“The catenary for a line density proportional to cosh s/a, 
where s is the length of the are measured from the lowest 
point, is of the form 

tanh y/b =dna/a, or dna/b, 
according as a, the ratio of the tension in pounds to the density 
in lb. per foot at the lowest point of the catenary is greater 
or less than b; the Catenary of Uniform Strength being the 
curve in the separating case of a=.” 

The equation of the Catenary of Uniform Strength, in 
which the linear density or cross section is. so arranged as to 
be proportional to the tension, is well known (Thomson and 
Tait, Natural Philosophy, § 583) being 

evl>cos x/b =1, or e¥/®=secex/b; 
or as it may be written 
tanh $y/b = tan*4a/b. 

For if ¢) denotes the density in lb. per foot, and o,b the 
tension in pounds at the lowest point A,o the density and 
ob the tension at any other point P, at a distance s from A, 
measured along the curve, the equations of equilibrium of 


AP are 
ch cosW=oyb, cbsinw= Jcds. 
Thence T=7c,sec yy, and /ods =¢,) tanv; 
so that o=o,) sec’ydyy/ds = «sec yp, 
or ds/diy =b see wv, 
8 aif sec dy = b cosh“ 1sec y= b cosh-1¢/a,, 


go =o,cosh 8/0. 
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We might therefore take a piece of uniform flexible and 
inextensible material, cut out from a plane piece by two 
catenaries, or modified catenaries, say y/c= +cosha/b, and 
hang it up in a catenary of equal strength. 


Also x = [cos Wds = [bd = by, 
y=/sinds=/b tan Wd =b log sec Wy; 
so that y/b=log sec a/b, or e4/>=sec a/b, 


the equation of the Catenary of Uniform Strength. 

But now suppose two supports at the same level to be made 
to approach or recede from each other; the piece of cloth or 
the chain will hang in a different catenary. 

Denoting by ow the tension in pounds at the lowest point 
A, and by t the tension at P, then 


tcosw=opt, tsin a = a sinh s/b ; 


so that p or oY tan y= — ° sinh § i) 
the intrinsic equation of the curve. 
dp_1 sds __ "I 0 . 
oo eae) om a i) VG +P); 
or 7 a Neth g 
J (E+ atp* 1+ py 


an elliptic integral, of the form (10), p. 33; and putting p=tan wv, 
dy _ BOER ae) 
dx ( a? We De 
In the separating case, a=); and then w=by, as in the 
Catenary of Uniform Strength; the greatest possible span of 
a catenary of given material is therefore 7b=77/w, where + 
denotes the tenacity of the material, in pounds per sq. foot, 
and w the density or heaviness, in lb. per cubic foot. 
But with a>), 


oe = aja/(l—W2e054) = FA ba+ yh x), where «’=Db/a; 


so ee t7+yW=am w/b, 
dy _ en a/b 
and =tan p= ae aly 
—cna/bsn a/b 4 sne/bsna/b, 74 14 
5 =f ee ey To datab Oe= 0 tanh“tdn 2/2, 


tanh y/b=dn a/b. 
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With a<6, 
Arh 71 —e'sin'y)== ACY, «), where x! = a/b; 
so that =tne x/a, 


o - sn x/a 

ay ee ter ala’ 

_ ssna/acna/a c’sn v/a en e/a 

, ~ enta/a aps ween a= f* dn*x/a—K? we 
0 
Z zie poe hc th-1d Bale 
2¢ 98 dn e/a— K 

or tanh ylb= 3 Tala =dn(K—a/a), 


by § 57; so that by a change of origin, taking the axis of y in 

a vertical asymptote of the curve, its equation may be written 
tanh y/b=dn w/a. 

(Compare Cayley, on A Torse depending on Elliptic Func- 

tions, Q. J. M., XIV., p. 241.) 


100. In the catenary formed by an elastic rope or flexible 
wire, obeying Hooke’s Law “wut tensio sic vis,” we may still 
have p=sinh w; but w is no longer proportional to the are s. 

We use a, to denote the uniform density of the rope when 
unstretched, and s, to denote the length of rope which stretches 
in AP to length s, ob denotes as before the tension in pounds 
of the rope at the lowest point A, and a,¢ is used to denote the 
modulus of elasticity of the rope in pounds; so that, by 
ds t 
ek Ae a, 
ds, TC 
Then, as before, for the equilibrium of AP, 

teos=o,4, tsin = Sy cd8 = 78, 


Hooke’s law, 


so that f Ee eat 
da 0b : 
if we put 8 =a sinh wu; 
and then t=oo/(a?+8,2) =o a cosh wu. 
ds P\a 2 
Then ai ( =) a =a cosh w+ ~~ cosh2z, 
ls 

d SS 2) — 

an a »/(1+p?)=cosh wu, 
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da a 
so that ccialee ae 
ie a+ : cosh wu, 
dy 


: a : 
—+ = ¢ sinh w+— cosh w sinh uw. 
dw Cc 


Integrating, putting a/c=h, 
s/a=sinh u+4th(w+eosh w sinh w), 
ela= u+ hsinh wu, 
y/a=cosh u+ $h sinh?u. 
For the corresponding points on the rope, when it is supposed 
inextensible, putting c=, and h=0, 
8,/a=sinh u, x/a=u, y,/a=cosh wu, 
giving an ordinary catenary ; so that the tangents are parallel 
at corresponding points of the catenaries of the elastic and of 
the inextensible rope. 
The terms depending on h, considered separately, define an 
ordinary parabola; so that the catenary formed by an elastic 


rope is something intermediate to a parabola and a common 
catenary. 


101. Prosiem IX. Geodesics. 

“Investigation of the geodesics on the Cutenoid, the surface 
formed by the revolution of a catenary round its directrix, and 
on the Helicoid, into which it can be developed; also of the 
geodesics on the Unduloid and Nodoid, the capillary surfaces 
of revolution, of which the meridian curves are the roulette 
of the focus of a conic section, an ellipse or hyperbola, rolling 
upon the axis of revolution.” 

The simplest mode of determining a geodesic on a surface of 
revolution is to treat it as the path of a particle moving 
under no forces on the surface, considered as smooth, so that 
ds/dt is constant ; and then, since the reaction of the surface 
passes through the axis, 7’d6/dt is constant; and therefore 

of 


? 1g =b, a constant, 


ds 
rv and @ denoting the polar coordinates of any point of the 
projection on a plane perpendicular to the axis Ow; and thus 
as?’ da? dr* ., 


de det at” —e 
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In the catenoid 7/a=cosh w/a, 
a 2 
so that o” = sinh bye eh), 
a a 
and therefore, in the geodesic, 
r—a dr? dr? 7 
ae det aget 
dy? __ (7? —a?)\(r? — b?) 
d@2 2 S 

We must distinguish the two cases according as b? 2 a, 

When b?>a?, then v?>6?; the geodesic osculates the circular 
cross section of radius b; and we have 

rsn 0=b, with c=a/b, 
as the polar equation of the projection of the geodesic. 

When 6? < a, then 1? > a; the geodesic crosses the circular 
section of minimum radius a; and supposing it cuts the 
meridian here at an angle a, b=a sina; and now 

r sn(0/x)=a, the modular angle being a. 

In the separating case, b=a and «=1; and then sn@=tanh@; 
so that 7 tanh 0=a@ 
is now the polar equation of the projection of the geodesic, a 
curve having r=a as an asymptotic circle. 

Generally in any geodesic on a surface of revolution, which 
cuts the meridian curve at a distance + from the axis at an 
angle x, ay 


so that sin x varies inversely as 7. 


or 


102. Now suppose the catenoid is divided along a meridian 
curve AP, and again along the smallest circular section AA’, 
and that this section AA’ is drawn out into a straight line, of 
length 27a; the rest of the surface, if flexible and inextensible, 
will assume the form of a Helicoid, or uniform screw surface 
of pitch a, such that its saat 1s 

=a¢, 
taking the axis of z along fe axis of the surface, and p, ¢ the 
polar coordinates of the projection of a point on a plane per- 
pendicular to the axis; and AP will become a generating line 
of the Helicoid; this is proved geometrically, by noticing that 
the length of the helix PP’ on the Helicoid is equal to the 
length of the circle PP’ on the Catenoid. 
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The surface being inextensible, and a circular cross section 
of the Catenoid becoming a helix on the Helicoid, it follows that 


Pde = pd? t+d2=(p2+ad¢; 


and since r= p+ a”, therefore 0= ¢. 


Fig. II. 


Therefore the equation of the projection of a geodesic on the 
helicoid is either of the forms 


(p? + a7)sn*(/k) = a?, 


p tn (¢/x)=a; 
OF (p?-+.a2)sn2h = b? = 02 /x2, 
_adn@¢ 
«sn ~ 


p en(K — ~) = ar’ |k. 

The Catenoid is the surface of revolution formed by a 
capillary soap bubble film, when the pressure of the air is the 
same on both sides of the film. The surface is easily formed 
practically by dipping a circular wire into soapy water and 
raising it vertically; and it is evident from mechanical con- 
siderations that the surface is a minimum surface (§ 31). 

The Helicoid, into which the Catenoid can be deformed, can 
be produced in the same manner by a film between two coaxial 
helical wires of the same pitch (C. V. Boys, Soap Bubbles). 

G 


G.E.F. 
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: pee Ret Soe 
These surfaces are particular cases of Scherk’s monvmum 
surface, whose equation is 


ain} (a? + y?— 2") | tg pow (ety? 6") 


z=atan- +a tan 


b/(+y? +a) Me+ryrey 
or 
ba /(e+y+a)—ay /@ +y"— 5?) 
— -1 
ier ee SMEG +Y) 
+b pene (Des) 


J (a?+b7) ’ 
reducing to the Catenoid when a=0, and to the Helicoid 
when b=0. 

The verification in the manner of § 32 is left as an exercise 
for the student. 


103. The meridian curve of the Catenoid is the roulette AP 
of the focus of a parabola aG, the pressure of the air being the 
same on both sides of the film (fig. 12). 

But when the pressure of the air inside the film is increased 
or diminished, we find that the surface of revolution formed 
by the capillary film has as meridian curve BP or CP, the 
roulette of the focus of an ellipse or hyperbola, the first surface 
being called the Unduloid and the second the Nodoid. - 

(Maxwell, Capillary Attraction, Encyclopedia Britannica.) 

Denoting by y, y’ the perpendiculars from the foci P, P’ on 
the axis Ox on which the conic rolls, then in the Unduloid 
BP, generated by the focus P of a rolling ellipse bQ, 

yt+y =(PQ4+QP cos y= 2a cos wy, 
and yy aioe 
so that b? + y? = 2ay cos Wr. 

If in the meridian curve BP of the Unduloid, we denote 

the radius of curvature by p, and the normal PG by n, then, 


since b2 + ae == 2ay COs Ww = 2ay?/n, 
Le b+ 
therefore eee 
n ay? 2a 
2 
and since Cnn HEL 
2ay 2a 
differentiating, 


ne Fie (Gea sage 
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or A eel rat 
p 2ay? 2a’ 
so that til 
We fay eh 


Then, if p denotes the excess over the atmospheric pressure 
of the air inside a capillary film, in the shape of an Unduloid, 
and ¢ the tension of the film, 

tw a 
so that, if inside a Catenoid, the pressure is increased, the 
surface is changed into an Unduloid. 

If the pressure is slightly diminished by », the surface be- 
comes a portion of a Nodoid CP; for now 


Dea 
Laan): 
and in the meridian curve CP of the Nodoid, the roulette of 
the focus P of a hyperbola cR with foci P and P’, 
y’ —y=(P"R— RP)cos y= 2a cos yy, and yy’ =b?; 


so that b?— 4? = 2ay cos = 2ay?/n; 
i hay a8 
n 2ay? 2a 
Lao" 1 
p 2ay?t Qa’ 


and p=t/a. 
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In the geodesic on the Unduloid, 
y?d0/ds=a sin y, 
supposing the geodesic cuts the meridian curve at an angle y 
at its maximum distance a from the axis; also a=a(1+e), and 
the minimum distance 8=a(1—e), so that a8=b?, a+ B=2a; 
and y lies between a and £. 
Now, in the projection of the geodesic on a plane perpen- 
dicular to Ox, writing r for y, so that tan y= dy/da=dr/da, 
ds? da? -dr* dr? ets 
dee dept = apc Ysa en rea ee 
dy? 


— v2 2 . 
or dee" sin eee ny -1) ; 
and 7 cos Y=(b?+7")/2a; so that 


dr? ={ : Cr oe y =i!) 
de \" «4a *sin?y 
_(@= PY? = BAe? = absin’y) 
a(a+3)*sin?y 
leading to integrals of the form (72) and (73), p. 52. 

We suppose first that 6>asin y, so that the geodesic crosses 
the minimum section of the surface, and therefore all the 
sections if produced; and now with a>r>6>asiny, we 
have, according to equation (72), 

fags aff * — ma(a+)sin ydr aes (Senaae ee 
Je — 17.77 — 8.7? — a’sin?y) — a? — B? 7?’ 


1 2, 2, 
a _¢cn mé , sn?2mé 


OD ap 7 
Secondly, if a>r>asin y>, then the geodesic osculates 
the circle of radius asin y, and is limited by the convex part 
of the surface between two such circles; and the equation of 
the projection of the geodesic is obtained from the above 
merely by interchanging a sin y and £. 
In the separating case asin y=; and then «=1, m=tan 4y; 
and the polar equation of the projection of the geodesic is 
1 _sech?mé , tanh?mé@ 
re ae aP 3? 2. 
a curve having an asymptotic circle y=. 
The formulas are similar for the geodesics on the Nodoid. 
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104. Huler’s Equations resumed.  Poinsot’s Geometrical 
Representation of the Motion of a Body under No Forces. 

We now resume these equations of motion, of which the 
solution by elliptic functions has been indicated in § 32. 

By the Principle of the Conservation of Angular Momentum 
(Routh, Rigid Dynamics, Chap. IX.) the axis OC of the re- 
sultant angular momentum @ will be fixed in space ; and the 
direction cosines of this axis with respect to the principal 
axes of the body being 

Ap/G, Bq/G, Cr/G, 
the component angular velocity about OC will be 
Ap+Be+Cr?_T 


=—, a constant, 


G G 


where, as before, 7’ denotes twice the kinetic energy of the body. 

It is convenient to denote this component of angular velocity 
about OC by a single letter, say «; and also to replace G and 7 
by Du and Dy’, making T/G=, and G?/T'=D; and then D will 
be a constant quantity, of the same dimensions as A, B, C. 

If J denotes the moment of inertia about the instantaneous 
axis of rotation OP, and if OP denotes the vector of the 
momental ellipsoid at O, then J varies as OP-?, so that we may 
put J=Dh?/OP?, where h is a new constant length. 

Now, if » denotes the resultant angular velocity about OP, 

P= fo, or Du? = Dito /OP2, 
so that the angular velocity w varies as OP; and 
h_OP_«&_y_2 
ho pgr 

The direction cosines of the normal of the momental ellipsoid 
at P being proportional to Aw, By, Cz, or Ap, Bq, Cr, are 
therefore Ap/G, Bq/G, Cr/G; so that OC, the axis of G, is 
perpendicular to the tangent plane at P; and if OC meets this 
tangent plane in C;, it follows that OC=h, so that the tangent 
plane at P is a fixed plane; and during the motion the 
momental ellipsoid rolls on this fixed plane, called the im- 
variable plane, with angular velocity proportional to OP. 

The curve traced out by the point of contact P on the 
momental ellipsoid is called the polhode, and the curve traced 
out by P on the invariable plane is called the herpolhode ; 
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these names are due to Poinsot, as well as this geometrical 
representation of the motion. 
(Théorie nowvelle de la rotation des corps, Paris, 1852.) 
The equation of the momental ellipsoid may now be written 
Aa?+ By?+ C2 = Dh ; 
while Aw/Dh, By/Dh, Cz/Dh are the direction cosines of the 
invariable line OC; so that 
A%x? + Bey? + C22? = D*h?. 
The polhode is therefore the curve of intersection of these 
two coaxial quadric surfaces, and therefore lies on the cone 
A(A —D)a?+ B(B—D)y? + C(C— D)z2? =0, 
called the polhode cone; and the projections of the polhode 
on the principal planes are therefore 
(A — B)By?+(A —O)C22 = (A —D)Dh’, ... 


105. Denoting by y the component angular velocity of the 
body about the axis OH, where OH is equal and parallel to CP, 
P+ Ft P=e=p2+7, 
Ayp?+ Bot Cr=T = Dp’, 
Ap? + Bq? + C77? = G? = Dy? ; 
and, by solution of these equations, 


A a BC ee a : 
Poot (pto)l - Fe aS oe 


or = are ahto) p= v— vq, SUPpOse ; 


ont 0-2, == “pa DMD [iy — ene 


and in these equations we may replace p, g, 7, 0, mw v by 
x, Y, 2, OP, h, p, respectively, where p?= OP?—h2. 
Kxample.—Prove that 
dp dqy? air 
(ach) + (2a) + (cp) = Dun 
dp dq dr o2,4-D.B—D.C—D 
A(oP) +B(G}) +O) = OMe WT 


and simplify 
Ga) + Gai): 


(at) + 
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106. On the supposition that 
Bie bp leaG = OT ora > BR >.D> C, 


r never vanishes, and the polhode encloses the principal axis C; 
but p and q alternately vanish, so that y? oscillates in value 


between (1 = =) G _ 1a and (1 ss ae 2s 1) eS 


If we put == @ — ae _  )e0st6+ (a —7)sinvo}, 


D-—C 
th Ap? = Due ~ cos? 
en /p ie a hu 6, 
D=C.. 
Bove D2 2 
q wa —ysin 0, 
_ pipe 
Ore = Dyr( 4 =o cos’) + C sin’), 

We now find, on substituting in one of Euler's equations, 
Coon ee ae Spee el Doo ts 
ae een ace!" Rag é) 

PO ({A—B\D-C) . 
and se —Du ABC sin 0 cos 8, 
the solution of which is of the form, as before in §§ 18 and 382, 
@=am(nt, x), 
A—D.B-—C A—B.D-C 
pia 2 Tess yas ot 
ear! = anos 2 OR 
the anharmonic ratio of A, b, D, C; while 
ati 
PORN Ty oat rey 
Ap? =Du yemihen nt, 
BQ? = Die Se nt, 
bere = dn2nt ; 
giving (§ 32) 
D—C D.D-—C D.A-D. 
tee Dn) oe Ty ay ee A sea 2 
eta Ce aap! SC. ARO" 


107. Quadrantal Oscillations. 
The oscillations given by a differential equation of the form 
d?6/dt? = —m’sin 0 cos 0 
are called guadrantal oscillations (Thomson and Tait, Natural 
Philosophy, § 322), the system having two positions of stable 
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equilibrium given by 6=0 and @=7, and two unstable posi- 
tions in thal remaining quadrants, given by 0= + 37; for 
instance, an elongated piece of soft iron in a uniform magnetic 
field, or an elliptic cylinder moveable about its axis in a cur- 
rent of liquid performs quadrantal oscillations. (@. J. M., xvi.) 
When the system performs complete revolutions, the solu- 
tion is (§ 18) d=am(mt/k, x); 
but if it oscillates about the positions of stable equilibrium, 
given by 0=0, the solution is (§ 29) 
d= am(mt, 1/x), 
or cos @= dn(mt/k, x), 
sin 0=«x sn(mt/k, «), 
where « is less than unity. 
The second solution will apply to the second state ‘ motion 
§ 32, where AT > G?> BI>CT, or A>D>B>C,and where 
p never vanishes, and the polhode encloses the principal axis A. 


108, Differentiating the equations of §105 with respect to t, 
dw ay _ A-B.A-C dp B-C.B-A dq C-A.C-B dr 


On “da BO tdi © Cd (dfo Ae eee 
2 EI ie Me: 
a ABC eee 
2 
or dey = —,/ (4. 0¢— 0". oF — w”. w.? — w*), 
dt 
ee 


—J(4.ve—v?. y2—v?. v2?) ; 
so ae w Ha v” are elliptic Ps of t, of the form given 
by equation (15), p. 36. 
But, on reference to equation (A), p. 43, we see that 
GU= —/(4—?uF —g.QU—J3)= —r/(4. PU Ca. PU— Cy. EPU—C,), 
if éq, €, denote the roots of 4s°—g,s—g,=0; so that on 
comparison we may make 
Og! = 0% wy — owe wy Ora, ee 
proportional to gw—eg, QPU—e, PU—e; 
or, symmetrically, we can put 
Ap? = —m(B—C)(gu—e,), 
B= —m(C—A)(gu—er), 
Cr? = —m(A — B)(eu—e,); 
where the factor — 7” is introduced for the sake of homogeneity, 


2 
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m being of the dimensions of an angular velocity, such as Ds Gs 
T, ®, u,v; and now, on substitution in Euler’s equations, 


Goes CCA ASE. 7B-C C-A A=B 
de ABC m?=( ik, 1 aa m= ne, 
suppose ; so that w=a constant+ nt. 


109. As in § 32, we take A> B>C; and then 
fmiwhen ods RT > G2> CT, or A> B> D> OC, 
r never vanishes, and we must take 

Cc > Cg > PU > ep; 
so that €1 = Ce, Cy = Ca, Cg = Ep 5 
(ii.) when AT>@> BT> CT. ord = D> BSC, 
p never vanishes ; and then 
Cg > lo > QU>e%; 
and we must take ¢,=€g, €,=€,, €,=€p. 

Since gu oscillates between ¢, and e, and is taken 
initially equal to e,, we find, on reference to equation (42), 
p. 45, that we must put 

W= 20, +o,— Nt, 
so that the constant of integration for wu in § 108 is 20, +03. 

Now, at the cost of symmetry, to get rid of the imaginary 
@;, and to make the argument of the elliptic functions a real 
quantity nt, equation (42), expressed in the direct notation, 


, €, —ls.€)—é 
1 rat Ss 
gives (pcg sien iat 3 See 
3 Daag gnt—e,  ” 
€; — ENT. €,—€. 
eu—é,=—4 ? gong 
& gant — es 
€, —€,.€—ent 
gu—e,=4 SC mae 
ant — es 


and e, always replaces e,, while eq replaces e,, é replaces ¢., or 
vice versa, according as the polhode encloses A or C. 


110. For the determination of ¢,, é, e,, we have the equations 
Ca + p+ é.=0, 
(B—C)eg+ (C—A)ey+ (A-—Bje= T/m?= Dyu?/m’, 
A(B—C)eg+ B(C—A)ey + O(A — Ble = @/m? = D?p?/m?, 
whence AT—G=m*(C —A)(A—B)(e,—&), 
BT-G@=m(A —B)(B—C)(e, — ea); 
CT —G=m?(B—C)(C —A)(ea—e) ; 
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te AD 
go in pre AY gia yaa? 
ee Dee ae 
Pa ass Fee She Vig ASSP 


PG st Wa) vA err 
m B-—C.C-—A 
so that e,—e, is taken positive or negative, according as 
BT—G? or B—D is positive or negative; while e,—e, and 
€)—€q are always negative, as explained above. 
Also (€g — py) — (Ce — Ca) = Beq, «+5 
whence the values of ég, €, €¢. 
Then Jn= {Cb — ee) + (Ce— Ca)? + (Ca — 0)” } 
can be found; and the discriminant (§ 58) 
A= 16(e% oy Cc) (€e i Ca) "(Ca — yy 
= 162 eH? (A-D)XB-DMC—DY 
m (B—C)(C—A)(A —B)*? 
_ {(B—C)(A — D)*+(C— A)(B—D)?+(A — B)(C— D)?}5 
a ~ 108(B—C)(C— AYA — BA — D)( B= D)(C— DY? * 


a 


111. We have supposed no forces to act; but the case in 
which the impressed couple is always parallel and proportional 
to the resultant angular momentum leads to equations which 
can be solved in a similar manner ; in this way we imitate the 
motion of a body, like the Earth, which is cooling and con- 
tracting uniformly. 

Now, the component impressed couples about the principal 
axes being of the form \ Ap, \Bgq, ACr, 

A(dp/dt)—(B—C)qr= Ap, . 
which, on putting Deep. and \t’/=1—e-, reduce to 
Ae p 


Oa) ree 


so that ’, q’,7” are i same functions of ¢’, which p, g, 7 would 
be of t, in the case where no forces act. 

In the case of the cooling and contracting body, we put 
Ace tA Den oe C67 MC, and the equations become 


eee —O\gr=0, - 


which are solved as before; and Poinsot’s geometrical repre- 
sentation of the motion still Tae, with slight modification. 
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A similar procedure will solve the following theorem : 

“A rigid body is moving under the action of a force whose 
direction and magnitude are constant, always passing through 
the centre of inertia (e.g. gravity), and of an absolutely con- 
stant couple. 

“Tf p,q, 7 denote the component angular velocities about the 
principal axes at the centre of inertia, and if u, v, w denote the 
compound velocities of the centre of inertia along the principal 
axes at the time ¢; then the determination of 

p/t, g/t, r/t, w/t, v/t, w/t, 
in terms of 4¢7 is the same as that of p,q, 7, u, v, w, in terms 
of ¢, when no forces act; ¢ being reckoned from the commence- 
ment of the motion.” (W. Burnside, Math. Tripos, 1881.) 


112. To obtain the equation of the herpolhode, we notice 
that during the motion the polhode cone, fixed in the body, rolls 


‘on the herpolhode cone, fixed in space, O being the common 


vertex ; corresponding areas of these cones are therefore equal, 
as also their projections on any fixed plane, for instance the 
invariable plane. 

Therefore if p, @ denote with respect to C the polar co- 
ordinates of P on the herpolhode, 


hp _ Bee dz i) SH ah 2) Cz (« dy _ y@) 


Pat Dh\Ydé °dt) + Dh at at) + Da ae Ya 
Since De ope te 
Pia aa Ve = fe 
dz BO, 
therefore i he 
dz dy p(/A-B, C-A_.\ DA-D) 
and (§104) 95) 2h = 4S Go ayt—— yet) = pg le 
omc Loe) OC Ds 
pena P(e 40+ og Bet ap OF) 
_(A=D)A%2?+ (B— D) By’ + (C—D) CO 
ABC 
Rie A-D.B-D.C=D,, 
= per ABC MM; 
which, combined with the value of dy?/dt or dp?/dt of § 108, 
dp? a ES Ce 
f= —F / (4. pa’ —p*- pi” p*- pep), 


will determine the equation of the herpolhode. 
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113. Using aE eae functions of § 108, 


oe sear AES 
h2— ee 
sat oie ee Fa pu —<) +H at 
= ” (gv—9u) 
== C=A 2 
2 Cat B Cot Ome 


with = 


@ — 1), (positive), 
ae — 1), (positive), 
D 


1— 5) é _ 1), (negative), 
p°v= 4(gv—eg)(Qv—&)(Qv—e) 
_ gif (A= DB D)C-DY 
n8 A2B2C2 
and, since €, (or &) > OU > e, (or eg); 
we must, by (39), § 54, where ¢’ is a proper fraction, take 
V=0,+ Vas. 


and then gv—ég= 


nth 
QU — & = es 
mA 


QU—le= 9 


dp _ hig’ 
Therefore ap =H die iprmret 
dp_u, }ig’v 
- duo + ev—eU 
and, integrating, p=pt+hi fe ae 


and we are thus introduced to a new integral, called an 
elliptic integral of the third kind. 

The cone described in the body by OH (§ 105) is called by 
Poinsot the rolling and sliding cone; during the motion this 
cone rolls on an invariable plane through O, while at the same 
time this plane turns with constant angular velocity « about 
OC; so that, if p, ~ denote with respect to O the polar co- 
ordinates of H on this plane, 


fa g’vdu 
p=o-pm i for 
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114, With the notation of the elliptic functions of Jacobi, 
as in § 106, 


DD e iis 

3 = Fonent-+ ay Fsnent+7 4 4 anak 

SAS] DD_C DAB. D-C 
AC ABC 


which can be thrown into the form 


pea DDC 


(1 —«’sn?a sn?nt) 


sn?nt, 


ee AC 
; DA—B 
on putting esa =p aon 
sn?a=— g cna = —— bal ose Dah, 
BD-C BD-C BA —D 


With €, = 6, &) = és, @e- = €,, and v=, +t’ws, then by (32), p. 44, 
n/(é,—e3)U= KAM’; 
A B—D 


d ene oe EOS 
an dn*(K +tvk’) = pee ABE) dn7a ; 
so that a Jie 

dp _ B=) fa 
Then at "“"~  B 1—xsn2asn2nt 
_tenadna a0) 


sna  1—«’sn’asn?nt’ 
and, writing wu for nt, 


Ain du 
sn @ 1 —x?sn?q sn?w 
0 


zenadna _fesnaenadnasn2u 
= pt —-————_u—-14 ee 
sn a 1—x’sn7a sn*u 
0 : 


the last term an elliptic integral of the third kind, in the form 
employed by Jacobi. 
On putting sn w=sin 6, and sna@=sin a, «*sn’a= —m, then 
i008 aka dé 
Pe HS ee a. (1+ m sin?6),/(1 —«sin?0) 


the third elliptic Henal as employed by Legendre; the 
further discussion of this integral must be reserved for a 
subsequent chapter. 
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EXAMPLES. 


—" 1. Prove that, if the excentric anomaly in an undisturbed 


planetary orbit of excentricity ¢ is represented by 2am(u, é), 
the mean anomaly is 
(am w 


2am w+2—._. 
a edu 


2. Prove that the envelope of the straight line rays 
x22 snu+(en u+k« dn w)yy=« sn u(dn w+« en u) 
where w is the variable parameter, is the curve 
Cha xo ay8)i + e(1 = aya)? : 
the caustic of parallel rays, after refraction at a circle, of 


refractive index 1/<; and find the order of this curve. 
(Cayley, Phil. Trans., 1857, “ Caustics.”) 


3. Prove that a portion of a flexible inextensible spherical 
surface of radius a, bounded by two meridians (a lune, or gore 
of a spherical balloon) can be bent into the surface of revolu- 
tion given by 

x= cos 6 cos(d/x), y=a cos Osin(d/x), z=aH(O, x); 
6, @ denoting the latitude and longitude of the point on the 
sphere. 


Explain the geometrical theory, distinguishing the cases of 
ck<1,and«>1. 


4, Denoting by w the solid angle subtended by a circle of 
radius @ at a point whose cylindrical coordinates are 7, z with 
respect to the axis of the circle, prove that 


where gia = far Pe era Cs 
P+(a+r)” 2+(a+r) 
Show how to determine the illumination at any point of the 


surface of the water at the bottom of a deep well, due to the 
light from the sky. 
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5. A uniform circular wire, charged with —e coulombs, is 
presented symmetrically to a fixed insulated sphere of radius 
a centimetres, so that every point of the wire is at a distance 
f cm from the centre of the sphere, the radius of the wire sub- 
tending an angle a at the centre of the sphere. 

Prove that the electricity, in coulombs per em?, induced at a 
point of the sphere whose angular distance from the axis of 
symmetry is 0, is given by 


me 2 E 
2a {w—2af cos(0— a) +f?}./{a* - 2af cos(O+a)+f?}’ 
4af sin a sin 6 yp eae 
2 as ‘) i 
acre —2afcos(O-+a)+f? “ ~ a—2afcos(O+a)+f2 


6. Prove that if this sphere and wire gravitate to each other, 
and if the wire is free to turn about a fixed diameter perpen- 
dicular to the line joining the centres, the wire will be in stable 
equilibrium when its plane passes through the centre of the 
sphere; and prove that the oscillations of the wire due to the 
gravitation will synchronize with a pendulum of length 

rbb+e 
where 6 denotes the radius of the wire, c the distance between 
the centres of the sphere and wire in cm, M the weight of the 
sphere in g, C the gravitation constant; and 


P= ee K=$e(l +2) = La 4K)8K}, 
where k= Abe/(b+c)”. 
Determine the position of stable equilibrium and the length 
of the equivalent pendulum, when the attraction is changed to 


repulsion, 


7. Two uniform concentric circular wires of radii b and c em, 
weighing M and M’g, are freely moveable about a common fixed 
diameter. Prove that in consequence of their gravitation, the 
oscillations will synchronize with a pendulum of length 

7b?c?(b +¢) 
OF( Me? + Me)! © 


where F' and x have the same values as before. 


CHAPTER IV. 


THE ADDITION THEOREM FOR ELLIPTIC 
FUNCTIONS. 


115. So far we have considered the elliptic functions of a 
single argument u; but now we have to determine the for- 
mulas which give the elliptic functions of the sum or difference, 
wv, of two arguments wand y, in terms of the elliptic functions 
of wand v; and thence generally the formulas for the elliptic 
functions of the sum of any number of arguments w+-u+w-...; 
and the formulas for the duplication, triplication, etc., of the 
argument. 

The Addition Theorem for Circular and Hyperbolic 
Functions. 

The analogous formulas in Trigonometry for the Circular 
Functions are well known, namely, ; 

sin(w+v) =sin U COS V£COS U Sin Y, 
cos(w+v) = cos U cos UF Sin U SiN V; 
or, as they may be written, 
sin(w+v) =sin u sin’v+sin’u sin v, 
cos(w+V) = COS U COS VF COS’U COS’V ; 
the accents denoting differentiation ; and to these may be added 
tan wt+tan v ) 
1¥tan wtanv’ 
these formulas constituting the Addition Theorem for the 
Circular Functions. 
For the Hyperbolic Functions, the formulas are 


cosh(w+v) =cosh w cosh v+sinh wu sinh v, 


sinh(w+¥v)=sinh wu cosh v+cosh wu sinh v; 
112 


tan(wtv) = 
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or, as they may be written, 
cosh(w+v) =cosh wu cosh v+cosh’y cosh’y, 
sinh(w+v) =sinh wu sinh’v+sinh’y sinh v; 
and to these may be added 
tanh w+tanh v / 
1l+tanh u tanh v’ 
constituting the Addition Theorem for the Hyperbolic Fune- 
tions, 


tanh(wt+v) = 


~ 116. The Addition Theorem for the Elliptic Functions. 
For the Elliptic Functions the analogous formulas of the 
Addition Theorem are found to be 
sn(w+v)=(snusn’vt  sn’w sn v)/D, 
en(w+v)=(cnucnvF  en’u en’v)/D, 
dn(w+v) = (dn uw dn vtx«-2dn’u dn’v)/D, 


where D=1—«’sn2usn2v ;sx 
or, performing the differentiations,and dropping the double signs, 
_snucnvdnv+enudnusnv 
sn(u+v) = eae anht eee an et ones (1) 
cnucnv—snudnusnvdny 
SS eee eee eens ) 
ne) 1—x?’sn?u sn7v © 
dn u dn v—x? L$ 
nee nudny-csnucnusnveny (3) 


1—x’sn’wu sn?v 

Putting «=0, we obtain the formulas for the Circular 
Functions, sin(w+v) and cos(w+v), the denominator D re- 
ducing to unity. 

Putting «=1, remembering that then (§ 16) snw becomes 
tanh wu, enw or dnw becomes sech uw, we obtain from (1) 
tanh w sech2y + sech?u tanh v 

1 —tanh?w tanh?v 
_ tanh u(1—tanh?v)+(1—tanh?w)tanh v_ tanh w+tanhv 
1—tanh?u tanh?v 1+tanh wu tanh v’ 

as before; with the corresponding formula for sech(w+) 


tanh(w+v)= 


or cosh(w+v), the formulas for the Hyperbolic Functions. 


117. To establish these formulas of the Addition Theorem 
for Elliptic Functions, let us employ the geometry invented 
by Jacobi (Crelle, Band 3; Gesammelte Werke, 1. p.279), at 
the same time interpreting the geometry in connexion with 


Pendulum Motion. 
G.E.F. H 
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To do this, let us suppose that P’ would be the position of 
P in fig. 2 at the time ¢, if it had started + seconds later, and 
put t—r=1’; then (§ 6) 

AN’=AD sn2nt’, N’D=AD en2nt’", N’E= AE dunt, etc. ; 
and we shall prove that PP’ touches a fixed circle through B 
and B’ during the motion (fig. 18). 


Fig. 13. Fig. 14. 


For suppose that, in the small element of time dt, P has 
moved to an adjacent point p and P’ to p’; and let PP’, pp’ 
intersect in FR, so that & is ultimately the point of contact on 
the envelope of PP’. 

Then since, by a property of the circle, PP’ cuts the circle 
AFP’P at equal angles at P and P’, 

PR 2 Lp velocity of Paiay 
RPO) Pp sxelocity ot PN Vee 

Now describe a circle with centre o on AZ, passing through 
B and £’, and touching PP’ at a point which we shall denote 
by R&’; then 

PR? = Po?—oR? = PO? + 00?— 200. ON—oR? 
= OB? + 00?—200. ON — Bo? 
= OD? — Do?+ 00?—200. ON 
= 00(0D+ Do+o00—20N) 
= 00(20D—20N) =200. ND. 

Similarly, RP? =200. N’D, 

ls NDE 
so that Rp ni; WD RP” 
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and therefore R and R’ coincide; and we have thus verified 
that PP’ touches at R the circle oR (using the notation oR to 
mean a circle of centre 0, and radius oR). 

Putting Oo=a, and denoting the angles AOP, AOP’ by 8, 

6’, and ADQ, A DQ by ¢, W, then 

PR? =2a. ND =4aR cos*y= 4alxcos’¢, RP?= 4alx’cosp ; 

so that P’R+RP=2,/(al)k(cos + cos $), 
while P’P=2sin $(6— 6’); 
and therefore sin }(0—6’)=,/(a/l)«(cos y+ cos ¢). 

Putting nt=u, nt’ =v, nr=u—v=w; then since (§8) 
g=amu, sin $6 =xsin d =xsnu, cos$@ =dnu; 
Y=am vv, sin}0’=xsiny=xsnv, cos $0’=dnv; 

a sint(@—-@) _snudnv—dnusnv 
t x«(cos y+eos p) env+cnwu 
Putting #’=0, v=0, and therefore w=n7=w, we find 
Via snw —1l—enw_ /l—cnw, 
l 


, a constant. 


1l+cnw sn w ltenw’ 
so that 
l1—en(u—v)_ snudnv—dnwsnv _ env—cnw 
1+cn(u—v) env+enw snuwdnv+tdnwsnv’ 


one form of the Addition Theorem, which by algebraical trans- 
formation can be reduced to one of the preceding forms of § 116. 


118. Representing, as in § 31, snu by s,, enw by ¢,, dnw by 
d,, and the corresponding functions of v by s,, ¢,, d,; then 
1~cen(w—v) _ 8d,—8), _ Gy — 
T+en(u—v) | acme ~ dy +s,d,’ 
1—en(w—v (c,—¢,)(s,d,—8,d,) 
sg that l+en(u— De (G+ ane dy +s8,d,)' 
8c dy +8,Co(l, ; 


or en(w—v) =- ; 
Eee +s,¢,d, 


and changing the sign of 4, 
Ones 8,04, — SCA, 
Ren cn e'c ds 8,0, 


another form of the Addition Equation. 


; 1—en(w—v) _ = (Soa aA) 165-6, \* 
oa i! ae v) Ca, / 7 Shas S d,+s,d ‘) 
pee (Cock Gy 1 dy— Soy) (8,dy + 89(13)” = (Cg — G4)" 
puclen*) (y+ 01)? + (814g — 8) (8d + 8941)? + (Ca C4)” 


and, adding numerators and denominators (componendo), 
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apes (e405 + 8894) ; 
owas 2 
02 +62 +87? + 87d, 
a CC, +8, 0,891, 
cae ya yen 
1 —x*s,"8, 
CC, — 8, d,8,d. 
Crn(W eV) Se ED eccnererecesceeneneees (2) 


1—s'5,? ” 

the usual form (2) of the Addition Theorem for the en function. 

But, subtracting numerators and denominators (dividendo), 
C2 +0,2—8,2d,2—8,2d,2 


en(wu—v) =" 
2 (C40 — 8,485) 
_1—s,—8,?+«°s,%s,? | 
+= b 
C10 — 814,809 
1 —9,? — 8,7 +.428,28.4 
en(w-+v)=—1—_ 1; 


C16) + 8,08 A, 
and another form can be easily established in the same way, 
C10, Co Ay — k?8,85 

dd + 816,800, 
(Glaisher, Messenger of Mathematics, vol. x., p. 106; 
M. M. U. Wilkinson, Proc. London Math. Soc., vol. xiii., p. 109; 
Woolsey Johnson, Messenger of Mathematics, vol. xi., p. 138.) 


cn(w+v)= 


119. Expressed again in Legendre’s trigonometrical form, 
with g=amu, y=amy, y=am(u—v), 
a_1l—cosy_sin pAy—sin Ag 


tL siny cos Wr+ cos 
£_1+cosy_sin ¢Ay+sin PAg 
a@ siny cosyy—cosp 


Therefore, eliminating Av, 
2sinysin yA¢ = (cos —cos p)(1+cos y)—(cos y+ cos f)(1—cosy) 
= —2cos 6+2 cos vy cos y, 
or cos 6 =cos yy cos y — sin yy sin yA¢. 
Expressed in Jacobi’s notation, since w=v+w, 
en(v+w)=cn ven w—snvsnw dn(v+w). 
Changing v+w into u—v, this becomes 
en(w—v)=cnucnv+sn wsn vy dn(u—v), 
or cos y=cos f cos +sin ¢ sin WAy. 
Conversely, these relations, treating y as constant, lead to 
the differential relations du—dv=0, 
or dp/Ap— dy] Ax =0, 
or (dg)? —x’sin*y,) — (dyy)?(1 — sin’) = 0. 
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Writing « for singsiny, y for cos pcos y, and m for Ay, 
then cos y=,/(m?—«”)/« (§ 17); and the integral relation 
becomes ytma=/(m?—«?)/k, 
leading to the differential equation, of Clairaut’s form, 

y—ap=n/(p—K) {0 
denoting dy/dx by p; this is the form of the differential 
equation when we change to these new variables a and y. 

120. We have begun in § 117 by supposing the points P and 
P’ to oscillate on a circle with velocity due to the level of the 
horizontal line BDB’, cutting the circle in B and B’ (figs. 2, 13); 
but if they are performing complete revolutions with velocity 
due to the level of a horizontal line BB’ through D not cutting 
the circle, but lying above it (figs. 3, 14), a similar proof will 
show that PP’ touches a fixed circle having with the circle 
PP’ the common radical axis BB’, the two circles not inter- 
secting; and the Landen point L (§ 28) will be a limiting 
point of these two circles. 

But this motion of P and P’ in fig. 14 is imitated by the 
circulating motion of Q and q on the circle AQ in fig. 13; so 
that QQ’ touches at 7 a fixed circle, centre c; and the hori- 
zontal line through # is the common radical axis of this circle 
and the circle CQ, the Landen point L being a limiting point; 
and thus the Addition Theorem for Elliptic Functions can be 
deduced from the motion of P and P’ in fig. 14, or of Q 
and Q’ in fig. 13, as given by Durége, Hlliptische Functionen, X. 

For if in fig. 14 a circle is drawn with centre o and radius 
oR, such that BDB’ (fig. 3) is the common radical axis of this 
circle and of the circle AP, then, since the tangents to these 
circles from D are equal in length, 

DO? — OP? = Do? —oR?; 
and now, if the tangent to the inner circle at R cuts the outer 
circle in P and P’, 
PR?= Po?—oR?= PO? + 007-200. ON—PO?+ OD? — Do? 
= 0D? — Do*?+00?—200.0ON=200. ND, 

as in § 117; and similarly RP?=200. ND; so that 

Phan Vee velocity of. 

RP NND velocity of P’”’ 
and therefore PP’ will continue to touch the circle R, during 
the subsequent motion of P and P”. 
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Similarly, in fig. 18, QQ’ during the motion touches a fixed 
circle, centre ¢ and radius cZ'; and putting Cc=e, 
QT? =2c. NE =4el dn2nt, TQ? =4cl dn*nl’. 
We notice, on reference to § 28, that 
LQ?=2LC. EN=2L0. EA dn2nt = 401 —«’)’dn?nt = LA*dn’nt, 


so that IQ=LA dn nt; 
Ib / 
and therefore aii oe 


or LT bisects the angle QLQ’ in tig. 13; while LR bisects the 
angle PLP’ in fig. 14; we may state this theorem geometrically, 
“the segments of a tangent to one circle, cut off by another 
circle, subtend equal angles at a limiting point of the two 
circles.” 
Then, with the notation of § 117, 
UT+TQ=2,/(cl)(AW+A¢), 
and QQ =28K sin(d — yy) = 2x7 sin(d — W) ; 
so that, in Legendre’s trigonometrical form, 
Tee 4 ae or P = a constant, 
Putting y»=0, then ¢=y; so that 
e _xsin(g—w)_ «sin y a l= Ay 
R Av +A¢ 1+Ay xk sip y 
Aeee sin(d+v) ae sin Vener Men Ay 
e Aw—Agd 1—Ay  x«siny’ 
the product of the two equations being unity. 
- Conversely, the relation 
sin(p +) =C(AY+A9), 
where Cis an arbitrary constant, leads to the differential relation 
dp/Ap+dy/Ay =0. 
121. Taking the equations 
1+Ay_«sin(g+yw) 1—Ay_ «’sin(¢—wW) 
sny  Ay—Ag’ siny Ay+A¢ ’ 
we find, on eliminating sin ¢, 


2x°cos p sin y sin y= (1+ Ay)(Ayy— Ag) —(1— Ay)(Av+ Ad) 


= —2A¢+AyAy, 
Ap=AyAw —«°cos ¢ sin yy sin y, 
or dnw=dnvdnw—xcn usnvsn w, 


with Uu=v+w, 
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By eliminating cos ¢, 
2x°sin ¢ cosy sin y=2Ay,—2AyAdq, 
Av = AdAy+x’sin ¢ cos sin y, 
or dn(wu—w)=dn wdnw+x’sn wsn w en(u—w). 
Changing w into v, 
dn(w—v)=dn wdnv+x’sn wsnv en(w—v), 


or Ay=Ad¢gAy+x’sin ¢ sin yy cos y. 
Writing « for x*singsiny, y for AgAy, and m for eny, 
then ytme=p/(K?2+K?m?), 


the integral relation of Clairaut’s differential equation 
y—ap= Jk? +«"p”), 
which is therefore the transformation of 
dp/Ap—dy/Ay=0, 
when we change to these new variables x and y. 
Taking the two trigonometrical expressions from § 119, 120, 
for the Addition Theorem, 


1—cosy_singAy—sinwAg 1—Ay_ «’sin(¢—wW) 
siny  cosw+eospd ’ sny Av+A¢ ’ 
we obtain, by subtraction and reduction, 


Ay—cosy _cosWAg—cos AY 


sin y sin ¢+sin 
a dn(w—v)—en(u—v)_ dnuweny—enwdnv 
sn(w—v) i sn u+sn v 


the form of the Addition Theorem given by J. J. Thomson 
(Messenger of Mathematics, vol. IX., p. 53). 


122. With the notation of the elliptic functions, 


1+dn(w—v)_x(snwenv+snvenw) 
ksn(w—v) dnv—dnw 


1—dn(w—v)_ x(snuenv—sn ven) 
Ksn(u—v) dnv+dnwu 
Therefore, as before, with Glaisher’s abbreviations, 
1—dn(w—v) _(dy—4,)(81¢9 = 82°) 
1+dn(w—v) (d+ d,)(8,¢.+59¢,) 
8, ,C, + 8,d,¢, 
8,09 + 89h Cy 


dn(u—v)= 
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Similar algebraical reductions to those given above for 
en(w—v) will establish the formulas for dn(u—v) and dn(w+), 
given by Glaisher (Messenger, X., p. 106), 

8,0 ,Cy— SyUq0, _ C,C,1,, + x78, 8 
CT nie cad a Camere a : 
1 = 18,2 — «78,2 +78;78,? _ ay a — K's, 82040q 
dy dy + x8, 8,0)C5 1—«’s,’s," 
the last of form (8), § 116. 

123. The Duplication, Triplication, etc., Formulas. 

Putting v=w in formulas (1), (2), (8) of S116, and writing 
s,¢, d@ for snu mu, dnu, we find 


Se 2scd 
a 
oh a — 252+ 2s4 a —K 24 M2 C2 + K2e4 
Ce met eee 1G, 20 eee 
—K's +2 *C*—k*G 
de Oya Pe ES 2 — 2nd? + d4 
1 — x2s* — 2+ Od? — dt 


Writing S, C, D for sn 2u, en 2u, dn 2u, we find 
1-—C_ sd? 1—D_ sc? D—C_ xs?, 
(Gee i ee IE eae 

oe d= CL 


Se Tae pee 
Da Capel) 

2 aa = 
Ghee a= ete. 
DOR en! 

2 ees), —— 
Teac eee (ee 


Putting w=4K, then S=1, C=0, D=«’; and 


snt kK = lB), ae (7h). an = Ui. 
Again, in § 67, 


wi We (1+«/)sn(u, x)en(u, «)_1+«’ /1—dn(2u, x) 


dn(u, x) « W1+dn(2u, x)’ 
and 2u=(1+A)u, N= ie 
dn(1 +2r.U, K)= Pe 


1+)Asn(v, AY 
(1+A)sn (v, d) 
1+) sn*(v, A)’ 
en(v, A)dn(v, r 
en(1+r Oh k) => See 


which is called Landen’s second transformation. 


sn(1+A.v, x)= 
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Again, putting v= 2u, and making use of the above formulas, 
we shall find 
38 — 4(1 + )s? + 6x28 — «489 
1 — 6x?s* + 4(1 + )x?s° — 8x48” 
1l—sn3u_1+8/1 — 28+ 2x25 — 254\2 
1l+sn3u 1 G +%3— jig 33) ; 
l—«sn3u_1+x«s/1— 2xs+ 2s? — «254 a 
Ten Sa) 1 “G + 2x8 — 2xs*? — Ss) : 
with similar expressions for cn3u and dn 8u, leading to 
l—en3u_ le (Kc? 4+ 2k? 6420+? 
1l+en3u  1+e Gs — 2x? ¢— a) ‘ 
1—dn3u_1—d /K?+2x?*d—2d? —d*\? 
1+dn3u 1+d e —2n7?d+2d* — %) ; 
dn 3u—*’ Fa d—«' (d*+2k'd?—2k'd —K’?2 : 
dn3u+en d+ “(Sa — 2B +2x'd — “s) : 
the algebraical work is left as an exercise for the student. 


sn 3u= 


124. Poristic Polygons of Poncelet, with respect to two Circles. 

Starting from the point A in fig. 13, and drawing the 
successive tangents AQ,, Q,Q, Q,Q3,... to the inner circle, 
centre c, from the points Q,, Q, Q3,..- on the circle CQ; 
or starting from A in fig. 14, and drawing the tangents AP,, 
P,P, P,P,, ... to the inner circle, centre o, from P,, P., Ps, .: 
on the circle OP; then, if we denote the first angle ADQ, or 
AEP, by am, it follows from this construction that 

AU, =ALP am 2wv,ADQ),=AHP,=am3w,...; 

and we have thus a geometrical construction for the elliptic 
functions of the duplicated, triplicated, ... argument. 

When w is an aliquot part, one 7", of the half period 2K, or 
7 of the half period 27’ seconds, then after such operations 
the polygon AQ,Q,Q,, --., or AP,P,P,, ..., will close on itself 
at the starting point A; and the preceding investigations show 
that during the subsequent motion of these points, the polygon 
formed by them will continue to be a closed polygon, inscribed 
in the circle CQ and circumscribed to the cirele c7’, or inscribed 
in the circle OP and circumscribed to the circle oR; and thus 
we have a mechanical proof of Poncelet’s Poristie Theorem for 
two circles, a problem discussed by Fuss, Steiner, Jacobi, 
Richelot, and Minding. 

(Cayley, Philosophical Magazine, 1853, 1854, 1861.) 
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Let us consider the particular cases of w equal to $, 3, 4, 
... of the half period 2K. 

(i.) When w=2K, PP’ is horizontal in fig. 13; and P and 
P’ coincide in fig. 14. 

(ii.) When w=K, the circle oF in fig. 14 and the circle cT’ in 
fig. 13 shrink up into the limiting point Z, Landen’s point 
(§ 28); and now any straight line through L will divide these 
circles OP or CQ into two parts described in equal times, 37’; 
while in fig. 13 the line PP’ will touch the circle described 
with centre H through B, L, and B’, subtending an angle 4a 
at O; and any are PP’ will be described in time 47’, half the 
time of describing BAB’; hence the following theorem— 

“Two segments of circles are described on the under side of 
the same horizontal straight line, one subtending twice as 
many degrees at the centre as the other; if a particle oscillates 
on the lower segmental are under gravity, any tangent to the 
upper are will cut off from the lower an arc described in half 
the time of oscillation.” (Maxwell, Math. Tripos, 1866.) 

As P’ is passing through A in fig. 15, P is instantaneously 
at rest at Bor B’; and AB, AB’ are obviously tangents at B 
and B’ to the circle BLB’, drawn with centre #; while PP’ is 
one side of a crossed quadrilateral, escribed to this circle BLB’, 
and inscribed in the circle BAB’. 

When the circle eZ’ shrinks up into the limiting point J, 
then, as in § 120, 

QOP=20L. HN, LQ7=2CL, EN ; 
and since QZ. LQ is constant in the circle CQ, therefore 
EN.EN’ is constant, and equal to LH?, the value it assumes 
when WV and N’ pass each other at the point L. 

Since EN EN —Hie= hp 
a circle can be drawn passing through NV, NV’, and touching EB 
at B; and the triangles ENB, EBN’ are therefore similar, so 
that ENB=EBN’, EN’B=EBN. 

(Landen, Phil. Trans., 1771, p. 308.) 

Translated into a theorem of elliptic functions, 

EN. EN’=EA*dn?u dn’v, and EB?=.«'?. FA2, 
so that, as in (59), § 57, 
dnwudnv=x’, when w—v=K, 
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Otherwise, since (§ 28) 
QL=ALdnu, LQ’=AL dn, 
and OUELY SAL .LD, 
therefore dnudnv=LD/AL=x«’. 


A 
Fig. 15. 


The similarity of the triangles AQL, LDQ’ shows that 
AQ/AL=DQY/LQ; 
and since (§ 10) AQ=ADsnu, DQY’=AD cn», 
therefore, as in (57), § 57, 
snu=cnv/dn v or edv, when w=v+ K. 
Again, since DQ'/DL=AQ/LQ, 
DEI snu _«'snwu 
ALdnu dnw’ 
as in (58), § 57, when v=u—K. 


therefore cnv= 
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Conversely, if the straight line QLQ’, passing through J, 
moves into the adjacent position qld’, then 
lt qQ_QL_ /EN _ velocity of Q 
GQ abe’ EN’ velocity of Q 
if Q and Q’ move under gravity, or diluted gravity, on the 
circle CQ with velocity due to the level of #; so that QLQ 
will continue to pass through Z, and will divide the circle CQ 
into two parts described in the same time }7' (§ 28). 
If in fig. 13 we denote the radius of the circle cZ’ by 7, then 
cos y=7/(R+0), 
y or am w denoting the angle ADQ,; while, from § 120, 


l—Ay_¢ _Rk-c, 
TeeAy Rese ae ee 
Wy 
and thence K? ue pp elit ird 


~ (R+ePp—r? ~ ~(R+eP—177 
Again, if Dq¢ is drawn from D to touch the circle c7’, and 
the angle ADq is denoted by 7’ or am w’, then 
"cosy en w 
R—-c Ay dn w’ 
so that (§ 57) wtpw=K. 

125. Poristic Triangles. 

(iii.) When w=2K or 4K, triangles Q,Q,Q, can be inscribed 
in the circle CQ and circumscribed to the circle c7’, while at the 
same time triangles P,P,P, (or hexagons) can be inscribed in 
the circle OP and escribed to the circle oR (fig. 16). 

The well known relations of Trigonometry 

C= k?—2Rr, or a= Rh?+2Rr'’, 
where Ce=c, Oo=a, cT’=r, oR=1’, are now easily deduced. 


We may write these relations, more symmetrically, 
r ? ye ie 
Ro PR ce eudash a rere 

In fig. 16, ADQ,.=y=am3k, ADQ, =y'=ampk ; 
and since cQ, bisects the angle V,Q,4, which is equal to y, 
therefore DceQ,=4(4r— +) ; and DeQ, = DQz¢, or DQ, =De. 

Similarly AQ, =Ac so tnat 

AQ, + DQ,=AD. 


, or sn w= 


Therefore sin y’+cos y=1, 

or sntk+en?K =1, 
r r 

or LG 


Rootes 
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We shall employ this suffix notation for the points NV, P, Q 
to signify points corresponding to aliquot parts of K. 

Corresponding to w=4K, the circle oR becomes the circle 
through B, V,, B’; and now P,AP, is a triangle escribed to 
this circle, and inscribed in the circle OP. 

For w=3K, the circle oR becomes the circle through 
B, N. » B’; and now we shall find that hexagons can be 
escribed to this circle, and inscribed in the circle OP. 


The tangents at P,, P. touch the circle BN 1’, and the 
tangents at P;, Ps touch the circle BN,B’; while AP, AP, 
are the common tangents of the circles BN, B’, BN, B’. 

Denoting the sides of the triangle Q,Q,Q3 by 4, da 43, then 

ys qigsds 
G49 4s) 

But w,, v%, Uz denoting the value of w corresponding to the 
points Q,, Q., Q3, and d,, d,, d, denoting the corresponding 
values of dn wu, then (§ 120) 

Ohi Qs — 2,/(cl)(dqds), teey 
(d,+d,\(d,+d,)(d,+d,)_ Rr 
d,td,+ds cl’ 
a constant, a relation connecting d,, d,, d,, when 
Uy — Uy = Uy — Ug = 3K. 


so that 
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126. Poristic Quadrilaterals. 

(iv.) When w= 4K, quadrilaterals Q,Q,Q3Q, can be inscribed 
in the circle CQ which are circumscribed to the circle eZ’, and 
now the corresponding relation is found to be : 


’ 2 Yr 2 
Gaaricara) 
while 7,73, 7,7, intersect at right angles in L, being the 
bisectors of the angles between Q,LQ,, Q.LQ; (fig. 17). 

“This relation is proved immediately by taking the quadri- 

lateral in the position AQ, DR, ; and now y=y =am 3K, 
sn 1K=>— en 1K=p 3 
so that squaring and adding leads to the desired relation. 

As in (ii.), quadrilaterals can be escribed to the circle BLB’, 
which are inscribed in the circle OP, since NV. 4 coincides with L. 

But the circles BN,B’ and BN;B"' are related to the circle 
OP with regard to poristic octagons; and the common 
tangents of these circles are easily recognised at the points 
Py Py Pe 

Conversely, starting with the circle cZ'’ and the internal 
point LZ, and drawing 7, L7,, 7,LT, through L at right angles 
to each other, the tangents to the circle cZ’ at T,, T,, T;, fie 
will form a quadrilateral Q,Q,.9,Q, ‘which is inscribed in a 
circle CQ, the diagonals Q,Q;, QQ, passing through Z, and 
being equally inclined to 7,7, and T,7,,. 

Tf Qc, Q.¢, Qc, Qc are produced to meet the circle CQ again 
IN Jp Yo Ig J then q,93, and q.g, are diameters of the circle 
CQ; for Q,q, bisects the angle Q,Q,Q, so that the are 
Q.%,=are 9,Q,, and similarly the are Q,q,=are g,Q,, so that the 
are 7,Q93=are 9,Q.93, and each is therefore a semi-circle. 

It follows, from elementary geometrical considerations, that 

LT? + LT? + £72 + LT 2 = 477, 
or AI a wt Wye fad ee SV 
TG 1 1 1 i 
Qe ce cQ,? * cQ,2 ie pe 
so that cq," + C93 = cq," + cq,? =(R? — c?)?/7?, 
leading to 2(f? + 7) =(R?—?P/7?, 


or, as before, a] + Gi.) eal P 


and 
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Denoting by uw, w,, us, u, the values of w at RAO ER, (ap, 


so that Uy — Uy = Uy — Ug = Ug —U,= 4K; 

and denoting by d,, d,, ds, d, the corresponding values of dn u, 
then (§ 57) d,d,=d,d,=«’ ; 

and (§ 120) ~ £Q=2l1—«’)dn u, 


so that Q,3 = 211 —«’)(d, +s), Q,Q, = 211 — K)(d,d,) ; 
while Q,9,=2,/(el)(d,+d,), ete. 


Now by a property of the circle (Euclid VI. D) 
COs : 0,0,= OO : Q3Q,+ 00; : BRAY ; 

so that (1 —«’)?(d,+d,)(d,+d,) 

=cl{(d, +d,\d,+d,) + (d,+4,)(d,+ds)} 

=ol{(d, +d, da+ dy) + 4«’}, 
or (d,+d,)(d,+d,) is constant, and =2,/x’(1+’)« 
the value obtained by putting u,=0, when 

U,=8K, u,=K, u,=$K ; 

and d,=d,=,/x, d=’, d,=1. 
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Then (an U,+ a) (an uta) =2,/eK(1+«), 


when UW — Ug = 4K. 


Thus  dn(u+ Oe ET) - 2 
dn(w+3K)— SHOE 157 —2/«' Ce wen w, 
so that 
dn(wttkK)=  /c’(U+ oe bared . ae wen 
sn(ut}K)= f+ Biase 
en(w+ 3K) = Je’ /(LtK)= ee a w 


127. Poristic Pentagons, ete. 

(v.) When v=2K, or 4K, the poristic polygons are pentagons 
(fig. 18), and the relation to be satisfied is of the form j 

1l+p+q—(ptqy—(p+9(p—q=9, 
or (p—g?=p+q—-1—1(p+9), 
where p and q are used to denote 7/(R—c) and r/(fh +c). 

We notice that the relation for pentagons leads to a cubic 
equation, when two of the three quantities R, 7, ¢ are given; 
but the equation reduces to a quadratic when c=0 or the circles 
are concentric, the case considered by Euclid. 

The reader is referred to the articles of Cayley (Phil. Mag., 
Series IV., Vol. 7, and Collected Works) and to Halphen’s 
Fonctions Elliptiques, t. I1., chap. X., for the proof of this 
relation and the similar relations for other polygons. 

We shall find that Halphen’s a and y (t. IL, p. 875) are con- 
nected with our R, 7, ¢, x, and w by the relations 

4Re , R-c\?. 
Cie greaema w=(Fya) 
and thence Halphen’s x and y can be formed. 

By the use of Legendre’s Table IX. for F(¢, «) (F. £, t. IL.) 
we are able to construct geometrically, to any required degree 
of accuracy, figures of circles related to each other for poristic 
polygons of any given number 7 of sides. 

Having selected an arbitrary modulus « or modular angle 
$a, we look out the value of K, and then determine, by pro- 
portional parts, the value of ¢ in degrees corresponding to an 
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amplitude of K/n, 2K/n, ...; and these values of @ will mark 
the position of the points Q,, Q,, ... 

Thus, in drawing figs. 18, 14, 16, 17, we have selected 
«=sin 60°, when K =2'1565; and in drawing fig. 16 for poristic 
triangles, we find, from Legendre’s Table IX., 

am 3K =c.m. of 38°49’, am 2K =e. of 68°5’. 


These angles enable us also to set out figs. 13 and 14, where 
the circles are drawn so related as to admit of poristic hexagons. 
In drawing figs. 15 and 17, Landen’s point L is sufficient to 
complete the diagram ; also to double the number of sides of 
a polygon of an odd number of sides. 
In fig. 18, x has been taken as sin 75’, as in figs. 1, 2, 3; and 
now AK =2°76806; and from Legendre’s Table IX., 
am +H =e.m: of 30°18’, am 3K =c.m. of 70°20’, 
by means of which the figures can be drawn. 
Fig. 19 shows poristic heptagons, to the same modular angle 
of 75°, laid out by means of the relations 
¢,=am+K=c.m. of 22°8’, ¢,=am #K=c.m. of 56°49’, 
¢;=am $K =c.m. of 77°C’. 
G.E.F, I 
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A 
Fig. 19. 

128. The poristic relation between the quantities R, 7, ¢ 
has*been obtained by placing the polygon in a symmetrical 
position ; but another method is employed by Wolstenholme 
(Proceedings London Math. Society, vol. VIII, p. 136; also 
by Halphen, F’.Z., I., chap. X.), where the polygon on the circle 
OP is considered in its limiting form, when passing through 
one or both of the common points B and B’. 

Thus with triangles, the tangent to the circle oR at B must 
meet the circle OP again at a point P,, the point of contact of 
a common tangent of the two circles P and R, the degenerate 
triangle being BPP. 

For quadrilaterals, the tangents to R at B, B’ must meet at 
A on the circle P, BACAB being the degenerate quadrilateral. 

For pentagons we obtain the degenerate form BP,P, 7P PB, 
where BP, is the tangent at B to oR, the circle through 
B, Nz, B, and P; is the point of contact of a common tangent 
of the etait: OP and oR (fig. 18). 

For hexagons (fig. 16) the limiting form is BP,P, ,B'P, PB, 
where BP;, PB’ are tangents at B, B’ to the circle through 
B, N,, Bae and so on. 
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129. Geometrical Applications of Elliptic Functions to 
Spherical Trigonometry. 


Taking the fundamental formulas of Spherical Trigonometry 
cos ¢=cos a cos b+ sin asin b cos C, 
sn A_sinB_sin@ 


_—_ =-____ >= -____ = x, suppose; 
pummel bese tha? 

then cos C= ,/(1 —x’sinc) = Ac, 

so that cos c=cos a cos b+sin asin bAc, 


a formula like that of § 119, with a, b, c for ¢, vy, y; so that if, 
keeping C, ¢, and therefore « constant, we vary a and b, then 
cos B.da+cos A .db=0, 
or da/Aa—db/Ab=0; 
and, conversely, the integral of this differential relation is the 
formula above. 
(Lagrange, Théorie des fonctions, p. 85, §§ 81, 82; 
Legendre, Fonctions elliptiques, t. L., p. 20.) 
If, in Jacobi’s notation, we put 
a=am(u, x), b=am(v, x), c=am(w, x), 
then the differential relation becomes 


du—dv=0, 
so that w—v=a constant=w, 
since a=c, or uw=w, when b=0 and v=0. 


Supposing « is less than unity, and the angle C is acute, then 
c>C, and of the other angles, one, A, must be obtuse, and the 
other, B, acute. 

But by changing to the colunar triangle on the side BC, we 
may convert the triangle ABC into one in which all three 
angles are obtuse ; and in such a triangle we may put 

a=amu, b=7—amv=am(2kK —v), c=am(2K—w); 
so that if the triangle ABC has three obtuse angles, we may put 
a@=amu,, b=am Uy, C=aM Us, 
where Uj tU.tUz=U+2K —v+2K —w=4Kk ; 
and now 
cos A= —dnuw,, cosB=—dnu,, cos C= —dn ug, 
so that, by § 29, we may write 
A=7—am(cu, 1/c), B=ar—am(kulg, 1/c), C= 7 —am(xuz, 1/k), 
where « is less than unity. 
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For instance, if ABC is the spherical trianglé formed by three 
summits of a regular tetrahedron, 


and cos a=cosb=cose= —}, 
sina=sinb=sinc=. 3,/2, 


sind §3,/3_3,/6 =v10 2x Bal), 
> K = KK = 
Tein 40/2 
while Uy = Up =U, = 4K, 
sothat cn4K=-—4, Passe, dn4k =}. 

When «=0, K=4z, and the triangle ABC is coincident with 

a great circle; and now 
G=U,, b=U,, c=U, and a+b+¢c=27; 
while cos A =cos B=cos C= —1, A= B=C=7. 

When «=1, K=o; and therefore of u,, u,, Uz, two of them, 
say u, and w,, are infinite; so that 

cos a=sech u,=0, or a=}; and similarly b=47; 
the triangle ABC now has two quadrantal sides and therefore 
two mone angles, the third side ¢ and angle C being equal, and 
taken greater than a right angle. 

130. For values of « which would be greater than unity, we 
change the notation by considering the polar triangle; and now 
if ABC is such a polar triangle, having three acute sides, instead 
of three obtuse angles, we put 

| Sind Sin OD wesiic 


. Pe. ler S K 
snA snB sinC ’ 
and A=amv, B=amv,, C=am v,, 
where U,=2K —wW, v,=2K — Uy, V3= 2K —Us, 
so that U,+V,+,= 2K. 
Now sin @=«x sn Y, sin b=xsn v,, SiN C=K SN V3; 


cosa= dnv,,cosb= dnv,, cosc= dnv,; 
so that a@=am(xv,, 1/K), b=am(xr,, 1/c), c=am(Kvy, 1/k). 
The fundamental formula 
cos c= cos a cos b+ sin asin b cose 
now leads to the formula of § 121, 
dn v,=dn v,dn v,-+«?sn v,8N Vy CN Vs, 
or . dn(v,+,)=dn v,dn v,—«’sn v,8n v,cn(v, +25). 
In the degenerate case of x=0, K=47, and 
U+M~+0,=7, or A+B4+C=7 
and now a4=0, b=0, c=0, so that. the spherical triangle is 
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indefinitely small, and may be considered a plane triangle; 
and we can thus deduce the formulas of Plane Trigonometry. 


131. A spherical triangle thus falls into one of two Classes, 
I. or IL; in Class I. the triangle, or a colunar triangle, has 
three obtuse angles; in Class II. the triangle, or a colunar 
triangle, has three acute sides; the quadrantal triangle falling 
into Class I., and the right-angled triangle into Class II. 

In Class I. we put : 
snA_ sinB sind 
sing sind sinc — 


K, 


and then « is less than unity; and we put 
= a=amw,, b=am u,, c=amM Us, 
where U,+U,+U,= 4K, 
and then 
A=7—am(cu,, 1/K), B=r—am(ctg, 1/k), C= 7—am(kug, 1/x). 

In Class IT. we put 

sina sinb_— sine 
‘sind sinB sin ” 
and then «x is less than unity ; and we put 
A>am?,, B=amv,, C=am %,, 

where . U,+U,+0,=2K, 
and then a=am(xv, 1/x), b=am(xv,, 1/K), c=am(xvg, 1/k). 

When this triangle of Class II. is the polar of the triangle 
in Class I, Uy + Vy = Uy + Up = Ug + Ug = 2K. 

The change from one Class to the other affords an illustration 
of the change from one modulus to the reciprocal modulus (§ 29). 

The spherical triangles employed originally by Lagrange 
and Legendre fall into Class I.; and a full discussion of the 
connexion between Elliptic Functions and Spherical Trigono- 
metry will be found in the Quarterly Journal of Mathematics, 
vols. 17, 18, 19, in articles by Glaisher and Woolsey Johnson. 

But it is preferable in some respects to work with the 
spherical triangles of Class II., as growing out on the sphere 
more naturally from the infinitesimal .plane triangle ; so it is 
proposed to develop here the relations with Elliptic Functions 
by means of a typical triangle of Class IL, having three acute 
sides, and to refer to the articles of Glaisher and Woolsey 
Johnson for the corresponding relations of Class I. 
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132, Writing ¢,, s,, d, for cn v,, sn v, dn v, ete. ; then with © 
U,+%,+0;= 2K, 
we may put, in Class IL, 
A=amyv, B=amv,, C=am 2, ; 

so that cos A=c,, sin A=s,, etc.; 
and now sina=xsin A=xs,, cosa=dy, etc. 

From the fundamental formulas 

cos c=cos a cos. b+sin a sin b cos C, 
—cos C=cos A cos B—sin A sin B cos ¢, 


we obtain d, = dd, + k78185C3, 
— Cz = CyCy — 84855, 
where d,z=dnv,=dn(v,+%,), Cs=Cn v;= —en(v, +). 


Again, from these two formulas of spherical trigonometry, 
—cos C=cos A cos B—sin A sin B(cos a cos b+sin asin b cos C), 
cos A cos B—sin A sin Beos acosb 

1—sin A sin Bsin asin b 
€1Cy — 818,01, dy 

1—«’s,?s,? * 
cos a cos b—sin asin b cos A cos B 

1—sin A sin B sin asin b 
dd, — k?8,8,0,Cy 
1 —x’s,?s," 
As a specimen of Class II., take the spherical triangle formed 
by three adjacent summits of a regular icosahedron ; then 
A= p=0 =275 
cosC+cosAcosB_ cosC al 


or —cos C= 


’ 


so that —¢,=cn(v,+4,) = 


Similarly, cosc= 


leading to d,=dn(v,+%,) = 


eC e aatgaeenrste Wahine eh ecestel ge 

so that x =sin c/sin C=2,/(10—2,/5); 
and then VU, = V2 =U,= 3K, 

so that en 2K =cos C=}(,/5—1), 


PAE ae — 5 
dn 2K =cosc=1,/5. 


133. To prove that in a triangle of Class II. we obtain the 
differential relation 
cosb.dA+cosb.dB=0, or dA/AA+dB/AB=0, 
when we change A and B, keeping c and C constant, dis- 
place the triangle ABC into the consecutive position ABO’, 
keeping the points A, B fixed and the angle AC’B unchanged 
in magnitude (fig. 20). 
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Then, if CA and CB produced on the sphere meet the oreat 
circle of which C is the pole in P and Q, the are PQ= C; and 
if C’A and C’B produced meet this great circle in P’ and Q, 
the are P’Q is ultimately equal to the are PQ, or 

i@PjqgQ) =i 
Cc 


B 

Og 
tél 

Fig. 20. Figs 21. 


But PAP’= —dA, QBQ'=dB; while ultimately 
PP’=-—sin AP .dA=-—cosb.dA, QQ’=cosa.dB; 


~ 


so that cosb.dA+cosa.dB=0, 
or dA/AA+dB/AB=0, 
since sina=«xsin A, cosa=AA. ° 
With A=amv,, B=am v,, this becomes 
dv,+dv,=0, 


so that v,+v,=constant=2K—v,, where C=am 2,; 
since B+C=7, or 1,+0,=2K, when A=0, v,=0. 

Conversely, this differential relation, interpreted with respect 
to the triangle ABC, of which the side AB is fixed, expresses 
the constancy of the opposite angle C. 

134. If, as is customary, we deduce the differential relation 

cos B.da+cosA.db=0, or da/Aa+db/Ab=0, 
from a spherical triangle ABC of Class I., in which 
sin A=xsina, cos A=Aa, 
we keep the angle C fixed, and displace the side AB into its 
consecutive position A’B’, without change of length, through 
an infinitesimal angle @ about the centre of instantaneous 
rotation J, the point of intersection of the arcs AJ, BJ, drawn 
perpendicular to C'A, CB respectively (fig. 21). 
db AA’ sin JA sin JBH cos B 

ees VBE 7 asinTR sindAH "1008 A’ 
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135. To obtain immediately the addition formulas (1), (2), 
(3) of § 116 for the elliptic functions, Mr. Kummell draws the 
are OD perpendicular to AB (fig. 20), and denotes the perpendi- 
cular OD by p, the segments BCD, ACD of the angle ( by 
F, G, and the segments BD, DA of the base C by f, g; so that 

F4+G=C, f+g=e. 
(Kummell, Analyst, vol. V., 1878.) 

Now, from the right-angled spherical triangles ACD, BCD, 

cos G=sin A cos b/cos p, sin G=cos A/cos p; 
cos F=sin B cos a/cos p, sin F=cos B/cos p; 
or with sin. A=s,, cos A =¢,, sina=xs, cosa=d,, ete, 
and writing M for cos », 
: cos G=s,d,/M, sn G=c,/M; 
cos F=s8,d,/M, sin F=c,/M. 


Also sin p=sin A sinb=sin asin B=xs,8,, 
so that iM = cosy = |— 478,78." ‘ 
a quantity which we have found it convenient to denote by D. 
Now, - cos C=cos F' cos G—sin F'sin G, 
or Cz = (8,8,6,d, —¢,¢,)/D, 
or en(v, + Vs) = — Cn V, = (¢,C, — 88,0,d,)/D, 
formula (2). 
Again, sin C=sin(F'+ G) 
=sin F’ cos G+ cos F'sin G, 
or 85 = (8,0, + 8,¢,d,)/D, 
where 8, =SN V;=sn(¥,+4V,), as in formula (1). 


Changing the sign of v,, 
sn(v, — Vv.) =sin(F’— G@), 


or F-—G=am(v,—,), 
while F+G=amv,=am(2K —v,—2,) 
. = 7 —am(v,+,), 
so that =}7— 3 am(v,+%,) +4 am(v, —v,), 


-G=}tr—Fam(v,+v,)—tam(v,—2,). 
Thus, for instance, 
tan{}am(v,+,) +4 am(v,—v,)} =cot G=tan A cos b= 8,d,/C,, 
tan{2 am(v,+v,)—4 am(v,—v,)} = cot F=tan B cosa= 8901,/ Co. 
Again, from the right-angled spherical triangles BCD, ACD, 
cos f= cos a/cos p=d,/M, sin f=sin a cos B/cos p=xs,c,/M; 
cos g=cos b/cosp=d,/M, sin g=sin b cos A/cos p=«xs,¢,/M; 
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and therefore 
dn(v, +.) = dn v,= cos c= cos(f+ 9) 
=cosfcosg—sin fsing 
= (dd, —x78,8,0,C»)/D 
_ Ady — K78,8,6, 6 
1 —x’s,7s,” 


as before, in (3), § 116. 
Also sin(f+g)=«sn(v,+,), sin(f—g)=« sn(v,—%,) ; 
whence f and g can be found as functions of v,+v, and v,—%. 


136. The formula employed by Morgan Jenkins in the 
Messenger of Mathematics, vol. XVIL., p. 30, as fundamental 


in Spherical Trigonometry, is 


sin(A+B) _ sin@ 
cos b = cos a es il ze cos 0° cece eerev eee erevesceseees (a) 
and this now leads to 
81Cg +86, 8s 
do+d, 1+d, 
or, in the Legendrian form 
sin(A+B)_ sinC 
AB+AA 14+AC 
a formula already obtained from pendulum motion in § 120. 
Then the formula 
Cp SoCo | Be | 
d,—d, 1—d, 
sin(A—B)_ sind 


od RDS AAn TAC 
: “ sin(A —B sin 7 
gives fae te ae Serge ee (B) 
The formulas of § 120, in the form 
8do+8d, 8, 8d,—80,_ 8 
G+e, 1+e, @—c, I1l—-e 
lead to the relations 
sin(a+b) _ sine (y) 
A Ee ee 
SEN ede 7 TS aa (6) 


cos B—cos A 1+ cos 0’ 
and from these four formulas of Spherical Trigonometry Mr. 
Morgan Jenkins deduces the analogies of Napier, Delambre, 
and Gauss, 
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137. Write, as before, in § 135, 


A=amu, B=am2, 
F=hr—ham(ut+v)+$am(u—r), 
G=14r—fam(u+v)—$am(u—v). 


Then, since 


sin(F + G) +sin(F— ()=2 sin F'cos G, 


therefore, writing ¢,, s,, d, for enw, snu, dn u, and ¢, 8, d, for 
env, snv, dnv, and D for cos’p or 1—x«’s,’s,”, 


sn(W+v) + Ssn(W—V) =2 8,6, o/D; ..cecerecocereenees (1) 
cos(F'— G@) —cos(#'+ G)=2 sin F’sin G, 

on(w—2)-  cn(é+¥)= 2616) Die, aeawoanreter sane (2) 

cos(f—g) + cos(f+g)=2 cos fcos g, 

dn(w—v)+ dn(wtv) =2 dyda/D 3 ....s.ccecreeresceere (3) 
sin(f' + G)—sin(F— G) =2 cos F'sin G, 

sn(u+V)— sin(&—V) = 2 8,6,d,/D ;.....ccccreeseceees (4) 
cos(F'— G) + cos(F'+ G) =2 cos F’cos G, 

cn(w—v)— cn(W+ V) =2 8,d,8,do/-D 5 .....ceeerveeer (5) 

cos(f—g)— cos(f+g)=2 sin f sin g, 

dn(w—v)— dn(w+v) =2 K78,0,8C5/D 3 ...cececeeenees (6) 


sin(f’+ @)sin(f — G) =sin?#'— sin?’G, 
sn(w+v) sn(w—v) =(¢,2—¢,7)D = (s,?—8,?)/D. .(7) 


Again, since 


and 


1+sin( f+ )sin( f—g) = cos’ + sin?f, 
sin(f+g)=xsn(w+t+v), sin(f—g)=« sn(u—v), 
L+x’sn(u+v) sn(u—v)=(d,? + 178,765")/D3; ...12.06.+-.(8) 
1+sin(#'+ G)sin(f’— G)=sin?F + cos?G, 
1+ sn(w@+v) sn—v)=(cy 467d,")/ Dee (9) 
1—cos(f'+ @)cos(f'— G)=sin? + sin2F, 


I- en(.+v) en(t—v)=(67-4:6,.)/ Diane ee (10) 
1+ cos(f+g) cos(f—g) =cos?f cos?g, 

1+ dn(w+v) dn(w—v)=(d,?+d,2)/D; 0... ..cc0c000 (11) 
1— sin(f+g) sin( f—g) =cos?f + sin29), 

1—x’sn(u+v) sn(u—v) =(d,2+.128,2c,7)/D ; ......0066 (12) 
1—sin(#’+ G@)sin( f— G)=sin?G + cos2F, 

1— sn(u+v)ssn—v) = (C7507) eee (13) 


1+ cos(#’+ G)sin(f’— G) = cos?G + cos2F, 

1— en(u+v) en(u—v)=(8,7d,? + 8,2d,?)/D 5 ........(14) 
1— cos( f+) cos( f—g)=sin?f + sin2g, 

1— dn(w+v) dn(w—v)=x°(s,2c,? + 8,2¢,2)/D3...... (15) 
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(1=sin(#’+ G)}{1+sin(F— G@)} = (sin F£cos @)?, 
{1= sn(w+v)}{1+ BN(QL—V) } =(6,26,0,)7/ D> ves.¢ssueceen(16) 
{1=sin(F'+ @)}{1¥sin(F— @)} =(sin Gt cos F)2, 


{1= sn(w+v)}{1F sn(w—v)} = (c,+5,d,)2/D3 ..cccceeeeees (17) 
{(1= sin(f+g)}{1£ sin(f—g)} =(cosgtsin fy, 
(LEcsn(w+v)}{12esn(u—v)} = (d,£ K8,6,)?/D 5 ceeeeeecccee (18) 
{1+ sin(f+g)}{1¥ sin( f—g)} = (cos f£sin g)?, 
{(LEcsn(u+v)}{1F«sn(u—v)} =(d,£x8,0,)?/D; ..cccceceeee (19) 
{1¥cos(F'+ G)} {1+ cos(F'— G)} = (sin Ftsin G)?, 
{LE en(u+v)}{LE cn(w—v)} =(6,£6,)2/D3 vcceereccccseens (20) 
{1tcos(f'+ G)}{1+cos(F— G@)} =(cos G¥cos FY, 
{14 en(u+v)}{1= cn(u—v)} = (8,d,¥8,d,)?/D 3.0.0... cece (21) 
{14 cos(f+g)}{1+ cos(f—g)} = (cos ft cos g)?, 
{1+ dn(w+v)}{1£ dn(u—v)} =(d,£d,)7/D; occ eeeee (22) 
{1+ cos(f+g)}{1¥ cos(f—g)} =(sin fFsin g)?, 
{1+ dn(w+v)}{1F dn(u—v)} =K2(8,6,F 89C1)2/D j -.sseeeee (28) 
sin(#’ + @)cos(f'— G@)=sin G cos G+sin F cos F, 
sn(w+v) cn(w—v) =(8,¢,d, + 8Co,)/D;........(24) 
— sin(#’— G)cos(f' + G)=sin G cos G —sin F cos F, 
sn(w—v) en(w+v)=(8,¢,d,—8,6,d,)/D;.........(25) 
sin(f+g) cos(f—g) =sin f cos f+ sin g cos g, 
sn(wt+v) dn(u—v)=(s,d,6, + 8,d,¢,)/D ;.........(26) 
sin( f—g) cos( f+g)=sin f cos f—sin g cos g, 
sn(u—v) dn(w+v) =(8,d,6,—8,8,/D 3; 0.000008 (27) 


—cos(F’+ G)cos( f-g) = {cos.A cos B—sin A sin Beos( f+g)} cos( f-g), 
en(u+v) dn(w—v) =(¢,¢,d,d,—K78,8,)/D 5.......(28) 
cos(F'- @)cos(f + g) = cos(F- G){ cosa cosb + sinasinbcos(F' + G)}, 
en(w—v) dn(wtv)=(¢,¢,d,d, + x’8,8,)/D; ......(29) 

sin 2G =2 sin G cos G, 


sin{am(u + v) +am(w—v)} =2 8,6,do/D 5.02... .ee eres eee e380) 
sin 2/'=2 sin F'cos F, 

sin{am(u + v)—am(w—v)}=2 8:CH,/D 5.0... eeeeeee ees (31) 
— cos 2G =sin24 — cos?G, 

cos{am(w + v) +am(u—v)} = (¢,?—8,7d,”)/D 5.....ee eee (32) 
—cos 2/'=sin?F—cos"F, 

cos{am(u + v) —am(w— v)} = (6:7 — 857d”) /D 5 «. 0.4.12 -(33) 


the thirty-three formulas of Jacobi, given in his Fundamenta 
Nova, 18, and reproduced in Cayley’s Elliptic Functions. 
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Similarly any other formula in Spherical Trigonometry is 
converted into a form of the Addition Theorem of the Elliptic 
Functions, and conversely ; by writing ¢,, s, for cos A, sin A, 
and d,, xs, for cosa, sin a, ete., with 

U,V, +0, = 2K. 
Thus the six four-part formulas, of which 
cot asin c=cot A sin B+ cos c cos B 
is the type, obtained by eliminating cos b between (a) and ((), 
lead to 8,0, = 8,6, + 8,Coc5, 
with five other similar relations. 

By means of these and the preceding relations we can prove 

the following examples on the formulas of Elliptic Functions. 


EXAMPLES. 


1. Prove that, if uwtv+w+a«=0, 
oti) cnudnv—dnweny, cnwdne—dnwene_¢ 
sn wW—sn Vv shw—sn@ 
(iL.) cx? —«e?sn wsnvsnwsna+x?en Ucn YU ch Ww Cne 
—dnudnvdnwdna«=0. 


— 2. Prove that 
: ns 2?’snwenvdny, 
G.) ns(w—v)+3sXu+v)= Aras Spee 
— Gi.) 1—«’sn?(u+v)sn(u—v)=(1—’sntu)(1 — x’sn*v)/D?; 
ran.) “esn(u + v)sn(u—v)sn(u+ w)sn(w—w) 
(1—x’sn*u)(1—x?sn?v sn?2w) 
(1—«?’sn?u sn?v)(1—«?sn?u sn?w) — 
SG) 1—xcd?(u+ v)ced2(u—v) _ 2( 1—.?sn?u sn?v ii 
“ 1l=«’sn?(u+v)sn2(u—v) ~ \k2+een2e en2y/ 
aes 1—snw_cen?}(u+K)dn?t(u+K) , 
1l+snu K’sn?t(u+ K) ; 
-) L—«cdnu+x’sn wu _ 
(ii.) 1+xc/dnwu+i2snw 
—— 4, Prove that 


— ltkcsnusnv= 


esn'z(ut+ K), 


{l£xsn?$(w+v)}{1F«sn24(u—v)} 
1—x’sn?4(w+v)sn2t(u—v) —” 
and hence prove that the expression 
1-xsnasny l+x«snzsnw 
l+csnzsny l—x«snzgsnw 
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remains unaltered when for a, y, z, w we substitute respectively 
2@+yt+2+w), se+y—2—-w), f(@—y+z—w), 
be—y—2+u). 


5. Prove that, if tanh A =x sn?a, tanh B=« sn28, 
tanh(A — B) =x sn(a+8)sn(a—). 
Deduce Jacobi’s relations, 
sn(8+ y)sn(B—y)+sn(y+a)sn(y—a)+sn(a+B)sn(a—) 
+Ksn(8+y)sn(y+a)sn(a+ §)sn(8 —y)sn(y—a)sn(a— 8) =0; 
or 
1~xsn(8+-y)sn(6—y) 1-«sn(y+a)sn(y-a) 1-«sn(a+@)sn(a-6) 
l+«sn(6+y)sn(B-y) 1+xsn(y+a)sn(y—-a) 1+«sn(a+8)sn(a—6) 
or =1; 
1-«sn(¢-«)sn(y- 2) 1-K«sn(t-y)sn(z- w) 1-«sn(t—z)sn(@-y) 
1+«sn(¢-a)sn(y-z) 1+«sn(t-y)sn(z-a@) 1+xsn(¢- z)sn(x@-¥) 
or =I; 
l-xcsnwsnv 1l+xcsn(ut+w)sn(vtw) 1-«sn(wt+v+w)sn w 
l+xcsnwsnv 1-«sn(ut+w)sn(v+w) l+xcsn(w+u+w)sn Do 
(Glaisher, Q. J. M., vol. XIX., p. 22.) 


6. Prove that the tangents at the points on an ellipse of 
excentricity ¢ whose excentric angles are an 
o=h}r—am(u, ce), ~=tr—am(y, e), 
will meet on a confocal ellipse when w—v is constant, and on 

a confocal hyperbola when w+ is constant. 
Hence show that the general integral of 
d¢/,/A—esin?d) — dyy/,/(1 — e’sin*y,) = 0 


may be written 


Ue b? ‘ 
EEX sin? 3(p+)+ Kaa cos*}(p-+ YW) = cos" 3(¢—W) ; 
and convert this into the form 

cos y=cos ¢ cos -+sin ¢ sin vy,/(1 —e’sin*y), 


s (a?+A) 
4 21 
Bpoving that tan?hy= PBX) 


1. Prove that the straight line joining the points 
ecn(wu+v), esn(w+v) and cen(w—v), ¢sn(w—v) 
on a given circle of radius c, will touch an ellipse whose semi- 
axes are csn(K—v), cenv, when w is constant and v is 
variable; and determine the envelope when w is variable and 


v is constant. 


CHAPTER V. 


THE ALGEBRAICAL FORM OF THE ADDITION 
THEOREM. 


138. The first demonstration of the existence of an Addition 
Theorem for Elliptic Functions is due to Euler 
(Acta Petropolitana, 1761; Institutiones Calcul Integralis), 
who showed that the differential relation 
da], /X +dy/,/Y=0, 
connecting xX =aat+ 46x? + 6cx?+ 4da+e, 
or (a, 6,6, d, eXa, 1)4, 
the most general quartic function of a variable x, and Y the 
same function of another variable y, leads to an algebraical 
relation between # and y, X and Y. 
This algebraical relation is 
(May =aa+yy+4b(a+y) +0, 
where C is the arbitrary constant of integration; and this 
relation when rationalized leads to a symmetrical quadri- 
quadric function of « and y, of the form (§ 148) 
aay? + 2Bay(a+y)+y(a? + day +y") + 26(@+y)+e=0, 
or (aa®-+2G0-+y)y?-+2(Ba?+2yu-+ dy +ya?+26r-+e=0, 
or (ay? +28y+ y)a?+2(By?+ 2yyt det yy?+ 26y+e=0. 
(Cayley, Elliptic Functions, chap. XIV.) 
With a=0 and b=0, X and Y reduce to quadratic functions 
of « and y; and then 


volt =a constant 


a 


is the general integral of dx/,/X+dy/,/Y=0. 
142 
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139. By writing (lx’+m)/(l’a' +m’) for «, which is called a 
linear substitution, this symmetrical quadri-quadric function 
becomes unsymmetrical, the five constants a, 8, y, 6, ¢ being 
thereby raised in number to nine; and then 

da/,/X becomes changed to (lm’—U’m)da’/,/X’, 
where X’=(a, b, 6 d, e\(la+m, Va+m’y. 

The invariants g, and g, of the quartic X have been defined 
in § 75, and in § 53 the discriminant A=g,?—27g.%, and the 
absolute invariant J=g,?/A; and now, if g,’, gx, A’, J’ denote 
the same invariants of X’, we find 

go = (ln —I'm)49,, gs = (Um —Im’)°gg, A’ = (lm’ —l’'m)"2A ; 
while the absolute invariants J and J’ are equal. 

Conversely, any unsymmetrical quadri-quadric function 
whatever of « and y may be written 
G(x, Y) = (ax*?+2Bx-+ y)y? + 2(B'a? + 2y'a+ Vy + "a+ 26"a+ 6" 

=Ly?+2My+N=0;- 
G(x, y)=(ay?+2B'y +")? +2 By? + 2y'yt oct yy t2Wy+e 
= P2?+2Qc2+ R=0; 
LI, M, N being quadratic functions of a, and P, Q, A being 
quadratic functions of y. 
Then by differentiation 
(Pa+Q)dat+(Ly+M)dy=0; 
and by solution of quadratic equations 
LIy+M=,/(M?—LN)=,/X, suppose ; 
Pa+Q=,/( Q?—PR)=,/Y, suppose; 
and thus we are led to the differential relation 
dx|,/X +dy/,/Y=9, 
where X and Y are quartic functions of X, not necessarily of 
the same form, but having the same g, and gs. 

A linear transformation, such as that given by 

y= (ly +m)/(Uy' +m’), 
can however always be found, which will transform 

dy/,/Y into dy’'/,/Y’, 
where Y’ is a quartic having the same coefficients as the quartic 
X; in other words, the quartics X and Y have the same in- 
variants; so that we may, without loss of generality, consider 
X and Yas of the same form, and therefore drop the accents 
in the expression for G(@, y). 
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Now /X= Ly+M= (ax?+2Ba+y)y+ Pu?+2ya-+ 6, 
JV =Pa+Q=(ay+2By+ yet py + 2yy +o; 


so that ae wt =axyt+Ba+y)+y, 


a form of the tepal Heine in which the coefficients a, B, ¢, 
d, ein X and Y are functions of a, B, y, 6, ¢, determined by 
aut + 4ba3 + 6cx?+ 4da+e 
= (Bu? + 2yn-+ 6)°— (aa?-+280-+y)(ya? + 260-46), 
the Hessian, with changed sign, of (a, 8, y, 6, e)(#, 1)*; and 
Ue+yyr+4b(a+y)+C . 
= {any t+ Baty)+ yy 
=(0?—ay)(e@+y)’+2(By —ad)(a@+y) +? — ae. 
140. Lagrange proves Euler’s Addition Equation as follows:— 
Put da/dt=,/X, and therefore dy/dt= —,/Y; then 


a= = 2(ax3 + 3ba?+ 8c~+d) =2X,, 


oi= 2(ay>+ 8by?+ 38cy+d)=2Y,, 


suppose; so that putting ee =p, «—y=q, then 
P= /X— JY, a /X4SY; 
e 
or =2(X,+ Y,) 
= ha(p?+3pq") + 8b(p?+ q) + 6ep-+ 4d, 


= papq(p? +7) +bq(3p? + 9) + bepg + 4dq ; 
dp _ dp dq _ 
whence Vas ae ap Od 34 2bq* 


2 dp dp 2 APY dp dp 
oF @ dé d& gt diva) — Paget a 
Both sides of this equation are now integrable, so that 


€ a =ap?+4bp+C, 


or Ces rao) =a(e+y)?+4b(at+y)+C. 
We notice here that, if O=4b?/a, 
/X—/V _aa+y)+2b 


-¥ Ja 
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141. In the canonical form considered by Legendre, with 


L=sn u, dae/du=,/(1—a?.1—x?), 
y=sn, dy/dv=,/(1—y? .1—x*y?), 
then X=1—2?.1—472?, Y=1-y7?.1-#y*. 
Therefore de/,/X +dy/,/Y=0, 
leads to du+ dv =0, 
or w+ v =constant; 


which, in Clifford’s notation, may be written 
sn~'¢-+sn-1y=constant. 
Euler’s Addition Theorem of § 138 now gives 
o= (aE) Coty) 
_(cnudnw—en v dn v)?—«%(sn?2u— oer 
(sn u—sn v)? 
ts & wenv—enw dn a ~ ee aueee 
7 snw—snv aj sn(w+v) j 
by J. J. Thomson’s formula of § 121. 


142. But the Addition Theorem (1) for sn(w+v) of § 116, 
spn wenvdnv+snvenwdnw 
Pe 1—x’sn?u sn7v 
when translated into the inverse function notation, gives 
— en - eV A - 1L-Key)+y,/ 1-2. 11a") 
1—x*a*y? 
This reduces, for «=0, to the trigonometrical formula 
sin-47+sin-!y=sin-1{x,/(1—y”)+y,/(1—2*)}, 
the integral of da/,/(1—a)+dy/,/(1—y”)=0; 
and for «=1, to 
tanh-t~+tanh-ly=tanh-! 


> 


sn-1¢v-+sn-1y 


Ro 
l+ay’ 
the integral of  da/(1—a”)+dy/1—y”)=0. 
Similarly, equations (2) and (3) of § 116 may be written 
= —72 ,/2 And Sir pe 2p 12 
en~ e+ en-ty=en-- salts te PY) 
—K aX 


-2 2 m2 12, py Psy eye 
fat dnsty—dn- ee —* JON Ee ew D) 
We can now see why so little progress was made with the 
Theory of Elliptic Functions, so long as the Elliptic Integrals 
alone were studied, and also why Abel’s idea of the inversion 


of the integral has revolutionised the subject. 
G.E.F. K 
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143. A slight change of notation in the canonical integral 
(11) of § 38, suggested by Kronecker (Berlin Sitz., July, 1886), 
introduces a further simplification, on writing 

a= n 90%(u//*) 
then da/dw=/«sn($u//x)en($u//x)dn($u//«), 


“- “(1 “Va — Ka) 


=2x(1—px+x’), 
with p=k-t+k; 
and now w= fda}, /X, 
0 
with X =x(1— px+a’). 


Now 
hw-+0)[a/e=sn-y/ (a/c) +90-2/ (y/) 
monet ey ty) alin — pax") 
—xy 
144. In Weierstrass’s notation, we take 
X = 403 — 9.0 — YJ, 
so that, in the general expression of the quartic X, 
a=0, b=1, c=0, d=—g,, e=—9,; 

and now Euler’s form of the Addition Theorem becomes, with 
z for C the arbitrary constant, 


Va, 
Now if «=u, y=gv, so that ,/X=—@’u; ,/Y=-— 
then we shall find (§ 147) that z=@(w+v); so that 
—1/?U Bast 
e(w+v)= { of — QU QU} wccreseceeeeees (F) 
or, in the inverse notation, 
porters (Lf) ony} 
Put w+-v= —w, so that 
PUT Y)=9U, oUt) = —9'U, 
since (§ 51) gw is an even function, and g’w an odd function 
of w; then, with 


wtvu+tw=0 
—@’'y\2 
putov+ew (2 ee) 
and therefore also, by symmetry, 


=1(oe) = (cae om) ote ee (E)* 
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Thus Pv—-—'w_—'w—p'u_g'u—g'v 
PY- pW PwW-EU ~U—g—’ 

or — (pu— ew )p'u+ (pw— pu )p'r+ (pu — gv )p'w=0, 
or (BU pw) pu +(p'w—e'u)pv +(p'u—p'r)pw =0, 
k pu, piu | 

UCU 2) Uli Olea ctustesses soncoentieees (G) 
1, gu, ew - 

Weierstrass thus replaces the three elliptic functions sn w, 
en u, dnw by a single function gu, and its derivative g’u. 


or 


145. Take for example the integral of ex. 8, p. 65, 
Sx 8dx, where X =(x—a)(ax®+2bx+0), 
a cubic function of x, having a ir x — a. 
This example shows that we may put 
ac—b? 
aa+2ba+e’ 
gee P+ 2ba+e_ 4 ac—b? 
(e—a)? aa?+2ba+te 
ao (aa+b)(a—a)+aa?+2bat+ cy? 
(aa*+ 2ba+c)(«— a)? 
Now, if y and z are the values of a corresponding to the 
values v and w of wu, and if 


wutv+tw=0, or [X-8da+/V-kdy+f/Z-*dz=0, 


3 
pu, with g,=0, 9g,;=4 


and then 9*L= 


then the integral relation (G) of § 144 connecting a, y, 2 becomes 
(7 —2)X*+-(2—a2) 84 (e—y)Z9=0......0. 22. v2eseee (1) 
We notice that the integral relation does not require the 
knowledge of the factor e—a of X ; so that, writing 
X = Ag+ 3Ba?+3Cxr+D, 
we have, on rationalizing the relation (1), 
3(y—2)(2—a)(w—y)(XVZ)* =(y—2PX + (2-0) V4 (w—y)'Z 
= 3(y-2)(z—a) (ey) { Aaye+ Blye-+20-+ ay) + O(a+y+2)+D}; 
or XYVZ={Anyz+ Biyz+zatay)+C(etytz)+D}. ...(2) 
(MacMahon, Comptes Rendus, 1882; Q. J. M., XIX., p. 158.) 
Then X*Y?{(y—z)X*4(z—a)Y*} 
+(e—y){Aayst Blyzt+zetay)+Caty+2)+D}=9, 
XtV8(yXt—aV)4+(e@—y){ Boy tO (a+ y) + D} 
XtyH Xt— Y%)—(a@—-y) ){Any+ Baty) +O} 
equivalent to Allégret’s result (Comptes Rendus, 66). 


so that z= 
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146. We shall find it convenient to replace the constant C’ 
in Euler’s integral relation by 4¢+4s, and to consider s as the 
arbitrary constant, the meaning of which is to be interpreted ; 
and then 


o=3(V2 aw") Jalaty—baty)—6 


F(a, Y)—n/X/V 
oy 
where 


F(a, y) = any? + Qhay (a+ y) + (a? + 4ay+y") + oda +y)+e 
= (au? + 2ba+c)y?+ 2(bu? + 2ex+ d)y + ca* + 2da+e 
=(ay?+ 2by +c)u? + 2(by? + 2cy + d)a+cy?+ 2dy +e, 

a symmetrical quadri-quadric function of # and y. 
Treating s as a function of the independent variables # and 
y, we Shall find 
Lor 1 dX 
xe. 2 aa 4 dan” RyX-X JY 
One (@—y) (2—y) 
(ay? + 3by? + 8cy + d)a+ by? + 3cy?+ 3dy +e 
R (oy Ne 
4 (aah + 3ba? + 8cu+d)y + ba? + 3cx?+ 3da+e 
(2—y) wi 


X. 
r/X +7 cop Y, suppose ; 


or s= 


Viet, 
 @-¥F 
and similarly we shall find that ,/ es has the same value. 


But if s is taken as constant, then 
Os Os 


or da], /X +dy/,/ Y=0, 
so that the differential relation which leads to Euler’s integral 
relation is thus verified. 


147. But now denote 
4s°—9,s—g, by 8, 
where g,=ae—4bd+3c, g,=ace+2bed — ad? —eb?—c?, 
so that (§ 75) g, and g, are the guadrivariant and cubicvariant 
of the quartic X (Burnside and Panton, Theory of Equations ; 
Salmon, Higher Algebra). 
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We shall find, after considerable algebraical reduction, that 
//S= (Y,0+¥,),/X— (Ay + Xs) /V 
Lae, 1 3 as iv Gi) 
a ay 8 
et JO GE INGE RIED 
and the elliptic elements dx/,/X and dy/,/Y are now reduced by 
this substitution to Weierstrass’s canonical form ds/,/S of § 50s 
Mr. R. Russell points out a concise way of performing this 
algebraical reduction, by means of the linear substitution 
t=(7@+y)/(r+1) in the quartic (a, b, ¢, d, e)(t, 1); 
which then becomes of the form 
X7*+4(X y+ X,)77°+ 6K (a, y)7r?+4(VYia4+ Y,)r+ Y, 


or Ar*+4B73+ 607?+4D7+E, suppose. 
If the invariants of this new quartic are denoted by G,, G. 
then Gy = (@—Y)"J G3=(@—y PGs 5 


and S=4s?—g,s—g, 
CAs On VAT 
is 2(a—y)é —9e 2(a—y)? 9s 
BC aN ANE = OCLC a, /A/E)H 2G, 
2 2(a—y)° 
—(D,/A-B,/E)? 
“Ga 
{e+ Vo) JX —(Xyt+Xo)/VYP 


(w—y) 


148. Rationalizing the integral relation of § 146, 
{28(a@—y)?— F(a, y)P=XY, 
or s(a—y)?—sk(a, y)—E(a, y) =9, 
where E(a, y) = {(ac—b?)y?+ (ad —be)y+4(ae—c*)} x? 
+ {(ad —be)y? + ($ae+ 2bd — $c*)y + be—cd}x 
+4(ae —c?)y?+ (be—cd)y +ce—d?; 
or (8—s49,)(e—y)?—sF(@, y)— Ha, y)=0, 
where A(x, y)=(ac—b?)a7y?+(ad—be)ay(a@+y) 
+4(ae+2bd —3¢?)(a? + 4ay +y*) +(be—cd)(a+ y) + (ce— df, 
a symmetrical quadri-quadric function of « and y. 
149. When z=y, F(x, «)=X, and 
E(a, ©) = H(a, «)=(ac—b?)a* + 2(ad — be)a3 + (ae + 2bd — 30?) x” 
+ 2(be—cd)x+ce— d’, 
the Hessian H of the quartic X. 
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One value of s is now infinite, and the other 
t= —H/X, 

as in § 75; for, when v=y, 

, Fe, y)-J/XVV_0 
2(a—y)* 0 
iP {F(a, y)}P?-X VY eae —2K(a, y) LE. ade! 
<I ay Fe, y)+JXJV} FG YtJkJY x? 
a substitution due originally to Hermite (Orelle, LII., 1856). 

Now, since t=0, when X =0, or w=a, 


Sal X= fai| /T= 19-X —H/X), 


a denoting a root of the quartic XY =0; and here 
T= ,/(AP—9t —9s) 
at (Yye+ Vy )n/X —(X y+ X2)/V _0 
(e—y) 0 
(Wot VX aye en 
(@—y)((Yye + Y/X+(Xyy+Xp/V) XP 
where @ is a certain rational integral function of a of the 
siath degree, called the sextic covariant of the quartic X; the 
preceding algebra showing that 
DP? X=) or 4H o— gs HX ng Xe = eee (H) 
this is called a syzygy between X, H, and G. 
(Burnside and Panton, Theory of Equations, p. 346.) 
For instance, if X is already in Weierstrass’s canonical form, 
so that, if L= OU, 
X= 9?u = 403 — 9,0 — gs, 


then H = —(a? +49)? — 2950 ; 
and now t=2u, 
so that g2u= (G?w+ +95)" Sir 293QW 


49° — J,0U— 9 
This may also be written 
2 
g2u=ow -i ie log pu. 
150. With y=oo, 
23=aa+2be+c—,/a,/X, 
or s°— (ax? + 2ba+c¢)s — (ac —b?)x? — (ad —be)a —4(ae—c?) =0. 
With y=0, 
28 = (cu + 2da+e—,/e/X)/x*, 
or "8? — (cx? + 2dax-+e)s—}(ae—c*)a? —(be—cd)a—ce+d?=0. 
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Writing F(a, y) in the first equation of § 146 in the form 
V44¥ (ey) + Y"(a—y), 
we can find « as a function of s and y by the solution of a 
quadratic, in the form 
Prat — yam Yn/S+ 3" ea Wag 
2(s—, VY")? — : 

This method of the reduction of the aa elliptic element 
dz/,/X to Weierstrass’s canonical form ds/,/S is taken from a 
tract “ Problemata quedam mechanica functionwm ellipti- 
carum ope soluta.—Dissertatio inauguralis,” 1865, by G.G. A. 
Biermann, where the formulas are quoted as derived from 
Weierstrass’s lectures. 


151. Changing the sign of ,/Y, we find that 
ee Yytrn/X/V 
2a—y)? 
leads to the differential relation 
ako SR Gi ea eke 


Xda Vedi n/Sdi? 
so that, putting Jie! r/& =U, Stila Veo 


u-v=/ ia] /X=fasj JS, 


implying that w—v=0 when w=y, since s=o when w=y; 
and now, in Weierstrass’s notation, 


Fi DIAG 
s=e(u—v) = e oe ; 


Changing the sign of v, and therefore again of Y, 


—/X,/Y 
tuba yan 


so that g2u= —H,/X, g2u= —H,/Y, 
implying that w=0 when X =0, v=0 when Y=0; so that 


u=fdul/X, v=fdy/,/Y, 


where a denotes a root of the einen Ee Os 


Then Aw—v)+e(u+v)= Gay, 


Q(w—v)—-e(W+V)= 
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Mr. R. Russell finds, as is easily verified algebraically, that 
F(a, y)_ a Sy t XP He 9) ef _ (Yet YP 


(@-yP @—yFX ’? (wy)? (w—y)PY 
But, from ne Addition Theorem (F) of § ne 


o(u—v)-+9(u-+e) +92u=4/° wae ; 


_ lieu ae ; 
o(u—0) + 9(u-+0) +920 = 9 Oe 
and therefore 
XytX, _ _1g¢'(u-v)~e'(utv) 
(w-y) JX 29 (u-v)-9 (utr) 
Y,0+ Y, 1 @(u—v)+e(U+?), 
(a@—y)/VY 2 p(w=2)—e(w+2)’ 
the sign being determined by taking v small, when y =a, nearly. 


Now, @(u-v)- —euto)= EY, 


( , Y,2+ Y, 
@ (w—v)+e(w+v)= —2 (a—y)? SX; 


so that, as in § 147, 


—(Y,e2+ Y,),/X — (Xyyt+Xs)n/V 


Aas (@—y) 
e(u+r)= —(Yie+ alah +X5)/V 
ye 


152. When y=o0, 
g2u= —lt H,/Y =(b?—ac)/a, 
and g'2u= —lt G,/V*=(a’d —8abe+ 2b*)/a? ; 
1 g(u—v)+e(ut+v) _ , Vet, aa+b 
2e(uvn—p(urr) W/V Ja 
Again, from equations (F)* and (G) of § 144, 
1 g(w—-v) — 920 _ 1 gu-vte(uty)_  Vie+yY, 
2 9(u-—v)—-g2v 2e~w—v)—o(Ut+r) — (a@—Y)/V 
and putting u=0, and therefore ~=a, we ‘find 
aa+b gv+'2v 
Ja ev—-e2w 
so that the quartic can be solved, when gv and g’v are known. 


(Solution of the Cubie and Quartic Equation, Proc. London 
Math. Soc., vol. XVIIL., 1886.) 
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Otherwise, with t= —H/X, 
Ae Xk — 1X2 2G 


da Xe x 
while T? = 46 — gt — 9, = G?/X8, 
so that dt/,/T = —2dx/,/X, 
and w= fan| JX = fiat] JP=}9-(—H]X), 


a denoting a root of the quartic X=0. 
Then g2u=t=—H/X, g2u=—T=-—G/X?}; 


while v=0 when y=a, and Y=0; 
F(a, a) 
so that w= S= Mid, 
PU=8 eae 
, 34 3ba? + 3ca + d)xtba? + 3ca?+3da+e 
ut a ee _ (da’ + 3ba a 
9 U nT (a—a)* Nee 


If v, k, K denote the values of w, s, S, when v=, 
k=4(aa?+2ba+c)=v, K=(aa?+3ba?+ 3ca+d),/a=—9'v; 
paeet 3ba?+3ca+d 


xe—a 


s— 


oe ee ee 

~ (s—h),/a (gu—evr),/a’ 

and now g2v=(b?—ac)/a, o’2v=(a2d—3abe+ 2b8)/a®. 
Conversely, given these values of g2v and ¢’2v, and supposing 

the bisection of the argument of the elliptic functions to be 

carried out, we can determine gv and ¢’v, and thence solve the 

quartic equation X =0. 


so that L—a 


153. Since F(a, a) vanishes when w=a, a root of X =0, it is 
divisible by c—a; so that 
ga eet 2ba+c)u?+ 2(ba?+ 2ca+d)xz+ca?+2da+e 
2(@—a)? 


=t(aa?+2ba+ —, suppose, 
=a 


a typical linear transformation, which converts dx/,/X into 
ds/,/8, the canonical form of Weierstrass. 
Denoting the four roots of X=0 by a, 8, y, 6, then since 
bla=—tatBt+y+6), ca='ab+ay+tad+ 6 +68 + By), 
we may write 
a—B.a-—y.a—6/“— L— x—6 
Sit B a Gap) 
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and now 
,_ Bla-ya-8)+y(a—8)(a—B8)+ Ka—BYa-y) 
ON (a= a= 8) + (a= 8a B)+ (a B)(a-y) 
with three other values (’, y’, &’ corresponding to £, y, 6. 
a? + 3ba?+3ca+d)a+ ba? + 3ca? + 3da+e 
Now Whee a : ae ae /X 
=(aa>+ Bbab-+ 3ea+d) 
= = 6) 
= jala— BYla- Yada] { FP YE= 9, 


Denoting by ¢,, g, és, the roots of the discriminating cubic 


4c? —9,¢—g,=0, 
so that S= 4(s—e,)(s —e,)(8—és), 
then we may write 
a—B 
SOONG) a.) areas 
ar 
s—=4a(a—8)(a—B)-—, 
x—6 
s—@,=jala—B)a—y)— 


so that, to ~=a, 8, y, 6, corresponds s=, @,, é, és; and then 
= 7a{(a—y)( d0—8)—(a—d (S—y)}, 
= qya{(a— 68 )(B—y)—(a—B)(y—8)} 
és =qa{(a—B)(y—6)—(a— y)( 6—f)}. 
If we interchange a and £, and put 
au ghia y Bos: B=af Zaye aa 
aot gage ay Lease 
then to z=8, y, 6, a, corresponds 8,= 0, é3, Gg) €;} 
so that s=s, gives a linear substitution converting 
da/,/X into dz/,/Z, 
in which «=a, 8, y, 6, corresponds to z=, y, 6, a. 
If s is replaced by gu, and the same function of 2 by gv, then 
we find from § 54 that 
V=U, Uta, U+0,+o3 UW+2,+ 0s, 
gives the four linear transformations which leave da/,/X 
unaltered ; and corresponding to the values (a, B, y, 6) of a 
we find (a, 6, y, 6), (8, y, 6, a), (y, 6, a, 8), (6, a, B, y) of 2; 
the first transformation being merely z=z, not a distinct trans- 
formation. 
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154. When, as at first, 
Fla, y)— J XJ 
2a@—-yP 
and when e is a root of the discriminating cubic, then s—e is a 
perfect square ; and we find 


— ¢) = Nel Dy= J Nyn/ Dz 
J/(s e)= 2X(a—y) 5) 


where, as in § 70, the quartic X is resolved into the quadratic 
factors NV, and D,, and Y into the corresponding factors V, 
and D,; this can be done in three ways, corresponding to the 
three roots of the discriminating cubic. 
Thus the integral relation 
J Non Dy~ J NyJ/ Dz 
a 
leads to the differential relation 
da|,/(NzDz) + dy/,/(NyDy) =9, 

as is easily verified algebraically, V and D being quadratics. 


= constant 


155. A more elegant expression can be given to these rela- 
tions if we follow Klein (Math. Ann., XIV., p. 112; Klein and 
Fricke, Elliptische Modulfunctionen, 1890) in employing 
homogeneous variables x, and a, by writing «,/x, for x, and 
Y,/Yo for y; and now 

dae x,dx, —2,dx, 
ok -\Fmx + 4bx,Px,+ 6cu,20,? + 4dx,0,3 + ex4) 

Conversely, by writing « for a, and 1 for a, we return to 
our original non-homogeneous variable 2. 

Klein employs the abbreviations 

(ada) for x,dx,—x,dax,, and (ey) for 2,y.—x_¥ ; 
also fx for (a, b, ¢, d, e)(x,, @,)*; and now with 


w=u—v= fie] /X, 


y 
F(a, y)+n/fa,/fy 


8s=9W= 


2(ay)” 
Ota of or 
ere etd) = to Mit Pa a a0, 42 tae, v2) 
1 (fy 9,9 of Of 5s 
ee ay OY, 0Y> bd tat ayy Oy," x3), 
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(Se /fy+ (2a, + oa fa 
, 1 2 Yi Yo : 
a a ae a(wy 
reducing to the above in § 153, when fy=0. 

The Hessian H or H(a,, x.) of X or f(x,, x) is now given by 


Of Ot 
a on me 
et OL 


Ox,00, O20," 


and the sextic covariant G or G(@,, #,) by 


of of 
8G —t Oa,’ Oi, 
oH OFF 
C0, OX, 


We may also use # and y as the homogeneous variables in 
the quantities, instead of x, and a. 


Thus, for example, the integral if f-8(ady), where 
f=aly+1la®y’—ay" (the ccosahedron form) 
is shown to be elliptic by means of the substitution 


z= —Hf, 
o£ Of 
where H=71; aa? Cady 
oe 
onoy oy? 


= — 0794 228 aly — 4.940410 — 22895415 — y?0, 
Then we can verify the syzygy 
— H?41728f' = T?, 


, of of 
where T= — 7, a By 
oH =H 
Cn dy 
= 9739 + ae + 522(a%y> ees ery) _ 10005 (ay + eta 
Now dz _ StH — ae —5T 
2(ady) 3fH SEH 
so that de =bie 5 (ady) 


JG) SE STO a eee 
since 423g, = 4Tf-5, provided g,= —6912; 
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ady 25 dz Ga Oo aft 
and S 3 JGF=%) = 302 =50 l(— Hf-®), 


Similar eta will show that the integrals 


JS H-*(«dy) and ST-*(ady) 
are also elliptic; also the integrals 
Sf (aby —ay?)-3(ady) and SJ (a+ 1 4aty!+ 8)" Hady), 
depending on the octahedron form, x°+ 14aty*+ 48. 
(Schwarz, Werke, II., p.252; Klein, Lectwres on the Icosahedron.) 


156. The further development introduces the theorems of 
Higher Algebra on the quartic and cubic, for the treatment of 
which the reader is referred to Salmon’s Higher Algebra and 
Burnside and Panton’s Theory of Equations. 

Thus, H denoting the Hessian of a quartic X, and ¢,, é, é, 
the roots of the discriminating cubic 

—9J2e—J3=9, 
then 4(H+e,X)(Ht+e,X)(H+e,X )=4H?—g,HX?+9,X°= — G2, 
where G denotes the sextic covariant (§ 149); so that H+eX 
is the square of a quadratic factor of G. 

Following Burnside and Panton (p. 345) we shall find it 
convenient to put 16(H+eX)=—P?; and then 


PPP, =32G, 
P,, P., P; denoting the quadratic factors of the sextic covariant G. 
Then P?2+P24+P2= —48H, 
since €, +€,+6,=0; 


while (€.— 3) P41? + (€3 — €,) Po? +(e, — &) P27 =0; 
and ¢,P,?+e,P,?+¢,P,?= —16(é,?+¢”+6")X = —89,X. 
Since (€y— €3)P? = (€, — 3) Pa? — (1 — &p) Ps” 
= {a/ (6,5) Pot n/ (61 = 62) Pah ia/ (C1 es) Po — w/ (01 = 2) Ps}, 
therefore each of these factors must be the square of a linear 
factor, and we may therefore put 
n/ (6, 3) Pa + a/ (6 = 62) Pg = 2eUy”, 
n/ (6 63) Po n/ (61 — €2) Ps = 29", 
so that uw, and w, are linear; and now 
nl (C= C3) Py = 20 Ue, 
a! (0 = 3) Pg = Ur + Uys 
n/ (61 = 6) Pg = Uy? — Ug” 
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157. Mr. R. Russell points out (Q. J. M., XX, p. 183) that 


Hermite’s substitution of t= —H/X reduces the integral 
SG Ada to J (AB —gyt—gg) Bt. eects (1) 
For oe =f and 4t?—g.t—g,= ee 
so that G-3da = —4(4t3—got — 95)" 2dt. 
Again the integral /' (4t? — 9,t—g)"8dt, as well as the general 
integral OP Sse, toes ch oa ese hee ee (2) 


where JU or U(a, 1) denotes the cubic (a, }, ¢, d)(@, 1), 
is again proved to be elliptic by the substitution 


where K or K(x, y) denotes the Hessian of the cubic U(@, y), 
eu eu meal TO feat (4) 


given by 9K(a, y) -| 


“Oa®? Ondy| Ou? dy? \omoy 
eu 8 
ouoy’ oy” | 
The cubicovariant J of the cubic U is given by 
Howie ee oe 
| 0” COULD SES Leas ere (5) 
(2K (OK 
On’? oy 
and the discriminant A by 
A=a'd? + 4ac?— Gabcd + 4db? — 3b7c?; .......... (6) 
and now we have the syzygy 
D fal Sone Ore SVAN OL A PRO Pr Pre Re oe oaponcte! (7) 


(Salmon, Higher Algebra, §192; Burnside and Panton, 
Theory of Equations, § 159.) 
Differentiating (3) logarithmically 
3ds_ 3K" 2U’_ 3d. 
sde K Ue SKU 
while /(48?-+.A) =" 
Sah he ue _ _ dx _Uds _ ds 
Ok: EOD eS ven / 44a oA 
and J Uda =9-\(s; 0, —A)=9-\(—KU-4). ......(8) 
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When we know a factor, c—a, of U, then we may employ, 
as in ex. 8, p. 65, the aes 
SOE CDG apace eee Oe (9) 
Putting U=(a— . (av? + 2b’e+c’) 
=(x—a){aa?+(aa+3b)x+ aa? + 3ba+38c}, 
then 423—g, is a perfect square, when 
acé—b? —_ (aa+b)?+4(ac—b?) . 


—4 ail 
eas +2b’a+e' aa?+2ba+e 2 
and now pb EE Sot 3 
z Ua 
—3K 35 


= (ae2+2ba+e)U? act 2bate ; 


20. ee 3ds { 
(1 af ZB )ae= aa?+2ba+ec’ 
while 


=! 293\"__ 3{(aa+b)(a@—a)+ 2(aa?+ 2ba+e)}* 
(428 g5)(1 = 2 ) im (aa?+ 2ba+c)(“@—a)* 
3a ae a+ 2aba—2b?+3ac)a+...}? 


(aa?+2ba+c)?U? 
Ps Oe —_ _9(4s®+ A). 
~ (ae+2ba+cPU2” (aa®+2ba+c)*’ 
at ee 249 _ ds 
so that Je — 9s) — a/ (aa + 2ba+ Ona Crm Ay sloleterateistoieis/ sins (10) 


a transformation equivalent to that of § 47. 


158. Mr. R. Russell also shows (Proc. L. M.S., XVIIL, p. 57), 
lx?+-2ma+n 
/(aS+ BH. GED 
where X denotes a quartic and H its Hessian, can be reduced 
to the sum of three elliptic integrals by Hermite’s substitution 
t= —H/X. 
For we may replace (§ 156) 
le?+2ma+n by pP,+¢qP,+7P; 
or by 4p,/(—H—e,X)+49q,/(—-H —e,X)+4r,/(—H—e,X), 
where #, g, 7 are determined by equating coefficients ; while 
da} /X =tdt/,/T =1dt/,/(t—e, .t—e,.t—és); 
so that the integral becomes 
JP EES —H- eX) +qn/(-H-e, Xt) (- H-e,X) _/Xdt 
Jax + BH. aX + BH) a/ (t—e;.t-e,.t-e3) 


that 
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_fstios )-+n/(t—e) + 7a/ Ee) dt 
a— ft. a — Bt) er es, 
ff gee Tae ay ea Ka Be 
S J(t=6,.t=€3) ° /(t-e3.6-€) J (t-& -t-€2)). /(a—Bt.a—Bty 
the sum of three elliptic integrals. 
Particular cases may be constructed by making 8 and (’ 
zero, or a and a’ zero; when we obtain 


J (la? +2ma+n)da/X, or SJ (la? +2ma+n)de/H. 


159. Mr. Russell remarks that the reduction of the well- 

known hyperelliptic integral 
(la? + 2ma+n)da 

J —a® Lt a? 1 Aa. 1 —«Ax*) 
to the sum of elliptic integrals is a particular case of this 
theorem, since the quartics 

1—a?.1—xcrx? and 1+x2?. ESV 
can be expressed in the forms aX+ (8H and a X+('H, 
by taking X =1+x«xdA«'*, and therefore H=xnrza?; 
and now a=1, @=1, B=—(1+kA)/KA, B=(k+A)/KA. 

These integrals are considered in Cayley’s Elliptic Functions, 
chap. XVI., where zis replaced by «; they arise in the expres- 
sion of Legendre’s elliptic integral 

Sag/A(d, b) in the form #+74F, 
when the modulus b is complex, so that b?=e+¢f. 
(Jacobi, Werke, I., p. 380; Pringsheim, Math. Ann., IX., p. 475.) 

Writing P for e(1—«)\1+x«x)(1+rAx)(1—«rx), Jacobi finds 


Sie], JP =\0' +e) Fb, )+-F, d)}, 
frtla| JP =35 +2 (Hg, 0) — FUG, bY} 


b’—c’ b’—¢ 

wie a=(¥=8), a=(i55) 
or hep Lem hee ke 
J/(l+tK.L+A) J/(A+K.1+A)’ 
pe Wen D yt Ah 
r/(L+«.1+aAy i / Ae: 1+)’ 
wo, (L+K)(1+d)x (lL—x)(1—Kv2) . 
and SUP = (a er\(1-E AD) a eee 


4, b) = teal)? — + an/rr)" 
ANG = ee Le NEY Sa = fea Fra) 
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Then employing the inverse function notation, 


ae 
iL { +( 1ek.1+r.0@ ) +( Were Ihe N, ab )\ 
Perey ee Ve codes alee ee)! 
ada 
ame 
if {sun Ll+x.1l+rA.% b) ~sn-( l+«.1l4+rA.a2 )} 
JSkrA Lt. Ltrayl 1l+xv.1+)2’ T+eo.1+a0 °/S° 


When J is negative, then b and c are conjugate imaginaries ; 
so that we can now express NG, b) in the form #+7F, ae 
b? is of the form e+i7f. 

For, writing —) for A, and now writing 

P for a(1 ae +x«x)(1—dx)(1+ cr), 
Ls Bales 2F 
Pe shee 1—X) Te J (kr. 1+x«.1—)) 
In the particular case considered by Legendre, \ =1, and now 
P=ax(1—«a*)(1—«?2?), 
on replacing x by x«?; so that 
Sut*da| /(1— 22. 1— 12a?) 


can be expressed by elliptic integrals. 


then 


Mr. R. Russell employs the substitution 


y = Aav/(1+ Be), 
and now 


A(1— Bau)da 
Sz (y.1- “4 I=cy) S ya + Ba)’ Aa}{ (1+ Bay oAa}y 
so that, putting 
ae{(1+ Ba)?-— Ax} {(1+ Bu)?—cAx} =P, 
therefore ee Ne as 2) (KN) 
Taking B= ,/(kA), and 
(1+Bx)?— Av=(1—x)(1—KaAz), 
(1+ Ba)?—cAv=(1+xcx)1+A2), 


then 2,/KkA—-A=—1—kd, 
2,/KA—cA=K+A, 
or A=(1+,/ka), cA =—(/et+r/r); 
and taking B= —,/(kA), 
then A=(1l—,/kdA), cA=—(a/K—p/A)” 
GE.F. L 
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160. Mr. Roberts's integrals (Tract on the Addition of the 
Elliptic and Hyperelliptic Integrals, p. 53) 


fA + Ba*)dx],/Q; 
where @ is a reciprocal quartic in x”, say 
Q = aa + 4ba® + 6cxt + 4ba? +a 
or aQ = (aa + 2ba? +a)? — (2a? + 4b? — 6c)a4, 
furnish another particular case of Mr. Russell’s theorem, since 
Q can be expressed in the form 


(aX + BH) X+8'H), 
where X and # are in their canonical forms, 
X=a'+6me+1, H=maet+(1—3m?)a?+m. 
Or we may put «+a7!=u, x—a-!=v, when the integral 


becomes $A(U+V)+4B(U—YV), 


‘ du 
where Tae 4(a,— b)u? + 2a, — 8b + 6e}?’ 


v=/- dw 
r/{ avt+4(a+b)v?+ 2a4+8b+ 6c} 


Thus 1+a8=(1+ ,/20?+ 0*)\(1 — ./20?+ a4) 
=(X+,/2H)(X—,/2H), 
where A=1+21, H=a2?. 
A+ Bx? 


Therefore the integral Tata) a 


is reduced to elliptic integrals by a substitution, such as 


: y=(1 +a") /x? ; 
and then becomes 


dy d 
(BA) Pee sug? Ayf- y 
OY Tat? GD OFA Tega 2. =2) 
Another particular case of the general theorem occurs in the 
reduction of the integral 


J (le+m)da/,/R, 
where R is a sewtic function, the roots of which form an involu- 
tion, and whose invariant £ therefore vanishes (Salmon, Higher 
Algebra, 1866, p. 210). 
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This invariant # is the one tabulated in the Appendix, 
p. 258, Higher Algebra, where it occupies thirteen pages. 
The sextic covariant G of a quartic X is a specimen of a 


sextic of which the roots form an involution; and writing 
32G or 


P, P,P = (a,x? + 2b, 4+ ¢,)(a,u? + 2b,0+ €,) (age? + 2bgx + Cy) 
= (Z@—O,. &— $1) dy(H@— 0, . U— fy) Ag (H@ — Og . Z— ps); 
then since the squares of P,, P,, P, are linearly connected by 
the relation of § 156, therefore P,, P,, P, are mutually har- 
monic, and any one is therefore the Jacobian of the remaining 
two; this leads to the three relations 
MxC3 + gC, — 2b,b, = 4,0, + 4,C, — 2b,b, = a,c, + aC, — 2b,b, = 0. 
Ie ee ag 0, re Ose Oy 


p £—, c—O0,’ c—¢g, «—O,’ w—g, x—80,’ 


are the six linear transformations which reduce 


LS ; to Legendre’s canonical form 


dz 
JMAF+ 602 +E 
as in § 74; so that if the quartic X is resolved into the 
Peeieatic factors V and D, we may write 
N=p(e—6)'+q(a— 9)", 
D=P(e—6)+Qe—$) 


Now W/D is maximum or minimum when w=8, or ¢. 


Making P,, P,, P,; homogeneous by the introduction of y, 
which is afterwards replaced by unity, so that 
H(i OC aU), ans 
then the three distinct linear transformations of § 153, which 
leave dx/,/X unaltered, are found to be 


OP,foP, _OP,/oP, _ oP,/oP, 
Oy] Ou’  dy/ Oa’ dy! da’ 
(R. Russell, Proc. L. M. S., XVIIL, p. 48.) 


le+m eee (Au, + Buy)(u,du, — Udy) 
JSG n/{uytig(ty!— Uz4)} 
where w,, w, are defined in § 155, is reduced by the substitution 
=U,/U,, or p(a—p)/(a—8), 
A+By? hh 
Ja=¥) " 


= — 


Now 


to the form 
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This integral has been considered by Richelot (Crelle, 
XXXII, p. 213); and by differentiation we find 
- 1 
i; aX 24+Dya/ 75 ast te =e 2 
d sna lee LS =n cy ae (/2+1)y?-1 
dy” 9Nity  J/=y) ’ wie ie 
according as y? is less or greater than ./2—1; and thence the 
incon can be inferred; the value of « to be taken is 
/2—1 or tan 224°, when it will be found that K’/K=,/2. 


161. As further applications, consider the integrals 
SA) *dp, (Ag) *dd, /(Ag)-*dp, /(Ag) *d¢, 
where Ag=,/(1—b?sin?9). 
(Legendre, Fonctions elliptiques, I., p. 178.) 
Putting Af =2?, and 1—b?=c?, then 


} 1 1 2a. 
Sasy “p -/s 2 —j ; — cy 


the integration required in the rectification of the Cassinian 
oval, given by 
7,7, = 8’, or 14— 2a’r*cos 20+ a = 64, 
where 7,, 7, are the distances from the foci (+a, 0). 
The expression 1—«*. «*—c? can be expressed by H?—X?, 
where A=e+e, H=(1--cjx*; 
and now the substitution y= X/H gives 


npn Ntey+2Jo}, a= {1 40y—2/0) 


so that Sasso 


eles dy u 
“Sj ners Se ae 15/7 aaow ee -y) 
ee a ha eee Ce? x*-Je 1-,Je 
=7EF™ la + Joya’ satan} te Cal Maa VQz at 
by means of the results of §§ 39-41. 

In the Cassinian 


opt 4. 
pas ueg ee mie 


2a? 2 
cos ACP PB in 0/88 08) 
ar ar 
he) v#—ot+ Bt 


wr = ee ei 4qty4 — (v4 oy Be2y 
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ds _ 2a?r? 
dr AG + 87)? —r*} / {14 — (2 — BP)’ 
V(a?+B?) 2a2x2dr 


S SM(C+ BPH t= (8 = BY 
Now, if we put 
= (2+ B°)Pcos’s + (a?— B)sin%g, 
then ioe ae pre zl *sin”¢ } td 


-4 
= ere oJ (i “GP acay ms} ny 
Similarly Sow td ia eee 
dy 


Aes 2J/e}/A-y’) ex V{(te)y+2 Je} J-y")’ 
which can be expressed in a similar manner. 
Again, substituting A*¢ =«?, then 


Pp me : da 
Se de=5 /Jace x — oy 
li 
fos tdp= 5 [a= - are 


particular a of the Page eoueral integrals. 
Mr, R. A. Roberts (Proc. L. M. S., XXII, p. 33) has shown 
that S (le+m)(ax®+ Sha? +0)~§ or — 3dge 
can be expressed as the sum of elliptic integrals, not always 
however in a real form. 
Mr. Russell shows that if «—6,, 7—@, are the factors of P,, 
a quadratic factor of the sextic covariant, then 
la+n 
JP,/E 
is reduced by the substitution 
y=p(a—0 eae 
Ay’ +B 
/ (ay + 2by* yal 
and this again by the substitution 
=yJaty Ve 
pale 2fad)+qa/(@+24/00) 9, 
(2 — 4/0) (22+ 26 — Uae 


two elliptic integrals, not necessarily however in a real form. 


da 


to the form 


to the form 
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Abel’s Theorem applied to the Addition Equation. 

162. Euler's Addition Theorem is now found to be a very 
special case of a Theorem of great generality, due to Abel, the 
method of which we shall employ here, in the very limited form 
required for the Addition of the First Elliptic Integrals. 

Consider the points of intersection of the fixed quartic curve 
whose equation is 


with any arbitrary algebraical curve whose equation in a 
rational form may be written 


L(G) =O aed creas gem mse tees (2) 
By continually writing X for y?, we can reduce equation 
(2) to the form PA Qy =0 3 vruancsacns dnedeeomenaieane (3) 


and now the abscissas of the points of intersection of (1) and 
(2) are given by the equation 
PAQ SX = 0s es ere eee Oe (4) 


or; in’a rational form, | B2— O70 = 0s... ees eee (5) 


Denoting the degree of this equation (5) by mu, and its roots 

by 2, Lo, --. Zu, Abel puts 

Yo = P?—Q2X = C(a—2x)(w@— ay) ... (W— ap), ...-.- (6) 
and now he supposes the roots of this equation to vary in 
consequence of arbitrary variations in the coefficients of the 
terms in equation (2), corresponding to arbitrary changes in 
the shape and position of this curve; the coefficients in 
equation (1) are however kept unchanged. 

If oP, o@ denote small changes in P and Q due to the 
changes in the coefficients, and if daz, denotes the correspond- 
ing change in any root #, of equation (5), then 

W'a,. dx,+2PsP —2Q06QX,=0, 
or, making use of equation (4), 
Wa, . dt, — 2(QOP — PSQ)./ X,=0, 
dz, jQOoP—PéQ 62, 
=f ere see Np ee eee (7) 
suppose. 


Now, if the degrees of P and Q are denoted by p and q, 
then the degree of 6x is p+q; and we shall find this is 


always at least one less than ~—1, the degree of yx, or two 
less than yu, the degree of Wa. 
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For if in equation (3), P? and Q2X are of equal degree, then 
q=p—2, and n=2p; so that u—p—q=2; and n—p—q is 
greater than 2, if ¢ is less than p—2. 

But if q is greater than p—2, then the order of We is given 
by that of Q?X, and therefore ~=2q+4, while p=q+l1 at 
most ; so that .—p—q=3 at least. 

Since «6x is thus of lower degree than Wx, we can split the 
fraction x@x/\x into a series of partial fractions, such that 

COD Oe 4 WO 
se Oe LAL — Ly)’ 


and now, if we make 7~=0, we find that 


Ox; 
Fe toon rc wae ones uacienat ones cts 8 
Dargis (8) 
a theorem in Algebra due to Euler; otherwise stated as 
T= x,” 


Ad es i) 
eee GTE a) ose aes (Le — Du) eo 
provided m is less than ~—1, the x marking the position of 
the missing factor 7,—~,. 

Applying this pheober be equation (7), we find 


Sa, VR XS) mene een eee (10) 


so that, if, in pore acne of any finite alteration of the 
coefficients in equation (2) or (3), the roots of equation (5) 
become changed to w’, a’,,..., 2’, then 


ie ait” Py ue. ce Te = ONMa C11) 


the iveerein of Abel, as required for prevent purposes. 

It is the combination of the theory of Integrals and of the 
theory of Algebra which furnishes the key of ‘Abel’s Theorem ; 
the algebraical laws are expressed very concisely by a single 
equation (5), of which the variables are the roots, and whose 
coefficients are not independent, but are connected by a number 
of relations. 

Thus, if we take P of the p* order, and Q of the order p—2, 
we have a plexus of u or 2p equations of the form (4) 

ax,? + Ba,P- 4 ya,h-2 (yay r+ a /Xr=0 5 
and the elimination of a, 8, y,..., y’,-.. leads to a determinant 
of 2p rows, each row of the form 


= > <M fixe h-8 
Cee aa ie) hg, Cp A) oy ee 
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163. Suppose for instance that (2) is the parabola 


Y = AHZ AQABA Y, cvececesecececoees (2) or (8) 
then equation (4) becomes 
an? + 2Barty— JX HO, ccececeeecescecoeens (4) 
and (5) becomes the quartic equation 
(ax? + 2Ba-+-y)?—X =O, ..cecsseceereneee cise (5) 


Denoting the roots by 2,, 2 @, 2, then the elimination of 


a, 8, y leads to the determinant 
w°, t, 1, /X, 
9 


@,, By 1, JX, 
as the integral relation, corresponding to (u=4), 
CLM a Od, a Oe 
WPS eG Par he 
By making a=,/a, so that the parabolas are of constant 
size, or by writing equation (5) in the form 
(ax?+2B8a+y)—axX =0, 
one root, x, suppose, becomes infinite ; and now 
4a( 6 — b)x? + (48? + 2ay —6ac)u?+ 4(By —ad)a+ y?—ac=0, 
so that 
4(8—b)(a,+2,+25)= 66 —2y —46?/a 
= 2a0,7+40x,+ 6c—2,/a,/X,—48?/a, 
or 4(8—b)(a,+a,)=2ax,"+ 4bx,+6¢—2,/a,/X,—48?/a. 
Now the two relations 
an,?+20e,+y—/a/X,=0, 
av? + 2Ba0,+y—r/a/X,=0, 
give by subtraction 


(a, — %q){a(2, +2) +28} = /a(./X, NG) 
so that aS = 0(@,+0,)?+4B(a@, +a) + Be 


Ly — Lo on 
=A, +2)? + 4b(@,+ Hq) +C, 
where C= 2ax,?+ 4bx,+ 6c—2,/a,/ Xe; 


and we thus obtain Euler’s original integral relation, the 
general integral of the differential relation 
dit,|./X,+dx,/,/X,=0, 
when C is constant; and a particular integral of 
At, | f/f X,+ dee|,/X+da,/,/X,=0, 


when w, is considered as variable. 
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164, When X is in Legendre’s canonical form 1 —a2. 1 —x2x 
then Abel takes P=az+2, Q=6; 
and now equation (6) becomes 
Wa = (ua +a)? — b?(1 —2?)(1 — 22?) 
= a8 — (bx? — 2a)at+ (D2 +b%2+ a?)a? — b? 
= (x — 2,")(x” — 25")(x — 25”), 
where Hy? + 0 + 057 = 0%? — 2a, 
Hyg” + M970,” + 2,292 = 52 + bx? + a2, 
Li oa C—O 
But @ and b are determined by the equations 
AX, +2°+bX,=0, av,+2,2+bX,=0; 
so that b= CO ts, 
@X_— WX,” 
and therefore, as in formula (1), § 116, 
_ 2-H? _ Xo +a,X, 
5 yX_—U,X, 1—K2a,2a,2° 
Also 1—a,?.1—a@,?.1—a@,?=1-b??+2a4+0?+b%2?+02-b? 
(+a), 
while #,?+2,?+0,? —xa,"x,," = — 2a, 
so that 
2— 4? — 0? — #3" + 7°07,” = 2(1 +a) 
2,/(1—«,?.1—4%,?.1—2,?), 
or (2-—2,2— x7 — 047 + 70,7070")? = 4(1 — x”) 1 —@,”)(1 — x,”), 
which may also be written 
r/ (1-232) =/(1 — 0,7. 1-07) £2,0,/(1 —x°2,”), 
as in § 119, with v,=snu, 2, =snv, %,=sn(wt). 
This, with vw, =sn u,, %,=SN Uy #,=Sn Us, may be written 


wv. 


I 


1—cn*u, — en*u, — cn?u,+ 2 cn wn U,EN Us =K7*SN7U,SN"U,8N7U, 5 
where U,+Un+U,= 4K, 
($ 131); and, with a triangle of Class I, is equivalent to the 
formulas in Spherical Trigonometry 
1 —cos2a — cos’b — cose + 2 cos a cos b cos c= x’sin*a sin’) sin*¢ 
=gsin2A sin2) sinc = sin’a sin”B sin’c = sin’a sin”) sin?C. 
165. To obtain the Addition Theorem for Weierstrass’s 
functions, we consider the intersections of the cubic curve 
Uf Ae Gi — Game OF A seve edcke«v oss: (1) 
with an arbitrary straight line 


y=ar+ 6; ef alerneve oeaietnns emo ieee oe os sick (2) 
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Now, if «,, @,, #3 denote the roots of the equation 
4a? — 90 — Jg— (A+B)? =O, ..receceeeeeeecneeeens (5) 
then ar,+B+,./X,=9, 
at,+B+,/X,=9, 
so that a= Nae ni Xs B= iia ts Ban Ey 


Ly — Le L— By 


and (§ 144) 0, +0 +0,=}0?= ees RED 


ae 
The elimination of a and 6 between these two equations and 
avs+B+,/X,=0 
leads, as in § 144, to the determinant (G) 


ae yee, 1, gu, gu 
Loe R/O ore eeu Ov =()), 
Ms, eG 1, gw, ww 
where utv+w=0. 
In addition, from (5), 
Well + Hg + Wyo = — 4q— a3, 


U4 LC,= 49,+4?; 
so that 


(1+, +@5)(40 0 900.— J) = (ally + Hy, +H y@2+ 49g). 0000 (1) 


166. Consider the intersections of the fixed cubic curve 


ye = Ase + 3Ba? + 3CH + D, .2...opensdesssees (1) 
with a variable straight line 
Of = AL Bo. basa tees tAee eee ea eee ee (2) 
Then Wa =(ax+ B)?— (Awe +3Ba?+3Cxr+ D) 

= (a? — A)(¢—2,)(@ —H)(W— By), vere rseaseereres (6) 

aCe —B 

and ny +a, $a, = 329 — 8, 

2_ 

A _ 308 

Log Vel, + WW, aS, i 

3_ D 

LLL, = — ee 


Denoting by ¥,, Ya, yz the corresponding values of y, then 
YYoY3= (at, + B)(ax,+ B)(ax,+ B) 
= 0x, 0o0,+ {B—-4(aF—A)(a,+ B+ X5)} (Ao@4 + Her, + £45) 
+{C+4(a®—A)(ayrg+ Ll, + W4Xy)} (#2, + Lo+ 3) 
+D—(a—A)x,x,0, 
= Ax,00,+ B(a@,+00,+2,25) +C (,+a,+ x3) +D, 
as in § 145. 
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Now, if the constants q and 8 receive small increments 


da and 68, then 
V'a,da,+3(ax,+ B)(a,6a+6B) = 


and Wa, =(a? — A)(a, — x,)(@, — 23), 
< x©,0a+d8 
so that —= eee eet 7). 
(@=A\(a,— 2,2) “) 
and 
es ag: wy He = ee ‘) da 
YW Ye Ys" Ug—X.H— Ho a4- Wq.Ly—k, Lj. Lg—Hy/ oP — A 


i 3( Da hdr = ie 6B 
VO, .l,—Lo %,—Uy.Ly— Ly, Lo—y.Ly—W,/ 0 
AU Aire cee ee (10) 
and the sum of the three integrals is a constant, which can be 
made to vanish by taking for the lower limits a root of the 
equation y=0. 
In the particular case of the cubic curve 
e+ye=1, 
the relation expressing the collinearity of the three points is 
Ly Polls + Ys YoYs = 1. 
Now, as in § 145, with g,=0, g,=1, and 
a? 
ay ee 


eu 
and, by symmetry, with 


1-y7)s_—, J+. 
, ev -/3; ay 


we find from (F) § 144, after reduction, 


5 El LS eae 
e(w+v)= (Cea wD gu—g~v=l, 
so that u+v=da, a constant. 


With ga=1, then (§ 149) g2a=1; so that (§ 62) 
92a = e(2w,— a), OF d= Za». 
We may therefore put 
Uu=to,+t, v=fo,—f, 
and express w and y by functions of f. 
For any other arbitrary value of a, the integral relation 
connecting # and y will be, by § 145, 
(1—a8)\(1—y*)(1—2*) = (1 — aya)" 
and treating z as constant, this leads to the differential relation 
(1 —2)-8da+(1—y3)~3dy =0. 
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We can put 
dye elie eat te 
ee iar ee ae 1-y Aa GN ay 
where Utv+tw=(0; 
and gw=1, for the value z=0o ; and then 
e+y=1. 


167. When the quartic XY is resolved into two quadratic 
factors V and D, we may replace (1) by the quartic curve 


Raed DIOR, gacorcenobnigh mace bane o" (1) 
and now equation (4) is replaced by 
PJD On. IN= Oi cose cetera chaser eae (4) 
so that equation (5) becomes 
PA DUN = OP rrsseneact es ver neces (5) 


The elimination of the constants from the plexus of equations 
determined by the roots of this last equation (4) leads to 
determinants, whose rows are of the form 

Lye | Deg Vet. Dipteces Uri al pe or! mee rere 

For instance, by taking P and Q linear, so that the variable 
curve (2) or (3) in § 162 is a hyperbola, we can obtain the 
integral relation of § 154 in the form 

JNJ D2 — / Non/Dy : wl Non/Di— ain) Dee een 
Cs ous 
(W. Burnside, Messenger of Mathematics.) 

We have taken XY as a quartic function of x, so as to apply 
to the elliptic functions, but Abel’s theorem holds for any 
higher degree of X, the method of proof being exactly the 
same; and, according to Klein, we resolve X, supposed of 
even degree, into factors V and D, differing in degree by 0 or 
a multiple of 4, when we wish to make use of the fixed curve 

= VD) 


168. The reader is referred to the treatises of Salmon or of 
Burnside and Panton for the proof of the Theorems in Higher 
Algebra quoted here ; they are easily verified, however, 6 we 
work with the fuectae in its canonical form 


Us ot — 6m ay?+ -y*; 
when H= —mat+(1—3m?)x*y? — my}, 
G=t(1—9m*)ry(at —y*). 
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The following examples, taken from recent examination 
papers, will illustrate the character of the algebraical work. 


EXAMPLES, 


1. Denoting by U the binary quartic, reduced to its canonical 
form, «*— 6ma*y?+ y', its quadrinvariant and cubinvariant by g, 
and g;, and its Hessian and sextic covariant by H and G, 
prove that 

(i.) 43 —g,m —9,=0; 

Gi.) H+mU is a perfect square ; 
(ii1.) 443—g,HU?+ 9,U?+ @= 


oH oH 
Gv.) H(S), - 5, ) = HGH 9,0 (onl + 89,U); 
SH/oU\! , 8H 00 00 , 8H /2U se : 
i) Gp — “Oxoy Ox Oy oe) =U AEB 


CU (oH CUNeh ol 2U/0H\? 
(1) (oq) dady Ox Gg ) 
(vii.) the Hessian of \U+yuH is 


(0? = gga”) H+ (bgodu + d93u") U, 
and the sextic covariant is 
2408 = goAw? — gam?) Gt. 
2. Denoting the roots of 4e?—g,e—g,=0 by e@,, és, és, prove 
that the roots of (2?+49,)?+ 29,0 =0 
are of theform —_,/(€,¢3) + n/(€3¢) + a/(€ 65): 
3. Denoting the discriminant, Hessian, and cubicovariant of 
a cubic U by A, K, and J, prove that 
AUZ—J2 4K ®, 
(Work with the canonical form U=aa?+ by?) 
Denoting the same functions of \U+uG@ by A’, K’, J’, prove 
that A’=(A?2— p?A)?A, 
K' = (A? — pA)K, 
=(A?—w?2A)AT +n AU). 
4, Prove that X and Y in § 139 have the same invariants g, 
and g, (Burnside and Panton, 1886, p. 418). 


5. Prove that, in § 156, 
nl (Cn &3) Py + n/ (C3 = Oy) Pot n/ (61 = &2) P: 


is the square of a linear factor of X, 


= 48 U(9,H —9,U); 
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6. Discuss the properties of the quartic X’ in § 153, whose 


7 


roots are a’, 8’, y’, 0. 


7. Prove that (§ 160) 6,, $;; 9 $33 93) #2; define an involu- 
tion of the roots of the sextic covariant @ (R. Russell). 
8. Prove that the cubic substitution 


y = — (ba? + 3ca? + 8da+ e)/(aa? + 8ba? + 3cx +d) = — X,/X, 


makes ’ dy ee ee , 
J! (GoHy — 93 Uy) WS (GoH2+39s Ux) 
where Ura (O50 Cr 0, Cd) 


(Hermite ; Crelle, LX., p. 304; R. Russell, Proc. L. M.S, 
XVIII, p. 52.) 


9. Integrate Bell na: Paes cy 


10. Prove that, with s=gu, 
@'2u = (28° — 59,8 — 109,48? — $.9,78? — $4o938 — 93° + 290°)/9u ; 
r/(g2u —e) = —(8— 2es — 22 + 195)/9'u ; 
a/(92u— ea) + a/(92u — eg) = — 2(s — eg)(8 — ep)! pu ; 
Ta, eon vss ema Tha heel rah aac! sal eae 2M Se 
8—e, 8—e, 8-6 
11. Prove that, if 


(1.) ev; —20, —40)=5, then 92v=0, g8u= —4, o4v= 


5 

73) 

(u1:) e@s —60, —10)=5). ve Ue Ras hy ead 45, 
iil.) (0s — 15.319) 5 ae eeeneaces a Aare 456, 


12. Prove that 
(i.) J(A + Bx)dx/y is elliptic, if y? = (1—a?)\(a+ 3a — 42) ; 
Gi) /(A+ Bet Cy)da ls is elliptic, if 


f(x, y)=(a, 6, ¢ fg, h\ a, y7, 1). 
(W. Burnside). 


CHAPTER VI. 


THE ELLIPTIC INTEGRALS OF THE SECOND AND 
THIRD KIND. 


169. The Elliptic Integrals, and thence the Elliptic Func- 
tions, derive their name Elliptic from the early attempts of 
mathematicians at the rectification of the Ellipse. 

It was some time before mathematicians perceived that the 
simple integral to begin considering is 


Fg=Sdg/A¢, 
which has not originally such a special connexion with the 
ellipse; but the name Elliptic Integral has nevertheless been 
retained generally for all integrals of this nature. 

To a certain extent this is a disadvantage ; not only because 
we employ the name hyperbolic function to denote cosh u, 
sinh wu, tanh wu, ..., by analogy with which the elliptic functions 
would be merely the circular functions cos ¢, sin ¢, tan ¢, ...; 
but also because it is found that the elliptic functions are a 
particular case of a large class, called hyperelliptic functions, 
but included in a larger class, called Abelian functions after 
Abel, which, beginning with the algebraical, circular, hyper- 
bolic, and elliptic functions of a single argument wu (p=1) 
are in the general case the functions of » arguments which are 
met with when we consider the integrals 

Ike. Bee aey eet) Ot A, 
arising in the linear transformations of J dx/,/X, in which 
X is a rational integral function of w of the degree 2p+2; 
for now the linear transformation (/a+m)/(l’«+ 7’) converts 


if dx/,/X into (lm'—Um) We (UVa+m’)?~tdx/,/X. 
175 
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170. Legendre’s elliptic integral of the second kind has already 
been defined in § 77; and denoting it by H¢, then the length 
of the arc BP of an ellipse is given by aH, where the are BP 
and the excentric angle of the point P are both measured from 
the minor axes OB, and now the modulus is the excentricity of 
the ellipse. 

The quadrant of the ellipse BA is given by aH, where, 


as in § 77, # denotes Agde, the complete elliptic integral of 


the second kind, in siete o=4 BT 

The perimeter of the ellipse is therefore 4a, the same as 
that of a circle of radius wH/}z. 

The periodicity of sin ¢@ and A¢@ shows that, as in § 14, 


Br+¢) =f sui afi 2n+ Hy, 


and generally i Cite -2m.B + ¢, 
when ™ is an integer. 
Expanded in ascending powers of the modulus x, 


Sel 3D oso oi ie SI cb) 
nae (1—e’sintg) t= — S55 4.6... Qn Ss mee 


so that, employing Wallis’s theorems of Pireret a as in § 11, 


yr n=2/1 3.5. nay 
B= faq n[ 1-5 Grae Sa oe —; | 


whence the numerical value ‘of E can be en), 

Tables of the numerical values of H¢ for every degree of ¢ 
and of the modular angle are given in Legendre’s F. #., IL, 
Table IX.; while the values of log # are given in his Table I. 
for every tenth of a degree in the modular angle. 

We reproduce this Table of log HL, and of log EZ’, correspond- 
ing to the complementary modulus x’, to 7 decimals, and to 
every half degree in the modular angle $a, corresponding to 
the values of log K in Table I., p. 10. 


171. By differentiation and integration, we prove that 


‘ (78) = _ Fe £ «kp =f = Hg _« singcos ¢. 


dx wc? dk Aep  K? 2 Ad j 
and therefore, a o=tr, 
d(# Ka E 
pee Oe oak (Km 
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We can now prove Legendre’s relation, that 
EK'+E'K—KK’ is constant, and =}7 ; 
for denoting it by A, we find that dA/d«=0, so that A is 
independent of «; and taking «=0, then 


ag fF MGM OA pay — [oospdpdyy—dr. 
Ses Re Ragen taba ffoondoay 


172. In Jacobi’s notation, with ¢=am wu, 
Eo=Ham w= J dvudu ; 
0 


and now, from the quasi-periodicity of am u (§ 14), 
E(mr+¢)=Ham2mk +u)=2mH+ Ham u, 
where ™ is an integer. 

We may therefore, as in § 78, separate Hamw into two 
parts, one the secular part, increasing uniformly with wu, at a 
rate 2H per increase 2K of wu, and the other a periodic part, 
denoted by Zw in Jacobi’s notation, and called the Zeta 
Junction ; so that 

EHamu=Hu/K+ Zu, 
or LZu= fi (dn?u— H/K )du. 
0 


The Addition Theorem for the Second Elliptic Integral. 

173. A well-known theorem, due to Graves and Chasles, 
asserts that if an endless thread, placed round a fixed ellipse, is 
kept stretched by a pencil, the pencil will trace out a confocal 
ellipse (fig. 22). (Salmon, Conic Sections, § 399.) 

If the excentric angles (measured from the minor axis of the 
ellipse) of the points of contact P, Q of the straight parts of 
the thread PR, RQ are denoted by ¢, yy, so that the 

are BP=ak¢, arc BQ=aky; 
and if we put 6=amu, y=amz, the modulus « being the 
excentricity of the ellipse, then, as asserted in ex. 6, at the end 
of Chap. IV., R moves on a confocal ellipse, when w—v is 
constant, and conversely. 

For the coordinates of R being given ‘by 

_ cosy—cosd  _sing—siny 
=O ing)? Y sinG—yy) ’ 
we find from Jacobi’s formulas (4), (5), and (31), § 137, replacing 
wand v by $(w+v) and 4(u—v), 
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= — SRV 818d _ giite = (pnt w+v)dn}(u—v) 
sin(am w—am v) SC ne en}(u—v) ; 
eee an 8B UAE 540;04 yf le con d(w+v) 
sinfamw—amv) — 8,¢,d, Co cn3(w—v) 


| 


=r 
Pa 


. weinete wee bel es) V\ 


Fic 22: 


Therefore 


= od 3(u— v)=sn 3(U+2), 5 J on iu v)=en}(ut+v); 


and (ela-+(yIBP=1 

where a=adeh}(u—v), B=bneh(u—-v); 

so that a’? — 3? =a? —b?, 

and therefore R describes a confocal ellipse, if w—v is constant. 
lite w+v is constant, 

we find (a/a’— (y/8'= 

where a =x sn 3(u+v), B’=ax en $(u+2), 

so that a? + B? =a? =a? — Db, 


and & therefore describes a confocal hyperbola (MacCullagh). 

To realise mechanically this motion of & on the hyperbola, 
the threads RP, RQ must pass round the ellipse, and be led, 
in the same direction, round a reel moveable about a fixed 
axis at C’; so that, as the reel revolves, equal lengths of thread 
are wound up or unwound. 

If the hyperbola starts from the ellipse at L, then 

PR—are PL=QR—arce QL. 
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If the threads are wound in opposite directions on the reel, 
then R will describe a confocal ellipse, as at first; but in this 
case the reel may be suppressed, and the thread merely made 
to slide round the ellipse, as in the theorems of Graves and 
Chasles. 

Moreover, it is not necessary that the tangents RP, RQ 
should proceed to the same ellipse, but to any two fixed con- 
focals, and the same theorems hold. 

If tangents R’P’, RQ, are drawn to the ellipse from any 
other point R’ on the confocal hyperbola RR, forming with RP, 
RQ the quadrilateral RrR’r’, then 7, 7’ lie on a confocal ellipse, 
by the preceding theorems ; and now a circle can be inscribed 
in this quadrilateral whose centre is at 7’, the point of concourse 
of the tangents to the confocals at R, 7, R’, 7”; for TR, Tr, TRH, 
Tr’ bisect the angles of the quadrilateral; (Salmon, Conic 
Sections, § 189). 

If R is brought up to L, the circle touches the ellipse at L ; 
so that the point of contact of the circle inscribed in the area 
bounded by two tangents and the ellipse is at the point where 
the confocal hyperbola through the point of intersection of the 
tangents cuts the ellipse. 

174. Putting w—v=w, or F6—FW=Fy, 
then when v=0 and Q is at B, w=w and P is at G where 
p=y suppose; while & will come to D on the ellipse RD, where 
it is cut by the tangent at B. 


Now, since 
PR+RQ—are PQ=BD+DG-—are BG, 
or arc PQ—are BG=PR+RQ-BD—DG; 
therefore Lg — thy — Fy =a certain trigonometrical func- 


tion of ¢, W, y, which is found to be —«’sin g sin ysin y; 
this is the Addition Theorem for the Second Elliptic Integral. 


For PR =a%{sin pee ae ? “+8? eae ga COs o) 


sin(g—W) sin(p—W) 
_ (a’cos’d + b’sin®¢){1—cos(p — dale 
sin"(p— Vy) 
so that PR= 0 Sg) , RQ= say eet) 


while BD=a zie NG aAy eed 
sin y 
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Therefore, by § 121, | 

A 
PR+RQ= att 1 cos(g-y)}=a tS 57 (1-c0s(p-p)} 


sin(g—-y) 
PR+RQ-BD—DG=a' + 5” {e08 y —c0s(9—Y)} 
-elonpony tin prin pdy—ontp-9) 
=— 18 in gain 


sin 
= —ax’sin : sin y sin y. 
In Jacobi’s notation this is written 
ELamu—EHamv—Eam(u—v), or Zu—Zv—Z(u—v) 
=—x’sn wsn v sn(u—v). 
175. Putting v=w, and therefore w= 2vw, then 
Ham 2w—2 Kam w= —x«’sn 2w sn2w, 


or changing w into $w, 
1l—dnw 


Ham w—2Hamiw= eee BL (§ 123). 
Then eae —are PQ=BD+ DG—are BG 
Diesitiyiy a — aE am w 
1+d —+a ries ee J lw 
=a(l+ Der a ts WOT ey oe 
- snw ly) 9 ( SB ew dn gw _ : F 
=20( Ham yu) = 26 Ham tw); 


and now. cn 3w, or en}(w—v)=b/6, where B=OK. 
176. A ready way of proving the Addition Theorem is to 
take the spherical triangle of Class IL, in which 
A=amy, B=amv,, C=am %,, 
where VU, +, +0; = 2K, 
and to vary all the sides and angles, keeping x constant. 
Then dv,+dv,+dv,=09, 
or dA/cos a+dB/cos b+ dC/cos c= 0, 
or cosbcosc.dA+cosccosa.dB+cosacosb.dC=0, 
or (cosa—sinbsine cos A)dA +(cos b—sincsin a cos B)dB 
+(cos¢—sin asin b cos C)dC=0, 
or cosadA+cos bdB+cos edd 
=«(sin Bsin Coos Ad A + sinC'sin Acos BdB+sin A sinBeosCdC) 
= (sin A sin Bsin (). 
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Integrating, 
E(A)+ E(B) + E(C)—2H= «sin A sin B sin C, 
since Joos adA =//a —x’sin?A)dA = H(A), 
0 
and v,=0 makes B=0, and A+C=z7, or H(A)+H(C)=24. 
In Jacobi’s notation 
Eamv,+Lamv,+Ham v,— 2H =«°sn v,8n VSN Vs, 


or Zv, + Zv,+ Zvz=k*sn V,SN VSD Vs, 
with U,V, + V, = 2K. 
With utv+w=0, 
Zut+Zv+Zw = —x’sn u sn v sn Ww, 
or Zu+Zv—Z(u+v)= x’snwsnvsn(w+r). 


Fagnano’s Theorems. 

177. The particular case of the Addition Theorem, obtained 
by putting y=}, or u—v=K, was discovered by Fagnano 
(1716), and leads to his theorems, namely, that if P, Q are two 
points on an ellipse of excentricity «, whose excentric angles 
¢, Y, measured from the minor axis, are such that 

AgAw=k’, or tan ¢ tan p=1/k’=a/b, 
then the are BP+are BQ—are AB=ax’sin ¢ sin vy, 


or are BP—are AQ =ax’sin ¢ sin y=Kax'/a; 
a has a 
and then tan*¢ tan’ = ; oe = 
p ~ (a? oa x?) cu ae, x”) b2’ 
or Kaen? — a?(a? +a?) +at=0, 


On reference to fig. 23 it will be found that, if OY, OZ are 
the perpendiculars on the tangents at P and Q, then 
Gy A0Z=¢, ADV aa, 
(i1.) are BP—are AQ=PY=QZ= VQ - PT, 
so that VZ=PT, and PY or QZ=4x2"'/a; 
the tangents at P, Q meeting OA, OB in 7,V; 
(ii.) OP?—0Q?=O0Y?-O02? ; (iv.) OY.OZ=ab. 
When P and Q coincide in F, then F is called Fagnano’s 
point; and then 


(i.) the arc BF—are AF=a—); 
a 13 b3 

) th : d aL 
(ii.) the coordinates of F' are Voce maak 


(iii) KF=a, FH=b, FG@=a—b, 0G=,/(ab); 
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(iv.) the tangents at P, Q intersect in R on the confocal 
hyperbola FRD, through F, D, whose equation is 
= - 7 =a—b; 
(v.) the tangents at P and Q’ intersect in R’ on the confocal 
ellipse K.DH, through K, D, H, whose equation is 
e + Ya ae 
eeed 
(vi.) PR—are PF=QR—-arc QF; 
(vii.) the circle inscribed in the region bounded by AD, DB 
and the ellipse AB touches the ellipse at F’; ete. 
The proof of these theorems is left as an exercise. 


Fipe2oe 


178. Denoting the arc AP by s, the perpendicular OY on the 
tangent at P by p, the angle AOY by w, then by Legendre’s 
formula 

ds dp 

day dy 
sothat s+PY= Spy; 
and in the ellipse 


p=r/(acosy + b’sin*) = aAy, 


+p, while PY= ERE 


while 
PY=-—dp/dvy=ak’sin wy cos Y/Ayy = ax’sin ¢ sin vy ; 
so that s+ax’sin ¢sinw=a We Avdy =akyy=arc BQ, 
0 
or arc BQ —are AP=ax’sin ¢ sin, 


as at first, in Fagnano’s Theorem. 
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Confocal Ellipses and Hyperbolas. 
179. If we put 
a+iy=csin(?+76), 
then w=csin ¢ cosh 9, y=ccos ¢ sinh 0 ; 


oe Te say 
80 Una ie cock ousiniea a 
2 yp 


a) 
we aoe 
the equations of a system of confocal ellipses and hyperbolas, 
since cosh? — sinh?6 = sin*¢ + cos’¢ = 1. 
da dy" dat ay? 
git dg? dee a? 
so that, in an ellipse BP, along which @ is constant, the 
arc BP=c ye »/(cosh?0 — sin’ )d¢ =ak'¢ 

as before, with a=ccosh@, and the modulus equal to the 
excentricity sech 6. 

For the confocal hyperbola, along which ¢ is constant, the 
are is given by 


Then 


= ¢*(cosh?9 — sin’) ; 


cf ./(cosh?6 — cos’) dé, 
which can be expressed by elliptic integrals of the first and 
second kind, of Legendre’s form. 
Putting 
a=csind, b=ccos ¢, 
the equation of the hyperbola is 
(a/a—(y/bP=1 ; 
and now the coordinates of any point P on the hyperbola may 
be given by acosec y, bcot y ; and the tangent at P by 


Z ie 2 
GOO Xam, COU I 
and then amh @=}7—- x, 


cosh @=cosec x, sinh 9=cot x, tanh O=cos x, ete. 
The tangents at P, and at another point Q defined by x’, 
will therefore meet at a point &, where 
o cot y’ —cot x _ sin(x— x) Yy_siny—siny’ 


@ cosec x Cot x’—cosee x'cot x G08 x’— Cos x’ bcos x’ —cosx” 
When we put 


X=am u, x’ =am v 
the modular angle being ¢, then as in § 178 for the ellipse, 
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L 8,CoCl, C2 


= ni pe en $(w—v) 
a sds, sd, sn }(w+v)dni(u—v) 
Y _ 80d, ot cn 3(u+v) 


b s,di8,d, 8d, sn }(w+v) dn d(w—vy 
and therefore, eliminating en }(w—v) and dn }(u—v), 


(z/a*) + y/BP=1, 


three a Condes z(w+v) _@ en }(w+v) 
«sn $(w+v) csn $(w+v) «xsnd(ut+v)’ 

and &—-BP=e=a2 +0’, 

so that & describes a confocal ellipse, when u+v is constant. 
oi : 


Fig. 24. 
180. By putting w+v=K, we obtain theorems for the hyper- 
bola (fig. 24) analogous to Fagnano’s theorems for the ellipse. 


Now (§ 128) a=e,/(1+«), B=en/e’, 


or @ = (6-0), 5 = C0: 
and RF describes the ellipse /.D, whose equation is 
ss Sie 
ay ioe 


which will intersect the hyperbola in a point F, the analogue 
of Fagnano’s point on the ellipse, the coordinates of which are 


csin d,/(1+ cos ¢), c(cos )?. 
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Now, as in § 57, with 
x=am u, x’ =amv, and wt+v=K, 
AyAy’' =«' =cos ¢, 
and cot x cot x’ =k’ = cos ¢, 
or sinh @ sinh @ =x’, 
and if x, y and a’, y’ denote the coordinates of P and Q, 
“=a cosec x= aAy’/cos x’, x =a cosec x’ = aAx/cos x ; 
y=a cotxy=axc'tany, y=a coty’=ax'tanyx; 
and thus yy =a" =ccos*¢. 
Drawing the perpendiculars OY, OZ from O on the tangents 
at P, Q, and denoting the angles AOY, AOZ by o, w’; then 


tan oF ge aia ¢ cos x= tan ¢ tanh O=sin ¢ sin y//Ay’; 
sinw=sin psiny’, cosw=Ay’, sinw =sin dsin x, COS w = Ax. 
Now denoting OY, OZ by », p’, then 
p=nr/(ecos*w — b’sin’w) =c,/(sin’¢ — sin?w) =c sin ¢ cos x’ ; 
pp = sin? cosy cos y’ = c’sin*¢ cos psiny siny’ = ¢?cos¢ sinw sine’. 
Making use of the formulas 


ds__— dp Op 
x pies ae and ts Goof 


then 


PY-are AP=/pdwo= of ./(sin’p —sin’w)dw 
0 


=cf sins cos?y’dy’/Ay = ef (A2x’ —K)dy’/Ax 
= Hy’ — KP FY’) 5 
also PY=csin w cos w/,/(sin?d — sino) 
=c tan y’Ay’ =c/tan yAy 
=c cosh 6 sinh 6/,/(cosh”9 — sin’). 

181. The arc AP of the hyperbola is now expressed in terms 
of an elliptic integral of the first and of the second kind; we 
can however express the are by means of two elliptic integrals 
of the second kind, or by two elliptic ares by means of Lan- 
den’s transformation (§ 67). 

We shall find that if we put 


wtxX=2y, or sin(2)— ,’)=sinw=sin ¢sin x’, 


,___sin2yy na. (l+sin dA), vy) 
then tan y’= sin 6+ cos 2’ = 8 Ae aeein ptcos2y ° 
where seen? =paee, 


Y™ (1+sin 6)” YT cpsin 
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sin 2vy F sin ¢ sin 2 
sin : 
ie (Pes AG yi) oa Gtein HAG FY 
_a.__1+sin ¢ cos 2p 
cos w= Ay’ ~ (1+sin J) At, yy 
a Ae 2d 


ICED —sin’w) Ay’ (1+sin JAG), yy 


cos w+ ,/(sin’ —sin’w) = Ay’ +« cos x’ =(1+sin )AW, y); 
so that 


(1+sin g)AQp, ydy=EX+ a . a 


=(Ay’ + 2k cos x’ — Oe 


Integrating, 
(+n) BQ), y)=By' +4 siny — Py ; 
and now the arc of the hyperbola 
AP=PY-+ 2ck sin x +cH#. — 2c(1 +x) EW, y). 
; 182. If we put x -xX =F7-E 
then we find (§ 180) 
(1+ cos ¢)tan y’ jogi= sec’yAy’ | 
—cos ¢ tan’y’’ 1 —cos ¢ tan?y” 


(1+ cos #)sin y’cos x’ 
gin €= 7 ’ 
3 Ax 


tan = 


1—(1—cos ¢)sin?y’ __ A*x’+ cos ¢ 


ee ay tengiby 
and nen (1+ cos Die x with A\=tan*}¢. 
Now, sin(2y'— €)=Asin & 


as in Landen’s second transformation (§ 123); and 
(1+cos@)A(E A)dE=(A?x’ + cos BYOXIA'X ‘ 
= (Ay +2 C08 a aes 2), dy’ 
= 2A;‘dx’+ 2 cos on —sin?po jes wan x 0) 
Integrating, 
(1+cos f)E(é, \) =2Ly’ +2 cos PF’ —sin’¢ sin x’ cos x'/Ay’; 
and the are AP can be expressed by means of Ly’ and H(€, 2). 
When y=, =am 3K, then €=37; 
also (§ 175) 2Hy’ = E(x) +1—cos ¢, while 2h\’=K; 
so that (1+ c)E(A)=E(k)+k'K. 
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183. The following theorems, analogous to those of § 177, 
can easily be proved by the student :— 

(i.) The difference between the infinite asymptote D7 and 
the infinite are FT is equal to AD—are AF; so that 
the difference between the infinite asymptote O7' and 
the infinite arc AT is equal to OD+AD—2are AF; 

(ii.) the coordinates of F are (c+b),/{(e—b)/c}, /(0/c); 
and the tangent FK=AD=b, KG=c; 

(iii.) the tangents at P, Q intersect in R on the confocal 

ellipse through F, whose equation is 
Ge 
cr Oiay = 
and the tangents at P’, Q intersect in R’ on the con- 
ne hyperbola through D and K, whose equation is 
ey 
C—-a @ 

(iv.) PR—are PF=QR-arc QF; 

(v.) P’R’+ Rk’Q—are P’Q is constant ; 

(vi.) the circle inscribed in the region bounded by the 

straight line AD, the asymptote DT and the hyper- 
bola AQ touches the hyperbola at F’; 
(vil.) PT’ =ccot xAy, QV=ccot y’Ay’, Qv=cAy’/sin x‘cos x’, 
A Va a) a) Ze 
Qv-—PT=QZ, or vZ=PT, 
PRa ke a EON eee 
§1n x COS x — COS x sin x’ cos x’ — C08 XY 

184. The geometrical theorems of § 173 for the ellipse hold 
with slight modification for the SE ei description of con- 
focal ellipses and hyperbolas from a fixed hyperbola. 

The threads from the reel must be led round distant points 
on the hyperbola APQ (fig. 24) and be wrapped on the curve; 
and now, starting from F, the confocal ellipse FRD will be 
described, if the threads are led off in the same direction. 

At D, one thread DT must be supposed of infinite length ; 
and, beyond D on the ellipse /'D, the thread D7 must be trans- 
ferred to the other branch of the hyperbola. 

By making the threads come off the reel in opposite direc- 
tions, the confocal hyperbola DK can be described, starting 
from D or any other point R. 


=; 


¥ 
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185. The integration of the functions of § 77 can now be 
expressed by means of the elliptic functions, and of the function 
Ham u, defined by 


Ham u=/dneudu. 
0 
Then i esrudu=u—Ham wu 
0 
dE een2udu = Ham wu—K?2u. 
0 


To integrate a reciprocal function, for instance nd?w, we 
notice that 


P ; 
on de 2 
Tu oS dn u=x?nd?u —dn?u, 
so that if c-n@udu= EH am wu—«’snu cn u/dn w; 
0 
and so on. 
Again, since cd’u=sn*(K —u), 


dp eeRudu=u—/dn(K —u)du 
0 


=u-—H+H#Ham(k —u) 
=u—Ham u+x’sn u cn u/dn u ; 
and since c°*nd?u =dn*(K —w), 
J x?n@udu= EE an(K—u) 


=Hamu—x«’sn wu cn w/dn u, 


as before. 
In Problem IIL, § 86, we find 
de m0 eso 
” de => ae de 6, 
and nt =f dce?ed0=0— E am 6+sn 6 dn 6/en 0. 
0 
EXAMPLES. 


1. Prove that the area of the Cassinian 
rt —2a77’cos 20+ a*= 6+ 


is af (bi —atsinrg dg, if b> a; 
0 


or af (a—bisin2g) —Sbtcos’adg, if a>. 
0 
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2. Rectify, by means of elliptic ares (pointing out the 
geometrical connexion), 
(i.) y/b=sin w/a, cos x/a, cosh w/a, dn x/a, en a/a, sn v/a, ...; 
(ii.) r=b cos(bO/a) or acos(a6/b), the pedals of an epi- or 
hypo-cycloid ; 
(iii.) 7 cos(b6/a)=b, or 7 cosh(b@/a) =, Cotes’s spirals ; 
(iv.) the limacon r=a+bcos 0, the trochoid, and the epi- 
and hypo-trochoids. 
3. Express # as a function of s in the Hlastica of § 97. 
Prove that if the ordinate is made equal to /, the perpendic- 
ular on the tangent from the centre of an ellipse or hyperbola, 
and if the abscissa is made equal to the are AP+PY, the 
curve will be an Elastica (Maclaurin, Fluxions, 1742.) 


2 
4. Prove that aga a on K=0; 


2 Hy 
(—K)5 aa “+E =0. 


Change the independent variable in these differential equa- 
tions from «x to k, 0, or u, where 
K=,/k—sin 0= tanh w; 
and reduce the resulting equations to the canonical form 


1 dey 
qj date 
Solve the differential equations in which 
T= ae pas cosec?26, —cosech?2u, —sech?2u, . 
(Glaisher, Q. J. M., XX., p. 313; Kleiber, Messenger, XVIIL., 
p. 167.) 
5. Prove that, if u,+u.+u,+u,=0, 
Zu,+Zu,+Zu,+Zu, 
— k78,8,858, Ga Coy , Cx, , 0,0, 
Sie $1898,8, \ 8, re a 83 has i) 
_ KC C0504 (4% on 83d. = 
K°C,CoC3C,—K7\ Cy ok C, a: Cs Bie a 


_ ed dydyd, 8,0, 82Cy C 
ea cca (= Toads ne = ‘a 
=Kn/ (8° +8)? +85+ 8,2 — 28,888, + 2¢,6C,6, — 2). 
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The Elliptic Integral of the Third Kind. 

186. We can now make a fresh start, and prove the Addition 
Theorem for the Zeta Function independently ; and then pro- 
ceed to Jacobi’s form of the Third Elliptic Integral. 
(Fundamenta Nova, 49; Glaisher, Proc. L.M.S. XVII. p. 153.) 

Multiplying formulas (3) and (6), § 137, 

— 4x’sn wu cn w dn wsn 
dn*(u-+ 0) —dn¥(u—v) =A on ee een a) 
and, integrating with respect to », 


2cen udn u/snu 
Eam(u+v)+# STE ODM) Nal recep pes cones fe 
where C is the constant of integration, independent of v. 
To determine C, first put v=wu; then 
2cn wu dn w/sn wu, 
1—x’sntu 
so that, replacing Ham wu by Hu/K+Zu, 


TTR) Aa) a me a 
sn?u —sn?y 
) =x’sn 2u-——_,———_- 
1—x«’sn?u sn7v 
=’sn(w+v)sn(W—V)SN 2U......00ee (2) 
Replacing w+v, u—v, and 2w by wu, v, and w+, this 
becomes the formula given above, § 176, 
Zu+Zv—Z(w+v)=x7?sn U sn V SM(U+FV). wereeeeeeee (2)* 
Again, put w=0 for the determination of C; then 
C=2Hu+2 cen wu dn wu/sn u ; 


C=E am 2u+ 


sn a 1—x’sn*w 
~ gn2w 1-x’sn?2wsn2v 


and now : 

—2x’snuen wu dn wu sn?y 
Zwu+v)+Z(u—v)—2Zu= peer oko), 
another form of the Addition Equation of the Zeta Function, 
leading immediately to Jacobi’s form of the Third Elliptic 


Integral, as required in § 114. 


187. Integrating this equation (3) again with respect to v, and 
employing Jacobi’s notation of 


2 7 2 
sn wen wdnwsn2v dy 
II(v, w) for f- 


1—-’sn?u sn2v 


0 
where w is called the parameter, and v the argument, then 


II(v, uv) =vZu— 4 /Zw+v)dv _ 4 /Z(u—v)dv. 
0 0 
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Jacobi now introduces a new function Ou, called the Theta 
Function, defined by 


Jin = eee” a it 


or Qu=60 exp oF VAS LRM ieee fe hs (4) 
so that Lu= oe 
Now Jews vd = log AUF"), 
Sie —v)dv=log Tana ; 
and II(v, w)=vZu-+ 4 log ray 
=log ev ay ee (5), 


so that the Third Elliptic Integral is expressed by Jacobi’s 
Theta and Zeta Functions, the arguments being w and v, two 
in number only, and not three, 7, x, ¢, a8 in Legendre’s form. 


188. Integrating equation (3) again with respect to wu, 


S frrveu +v)—dn?(u—v)}dudu=log(1 —«x’sn*w snv), 
0 0 


or 
log ae Zz +log ae uae 2 log ow = =log(1 —x’sn?u sn?v), 
ay 2 
or Ota nes Dies =1-,’sn?u anv, Sean (6) 


a formula which takes the place of the Addition Theorem for 
the Theta Functions. 
For instance, putting u=v, 


O2u = (1—x«'sn*w) 04/070. ...,.0.0.0+00-- (7) 
Interchanging the argument and parameter, wu and v, then 
O(u —v) 


II(u, v) =uZv+4 log Oui: 


so that II(u, v)—II(v, v)=uZo—vZu, 
and II(v, w) is thus made to depend upon II(w, v). 
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189. In Legendre’s notation, I(n, x, ¢) or simply II¢, is 
employed to denote his Elliptic Integral of the Third Kind 


dear sin’?¢)Ag’ 


n being called eer s parameter (§ 114); and with Jacobi’s 


lw 
notation, : 
ation II(n, x, am w) =f Tesi 
But Jacobi changes the renutn by putting n=—x’sn’a, 
and by calling a the parameter; also by denoting the integral 
cesnacnadnasnudwu ,_ 
ip 1l—x«’sn?a sn*w ae NS) 


and not the integral 


fi om which equals oie Tot etacta ener IE aCe, @) 5 


—x’sn2a sn2w’ chadna 
0 


In Legendre’s notation, the Addition Equation of the elliptic 
integrals of the first kind 
Fo+PW=Fup, 
leads to hot+hy — Ey =«sin ¢ sin yy sin p, 
the Addition Theorem for the second elliptic integrals ; 
and now for Legendre’s elliptic integrals of the third kind, 
the Addition Theorem is (Legendre, F’. #. /., Chap. XVI.) 
i 2 n,/asin d sin sin p 
Bows Je Ge ean eer 
>t anes 2,/(—a)sin ¢ sin yy sin pu (9) 
eee 1+n—7 cos ¢ cosy Cos p’ 
according as a is BATRA or negative, where 
a=(1+n)1+x°/n) ; 
this can be verified by differentiation. 
This relation is very much simplified by the use of Jacobi’s 
function II(w, a); and now with 
p=any, Y=amv, w=am(u+r), 
it becomes II(u, a)+I(v, a)—I(w+v, «)=$ log Q, 
Ss _ Ou—a)O(v—a)O(ut+tv+a) 
nia = Oma 
and () is capable of being expressed in a great variety of ways 
by means of the elliptic functions en, sn, dn of combinations 


of wu, v, a. 
G.E.F. N 


or 


194 THE ELLIPTIC INTEGRALS 


 (O(u—a)O(w—«a) O(u—v)O(u+v— 2a) 
For { 60 \'- 


1—.2sn2(u—a)sn(v—ay 


Peer. O(u—v)O(u+u+ 2a) 
ih 


00 —x’sn2(w+a)sn2(v-+a)y 
Oa0(utv—a)\?_ O(utv)/O(w+v— 2a) 
60 ~ 1—sn2a sn?(u-+-v—a)y 


pee O(w+v)O(ut+v+2a) 
00 ~ 1—x2sn2a sn(u+o+ay 
(§ 188), so that (Fundamenta Nova, § 54) 
= 1—x’sn?(w+a)sn?(v+a) 1—«’sn?a sn*(u+v—a) (11) 
~ 1—.sn?(w—a)sn(v—a) 1—’sn’a sn*(u+u+a) 
One of the simplest expressions, equivalent to that given 
above in (9) in Legendre’s notation, is 
C= 1—«’snusn vsn asn(w+v—a) ( 
14+.’snusnvsnasn(wtu+ay 0 
and a systematic collection of different forms of Q is given by 
Glaisher (Messenger of Mathematics, X.). 


190. According as Legendre’s a or (1+7)(1+x?/7) is positive 
or negative, so his Integral of the Third Kind II(, x, ¢) falls 
into one of two classes, the first called circular, the second 
logarithmic, or hyperbolic, as ‘we shall call it. 

In the corresponding classification of Jacobi’s form, the para- 
meter @ is wmaginary or real; and it is remarkable that in 
dynamical problems, it is the circular form, with imaginary 
Jacobian parameter a, which is of almost invariable occurrence. 

When Legendre’s 

a or (1+n)(1+x?/n) 

is positive, and the corresponding Elliptic Integral of the Third 
Kind is circular, then Jacobi’s parameter is imaginary; and 

(i.) with ~ positive, we must put n= —x’sn%a; 

(il.) —«>n>—1, we must, according to § 56, put 

n= —«K’sn?(K +7), 
as in § 114; and now the integral is expressed by 
II(w, 1a) or II(u, K +b), 

involving Theta and Zeta functions of the imaginary arguments 
va or K+7b ; for which there is no theorem, short of expansion, 
to express the result in a real form. 

We shall find however, in the applications, that this imagi- 
nary form constitutes no real practical drawback. 
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Taking for example the result of § 114, then, by (6) § 188, 


A— y is C0 
pahal (eg) (Ou QOu—a)} Or, 
with u=nt, and a= ity while 


b= pt)= Pine, ToC 
exp i(p— pt) expe 4 Za) OE : 


so that, by multiplication, 
(~7-+2y)(cos ut—Zsin pt), or pexp i(d—pt) 


= AT De DOO — 4)00 enadna 
=ha/( AC ) Gia. ( aia + Za); ...(18) 


which, when resolved into its real and imaginary part, gives 
the vector of the herpolhode, or its coordinates with respect to 
axes resolving with constant angular velocity u. 


191. Take Jacobi’s II(u, a), and split up the quantity under 
the sign of integration into a quotient and partial fractions ; 
therefore 


| du Ape dw \ 
9 sna l—x«snasnu /J1+xcsnasny 


=uenadna/sna+II(u, a); 


while 


1 enadna { Si dw =/; dw } 
2a SD 1—xsnasnu l+x«snasnw 
=f = adnasnw 
] —«’sn?2a sn? 
=f {t« sn( sn(a+wu) —t«sn(a—wu)}du 
=} oe dn(a+u)—Kcen(a+u) dna+xen “(976), 


8 dn(a—wu)+x« en(a—w) dna—« cna 
Therefore, by ae and subtraction, 


dna du cnadna 
cna ail fo 
sn a l—xsnasnu sn a 
0 


4h) 9 Oa =¥) dn(a—w)—Ken(a—u) dna+xcena 
2°08 O(a+u)’ dn(a+u)+xcen(a+ uv) dna—Kena’ 
enadna@ dw te u(Za+ adn S 
sn @ l+x«snasnw sn a 


O(a—u) dn(a—u)+xcen(a—u) dna—«cna 
°8 6 (atu) dn(a+u)—xen(a+u) dna+xena 


+5 log 
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192. Again, taking the formula (7), § 137, 
27 — 2. 
ieee sn(a+u)sn(a—%X), . 

and differentiating logarithmically with respect to 4, 


snacnadna. csnacnadnasn?u 


sn2a —sn2u 1—x’sn2a sn?u 
1 en(at+u)dn(at+u) , 1 en(a—w)dn(a— U). 
ro sn(a+w) 2 sn(a@—Ww) ; 


and then integrating with respect to w, 


fs enadnadu_ 1 1 guar —mu, a) 


sn’a—sn’u 2 cue 


0 


sn(a+u) O(a+u) 


Fa ele 2 slog sn(a—U) O(a—w) 
1, Hat+w) 
=— LOG a$$, ve ccsnce cece 14 
ula+ 5 log=4- Aiasay (14) 


introducing Jacobi’s function Hw, called the Hta Function, 
defined by the equation (Fundamenta Nova, § 61), 


This form (14) and Jacobi’s II(u, a) are the two forms of the 
hyperbolic integral of the third kind to which Legendre’s form 
can be reduced for negative values of a. 


When 0>n>—*, we put n= —«’sn7a, 
and obtain Jacobi’s form II(u, a) of (5). 
When —l1>n>— 0, we put n= —1/sn7a, 


and obtain the above form (14). 
This form again can be split up into partial fractions; and 
a similar procedure shows that, since 


dw sn w dnw—enu 
Slog a eee ror log ee eee 


snu °dnutenw sn U 
therefore, by equations (4) and (7), § 13 


en@ dnasnudu 
sn?a —sn2u, 


0 
=f ie is 


sn(a+ w)sn(4—w) 


7 ff: dw =f dw 
7S sn(a—u) 2 sn(a+u) 
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Brae sn(a+w) dn(a—w)+en(a—wu) dna—cna 
2° sn(a—u) dn(wa+u)—en(a+u) dnaten@ 
Erin sn(a—w) dn(a+u)+en(a+u) dna—cna 
a 05 . (16) 
“sn(a+wu) dn(a—w)—en(a—w) dna+ona’ 
Therefore, by addition and subtraction of (14) and (16), 
enadnadwu 
pe a—snw 
0 
—- 11,,0(a@+u) dn(a+w)+en(a+u) dna—ena 
Beg Tr loe °8 O(a— uw) dn(a—u)—en(a—w) dna+tend@ 


cnadnadu 
sna+snw 
0 


= ~uZa+4 slog 


O(a+twu) dn(a+w)—en(at+u) dna+ena 
O(a—wu) dn(a—u)+en(a—u) dna—eng 


By means of equation (6), § 188, and the formulas of § 123, 
these relations may be written 


enadnadu 
sna—sn w 


0 


bs E74(a+u) sndacn}a+u)dn Wa+u) 
= —uZa+ log Ok4(a—u) snk(a—ujendadnia ’ 
(aaa 

0 

=—uZat+ log O7k(a+u) sn $(a+wu)en 4a dn ha 


3 Ok (a— uw) sndacn d(a—wu)dn d(a-w) 


The student may prove, by a similar procedure, that 


ye snadna du ave pee are a 


cn wu —cna © 1—en(a—w) 
snadnadu a 1+en(u—w) . 
HW chu+cn a z log 1+ en(a+’ re «) 
csnacnadwu_, 1— dn(a+w) _ se ju! 
dnu—dna ” ce 1—dn(a—w) Bh 
esnacnadw_,,1+dn(a—w) 
diw-dangs log eechOmee a Oe a), 
snacnadna—snwenudn waa ry Gade +u)0(a+ u)e0, aioe 
o/ sn2a—sn2u Oa0u Y 
snudnw—snadna, | ‘ O(a +wu)e0 1—en(a+w) 
of ch u—cha@ ee ae 0a0w l—ma ° 
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Euler's Pendulum. 

193. Consider for instance the rolling oscillations on a 
horizontal plane of a body with a cylindrical base, such as a 
rocking stone, or a cradle. 

Then the Principle of Energy, considering the line of contact 
as the instantaneous axis of rotation, leads to the equation 

$(c? — 2ch cos 0+h? ++k*)(d0/dt)? = gh(vers a—vers 8), 
where @ denotes the inclination to the vertical of the plane 
through the axis and the centre of gravity at any time t, a the 
extreme value of 0,c¢ the radius of the cylindrical surface, h the 
distance of the C. G. from the axis of the cylinder, and k the 
radius of gyration about the parallel axis through the C. G. 

When c=0, this equation reduces to ordinary pendulum 
oscillations, as in (3) § 3; but in the general case we have the 
oscillations of what is sometimes called Euler’s Pendulum. 
dt? {(c—h)?+k?}cos?40 + {(e+h)P+k*}sin246 
de? 4gh(sin?4.a—sin?$@) 

_(c—hP+ie+ {(c+hP+h }tan7Z6 | 
4h cos*ba(tan?da—tan240) —’ 
and now, if we put 


Then 


tan}@= tanta cos ¢, 
dt? _?—2cheosath?+ih?— {(c+h?P+h}sin2sa sin*¢p 
dg? — gh(1—sin*}a sin’)? ; 
dt c—2ch cosath?+k? A 
iv V ( +) 1 : 


or n= = : 
dp ch —sin*}q sin?’ 
n putting n?=9/c, and 
ws (c+h)?+h? 55 tm bg (c—hP +k 
eG —Qcheosa+ hee 2%" —2cheosath? +k? eo 


To reduce this to Jacobi’s ane Ws put d=am u, 
and sin*$a=«’sn’a ; then dn’a4=cos?ha, 
c? — 2ch cos a+h?+k? 9 4ch cos*ka 


d= sn’a= (CHhP+h 
an sn*a (cHhyP +i , cn" a= (C+hP+ie } 


dt  .snadna dn2w 
so that n=— : 
dw cna I1—x*sn2qa sn?w 
_ snadna 2x’snacnadnasn2y 
cn a 1—-sn2asn2u  ” 
snadna 
and = oe 2II(u, a) 


while tan}@= tanta cn u. 
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In the ordinary pendulum, where c=0, this reduces, as 
in § 8, to 
tant@=tanha cn(K — nt), 
equivalent to 
sint@=sintasn nt; 


where 7 now denotes r/{gh/ (he +h*)}. 


As another application of the Third Elliptic Integral the 
student may rectify the inverse (or pedal) of an ellipse or 
hyperbola, with respect to any point; examining the parti- 
cular case when the point is the centre; also the case of the 
Lemniscate, the inverse or pedal of a rectangular hyperbola, 
with respect to the centre (R. A. Roberts, Jntegral Calculus, 
p- 310). 


EXAMPLES. 
— ” Prove that, if k+k =1, 


ir (kcos*p+k’cos*pddody 
SOL amar g) JO =F 
panei 


and deduce Legendre’s relation of § 171. 


9 e k(y—a)dady ra 
A J(“a.1—«2.1—kx),/(—y.1-y.1—ky) ~ 


: te ; dady T 
ff Serer eel a, n/ (1-02. 1-20), /(y?-1. 1-«? ye) KK? 
(§ 66). 


4 (y-x)dady ve 
Taare 01. — Cy, B— C3) / (—4. YC} .Y—Cy-Y Cs) “i 
5) 


+H (y—ax)dady fa Veal 
if [Te a)(a-myP +07}, /{(y-a)(y-m P+? re $47) 


7 (B—a)(y—a)(6 a Moe a)dady 8 153 
SY @— aya) (-xP) 81) 


Miesbene K—-E, K’—E, E-?K, Pb -k by J, J, G, & 
Be cae (Glaisher, Q. J. M., XX.), prove that 


Cee dK’ )= a OT eres) 


a 7 are Pade 


me (GB); (OC - OE) 


51). 


CHAPTER VIL. 


ELLIPTIC INTEGRALS IN GENERAL, AND THEIR 
APPLICATIONS. 


194. The general algebraical function, the integral of which 
leads to elliptic integrals, is of the form 
S+T/X 
U+V,/X’ 
where S, 7, U, V are rational integral algebraical functions of 
a, and X is of the third or fourth degree in a. 
We first rationalize the denominator, so that 
S+T/X _ mee Oe Ibe Vi/4) MN 1 
USVI —V?X DID Xe 
suppose ; and now the tet of the rational part M/D is 
effected by elementary methods, when it is resolved into its 
quotient and partial fractions. 

In the irrational part NV/D,/X, the rational fraction WV/D 
is also resolved, into a quotient, having a typical term 2”, 
and into partial fractions, having typical terms 

1/(a—-a) or 1/(a@-a)”. 

By differentiation, we find that 


£5) X) = {(m—1)aa™ + 4(m —8)ba™-1 4. 6m —2)ea=2 
+4(m —$)da-3 + (m— 3)ex™-*}/,/X ; 
so that, integrating, and denoting Sumda| R/ A DYatlne 
am 8 /X = (mM —1)dm+4(m — 8)bUm_1+ 6 (mM — 2) Cm 9 
+4(m —3)dum—3+(mM—8)etn—4, 
a formula of reduction by means of which the integral wu» is 


made to depend ultimately on the integrals u,, w,, mat Ups 
200 
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Similarly, by differentiation and integration, denoting 


Jda|(x— a)? JX by Vn 
we can determine another formula of reduction, of the form 
ga aie Aint Boy at Ooy.2t Diya Bing 
by means of which the integral v, is made to depend ultimately 
on the integrals v,, vp, v-,, and v_,; or rather, on v4, UW, UW) Us; 
since UV, and u, are the same, and 
U-y=Uz— AU, V_p = Uy — 2a, + a2Uy. 

By the various substitutions of Chapter IL. w, is reduced to 
Legendre’s First Elliptic Integral, while at the same time the 
integrals w,, u., and v, are reduced to elliptic integrals of the 
Second and Third Kind. 

When x—a is a factor of X, the substitution c—a=1/y 
shows that v, becomes Sydy| /Y, where Y is a cubic function 
of y, and v, now reduces to the Second Elliptic Integral. 

But without carrying out this work in detail, now only of 
antiquarian interest, we adopt instead the Weierstrassian 
notation ; and by means of the substitutions of the previous 
chapter we express # and ,/X rationally in terms of gw and 
gw; so that the integration is reduced ultimately to that of 
A+ Bg’u with respect to u, A and B being rational functions 
of gu. 


195. We must at this stage introduce the functions 
éu and cu, 


the functions employed by Weierstrass, in conjunction with 
his function gu. 


The function €u, called the zeta function, is defined by 
Cu=—gu, or fu= —Soudu ; 


while the function cu, called the sigma function, is defined by 


wk log cu=¢u, 


du 
or log cw =feudu, cu= exp /Eudu 
mal 
and thus a Be — ou. 
dw 
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Taking the definition of s or gw in § 50, 


w = (4s —98—9s)~ 2ds, 
gu 
expand in descending powers of s, and integrate ; then 
wmf 39% — Iggs-?— Ages?) Sd 


=f(ys-8+ * +5928"? +25, 38 '+...)ds 
= -4 G2 5-#498 5-4 
= 8 Ser mis oar y: (Sa ence 
the * marking the place of a missing term in the expansion. 
Therefore, by Reversion of Series, since wu? is a rational 
function of s, we obtain, in the neighbourhood of w=0, 
go" gut 
20 + m8 + eee 
To obtain further terms of the expansion, assume 


1 
8 or eee ar * + 


1 
SO Nears as * +¢,u?+¢c,ut+ cue+...fepwr+...; 


and since ¢”?uw=49*u—g,9U— Js, 
p"u=6¢9?u— 39>, 
eu =12eug’u, 
we can obtain from the last equation a recurring formula for 
the determination of the coefficients ¢; and as far as u8, 


a ga” gau* | garu® BJ og gu® 
puaiat a 99 tog to 3 tots 7 at 
The expansion of the zeta function is now 
mel gou® ggu? geu" Jog 
bre #60 > 140 9283s Te eee 
so that, defined more strictly, 


1 1 
(wast [a 9u)du. 
0 
Similarly we shall find, for the sigma function, 
x gow? Pest. ae gow? * Joggu™ 
2¢°3.5° 29,355.71 (2°.3? 607 © 203 267i ee 
so that, strictly defined, 


log cu=logu+ SJ (gu _ *\ au, or cu= wexpf (Cu _ *)au. 


TU=U+ x 
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Homogeneity. 

196. From considerations of homogeneity it follows, that if 
uw is changed into u/m, and at the same time if g, and g, are 
changed into mg, and m®g,, then s or gu is changed into m?s 
or m7eu ; so that 


Le 20. 
P(U; Ix Js) = & 5 Ys, mgs) 


; 1 Adis 
P(Us Dx Is)=— 30 (=; mo, m9.) ; 


and similarly 


C(U 3 Jo Gs) = dee ; MJo, mys), 
m? 7°Jay mg): 

At the same time the discriminant A becomes changed to 
mA, but the absolute invariant J is left unchanged (§ 53) ; 
we may in this manner alter the argument w proportionally ; 
for instance by taking m= A/(e, — ¢,) we can make the argument 
the same as in the corresponding elliptic functions (§ 51). 

When m is chosen so that m2A=1, or m=A-*, the elliptic 
integral is said to be normalised (Klein). 

Suppose, for instance, that g,=0, 
and m, m* are the imaginary cube roots of unity, —}+4}i,/3 ; 
then m=1, and u/m=m’7u; 
so that e(in?u; 0, 9,)=me(u; 0, gs); 

(mw; 9, Jz) =m eu 3 0, Is)> 


OW; Joy gy)= ma (% 


while g'u=—9'mNU= ak 
: Tt oe Na 
Again &(w; 0, g)=—fA= Ee, 


wu u 
=e — =m" 
a(w; 0, 93) =mo Pts Cage 


This is the simplest illustration of the theory of Complex 
Multiplication of Elliptic Functions, of which we shall make 
use hereafter; the general theory is required in the integration 
of the equation 


Mdy dx 
J (4y®— 959-95) x (4a®— gy — 9s) 
for particular numerical values of g, and g;, when 1/M is a 
complex number of the form a+7b,/n; in this instance g,=0, 
and M is an imaginary cubic root of unity. 
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197. With the aid of these three functions of Weierstrass, 
eu, €u, and cu, it is possible to express any elliptic integral, 
and we can thus complete the problem left unfinished in § 194. 

The function €w is analogous to Jacobi’s Zeta function ; and 
with s=gu, it may be defined by the relation 


a6 eats — G8 — gz)" *8 ds 


es 6928 P44! 38? + .. .)ds 


= sh ¢ — FEI 8” #— Joss #— 
Thus, for instance, from § 153, with appropriate ae 


_ fo gta B-en=y-4—8(2—B  e—y 2-6 dx 
(uaa ean tes are i ee 


where U= 


To obtain the Addition Equation of the zeta function 
analogous to (2) and (8) of § 186, take the formula (F) of § 144, 


putovt eras SUP) 


implying also the formula, obtained by changing the sign of v, 


_1(P ute ee, 

PU+t V+ (U—v)= (cute a 
so that, by subtraction, 

ou — 0) — 94) =e ee (a) 

Integrating (a) with respect to v, 
x ab pe KHON 
(u—v)+hutt0= oh 

where C, the arbitrary constant of integration, may be obtained 
by putting v=0, when gv=; so that C= —2€u, and 


a eye ee 
(u—v)+ (ut+v)—-26u= iG a ae (B) 
An interchange of wu and v gives 
—(u—0) +d) oO (8’) 


guU— ev’ 
so that, by addition, 


(utv—- w& — p-e ve cc Ce eee (y) 
=/{eu+evte(ut+v)} 


the Addition Equation, analogous to (2*) § 186. 
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With utv+w=0, 
this may be written, analogous to § 176, 
fut ot (w= —,/(put+pvt+ou). 


198. We can now take the function A+B’ of § 194, and 
suppose that A and B are resolved into their quotient and 
partial fractions. 

Writing p, p’, p”,... for gu and its successive derivatives, 
then the relations 

p?= 4p*— gop —9, 
p" = 6p?— 39>, 
p =12pp’, etc, 
enable us to express the quotient or integral part of A+ Bg’u 
in the form 
C=q4+¢,9u+c¢,0’'U+ce,0"Ut+.... 
Considering next a partial fraction of A+ B’w of the form 
P+Qou 
guU—a ” 
we replace a by gv, and write the partial fraction in the form 
AO UR—E? , pO Ute 
gUu— av Qu— av 
= 2H {Ku +0) Guu} +2 {Qu 0) — Gut Go. 
All such partial fractions can thus be expressed by a series 
of terms, 
L= 1 F(U— ry) + log — Ug) + 136(U — Ug) + 0 5 
where the sum of the coefficients / is zero for each partial 
fraction, and therefore for the whole series; so that 
L+i,tl,+...=0. 

Again, by repeated differentiation of equations (@) and (6’) 

(§ 197), with respect to wu or v, we obtain equations, such as 


s=O(U+v)—E(U+), 


C= =O(U+0)+e(U—v)+290— re . ara 
by means of which partial fractions of the form 
P+Q¢'u P+Q ou 
(gu— gv)” (gu—gvy” 
can be expressed by terms of the form g(w+v), e(w—v), and 
by their derivatives; as well as by terms of the form LZ and C. 


or generally 
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Thus, finally, A+B ¢'u, or any rational function of gu and 
g’u, can always be expressed as the sum L +P of two series of 
terms, LHL, w—v,) +h, (uw — v_) + 1G(U— 3) + es 
where L+l,+l,+...=0, 
and P=c+imeMu—v); 
and now the integral can immediately be written down, in- 
volving, in general, the sigma, zeta, and g function, as well as 
its derivatives. 

When the sigma and zeta functions are absent, the integral 
is a function of gu and g’u, and is not properly elliptic, but 
only algebraical. 

This method of integration is taken from Halphen’s Fone- 
tions Elluptiques, I. Vchagp: Vii. 

Halphen points out that to obtain the coefficients in the 
series of terms 

L(w—v) +N, 0(U—v)+m,0'(U—v) + m,e"(W—Vv)+..., 
corresponding to the same v, it is only necessary to take the 
coefficients of (w—v)71, (w—v)-2, (u—v)-, ... in the expansion 
of A+B¢’u in ascending powers of uw—v; the coefficient J 
being Cauchy’s residue. 


199. Integrating (6) with respect to v, then 


gpudv _, outv) 
pees log oe Se ee sn dhs dada (B,) 


which may be ponders a canonical form of the Third Elliptic 
Integral, in Weierstrass’s notation. 
Thus, for instance, in § 118, 


«1 f @vdu 
Pca? Qu — Ov 
fis a me o(ut+v) 
“ ° g(u—v) ASE 
or ei?’ = gon, (Tet v) 
o(u—v) 


By integration of (y), with respect to w and », 
S 3d) og EY) fy alog Met Deals, (ay) 


2 gu—gv TU GV 


L g'u-—e'v o(u+v) o(u+v) 
=> Or = -vfu. 
Vo gQu— sie” cae cUuGv EDS wi iak) eae 
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either of which may be taken as a canonical form of the Third 
Elliptic Integral; and also as illustrating the interchange of 
amplitude w and parameter v, as in the Jacobian Elliptic 
Integral of the Third Kind, II(u, v), in § 188. 
Or otherwise, interchanging u and v in (,), or integrating ((’), 
av dw los a(uU—v) 


ie oie og aaa De cee ioe (8,) 
so that, by addition of (@,) and (£,), 

gudvu+eovdu 

eee ZUG 2 CW ee eee ee des (3) 


a form of the theorem of the interchange of amplitude and 
parameter, analogous to (8), § 188. 


200. Integrating (8) with respect to w, 


v-—W U+U 
Jog) + log SEW) 5 log cw=log(gu—¢v), 


o(vtuo(v—u) 


r a =O0U— OV 
: ov ov § ey, 
o(U+v)o(w—v) _ ae 

ou o2W me pu, 


2 2 
=" log go ou— © log oe 45h C2 
the fundamental formula is the use of Weierstrass’s elliptic 
function, analogous to equation (6) of § 188. 
As an ae consider the herpolhode of § 113 ; ‘then 


_ nh Fe ae acre v) 
MV ov—9u) an a ee 


CU 

while Cas J ae ae uso 
so that, in the curve described by H, 
mh CU+Y), ute 
Mm aucv : 
while in the herpolhode described by P we must multiply this 
function by e or cos wt+7 sin pt. 

Putting w=v in (K), we obtain 


2 OU — Ov 
eles § Aes — aU. 


a+iy =pe'? = 


ow o(w—v) 
This may be obtained by integration of the formula of § 149, 


2u= ! Cee w 
pee aA die ©, 


208 ELLIPTIC INTEGRALS IN GENERAL, 


If wu, v, w, « denote any four arguments, 
o(U—V )o(Utv )o(w—2)o(w+a) 
 +o(v—w)o(v+u)a(u—“2)o(u+e@) 
+o(w—U)o(WHU)a(V—@)o( VFL) =Oy..creereeee (L) 
since it is of the form 
(U—V\W-X)+(V—W)yU-X)+(W-U)\V—X), 
where U—V=-—o*uc*r(eu — ev), ete. 
201. We notice that the Third Elliptic Integral can be 
expressed very simply as the logarithm of a function, so that 
we may write (y,) in the form 


1 gu-—ev 
o @iaes -—~—du =log o(u, v), 
where plu, y) = UY), ae, 


TU ov 
and ¢(u, v) is called by Hermite a doubly periodic function of 
the second kind. 
Changing the sign of u, or 2, 
BP ot lay re pean ARID (>, 
pu, v) ae p( U, v) rd cWwav € ’ 
so that p(U, v)d(U, —v)=eU— eu. 
202. Suppose gu=e,, é, or e,; then, according to § 54, we 
can take v=,, @,+s, OY ws, to correspond ; and now 
gv=0, and log ¢(u, v) = log (gu—v) ; 
so that 
HU, 0) = PU, — 01) =/(9U — ¢,), ete. ; 
and (vu, v) is an elliptic function for these values of ». 
We may thus put 


o(w+o,) ou 
ib—é.\= uf oy ls Si) 
NAC v= TU ow, ire OE ee 


where ou denotes o(u-te) e~ a, 
To, 
Similarly, 
D 
J (pu-e)=2, n/(~u—ey)= a 
a(U+o, +o. fs 
where TU => otha, —Us (yo), o;,u= ee oe (WU ws), uso, 
11 3 THs 


Also g'w=-2,/(9uU—e. 9U— ey. 9FU—€3)=— 2o,UWo,UosU/oFu, 
and (§ 200) o2U = 2c o,W oy og. 
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Denoting by a, 8, y the three numbers 1, 2, 3, taken in any 
order, then the relation 
Tcl =oUp/(QU— Ea) 
gives, by a combination of the expansions of cw and gu in § 195, 
oat =1—he,u?— 7, (6e,”—g,)ut—.... 
so that cau is an even function of wu, and unaffected by Homo- 
geneity (§ 196). 
Thus, for instance, from ex. 9, p. 174, 
ga2U+op2u={./(92u— ea) +/(92u—eg)}o2u 
= — 9 PU a)(ou — eg) 
Qu 
The symbol ya is employed to denote fwa, so that y is 
the analogue of Legendre’s EF of § 77. 
With positive discriminant A (§ 53), we find (exs. 4, 5, p. 199), 
Wz — N30, = $Urr 5 
and with negative A (§ 62), 
| Noy — Ny a= UT § 
formulas analogous to Legendre’s relation of § 171. 


PA TaeU op U. 


203. Denoting gu, gv, gw by a, y, 2, then (§ 165) if 
utv+w=0, 
(a+ y +2) (4eeyz — fg) = (YAO LY HAG,)?.. ce sseerereerees (1.) 
Denoting also (—ea)(y — a)(%—ea) by 8a”, then since 
Ca? = 49 2eat 493) 
8a7 = xy2—19,—(ye+ze+ayt4gnJeat(ety+zZ)ea” 
a _ yeten+ay —UWet+yt2)ea 
ae! 2,/(e+y +2) 
by means of (I); and this is of the form A + Beg, so that 
(€, — €3)81 + (3 — 1) 82 + (6, — €2) 83 = 0 5 
OF (€)— C3 )TyUWT VT {WH (C3— Cy) TQUT{VTQW + (C,— Cy) TgUTZVT_ZW = 0, 


2 Ta Tal TaW 
since sa — Se 


(W. Burnside, Messenger of Mathematics, Oct. 1891.) 
As an exercise the student may prove that, with 
utvt+tw+ae=0, 
(€, — C3 )O4U OV OW O10 + (C5 — Cy )o QU OV TW To 
+ (€, —€,)o,WarVoz3Waxk + (ey — €3) (C3 — Cy )(%y — Cg)ouavaow cx=0, 
the analogue, in Weierstrass’s notation, to Cayley’s theorem, 


given in ex. 1, ii, p. 140. 
G.E.F. Oo 


? 
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204. The solution of Lamé’s differential equation, which may 
be written in Weierstrass’s notation 
1 d’y 
ee () Peo ricae acs bieis eee ee 1) 
ae n(n+looeu+h, ( 
is given, when n=1, by the function p(u, v) of § 201. 
For, differentiating ¢ logarithmically with respect to u, 
1 dp _1 gu—g’v 
pd du 2 gu—gev 


= {(w+v) —fu— gv, 


and differentiating again, 


1a Goel tad 


é dug due —e(ut+v) + eu, 
Es 1 ado 1 /(gu—-gv\’ 
o du2 4 Gas) eA PaO Fard 
=20u+ uv, 


Lame’s differential equation, with n=1, and h=gv. 

The general solution of 

2, 
; oY 29u4-90 Na danaiaes petnenvs damit egeaenin a tte (2) 
is therefore 
y =Cop(u, v) +C’d(u, —v), or Co(u, v) + 0'¢(—4, Vv). 

When h or gv=é,, e, or 3, the solution is one of Lamé’s 
functions, as in § 202. 

One solution is now ,/(g@w—éa), where a=1, 2, or 3; 
the other being 

{¢(U+ wa) — Cat} ./(9U— ea), 

as may be verified by differentiation, or determined indepen- 
dently from a knowledge of the particular solution ./(gu—€a). 


205. The revolving chain, resumed. 

We are now able to complete the solution (§ 80) of the 
tortuous revolving chain, by obtaining an analytical expression 
for its projection on a plane perpendicular to the axis of 
revolution. 

Putting y=rcosy, z=rsin yf, 
then we have found in § 80, p. 70, that, when the notation of 
Legendre and Jacobi is employed, 

ay Ja Mk 
dx Tr? b’sn*(Ka/a) +een?(Ka/ay 
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which, on putting w= Kw/a, and 
esn?y = — (b?—0)/c?, dn2v=b2/c?, 
so that, with «?=(b?—c*)/(@—©), 
sn?v= — (d?—c*)/c?, en?u= d?/c?, 
eae dip _ _cnvdn vo sn v 
1—x«’sn?usnv’ 
so that i= —wu oo Shin Gin eee (1) 


Since sn*v is negative, we may, by (67) § 73, put v=t7ik’, 
where ¢’ is a real proper fraction. 


Now r= C¢,/(1 —x’sn*u sn’v) 
= 090 eee 4, eee (2) 
mine ea (BOE 
so that ytie= c00 MEY) 6; (SS ee) 


which, when resolved into its real and imaginary part, will 
give y and z as functions of wu or Ka/a,and thus represent the 


-equation of the chain. 


206. The procedure is more rapid with Weierstrass’s notation. 
Writing y?+2?=7", we have found that (§ 80) 


( =e —Ar+ BC), 


da 
so that we may put 
PAH (OO) ge tena tier apne Sa piciaa aufos'sint iss (1) 
du _4n?wk 


provided that - Te aa a 
and g., gz; are suitably chosen. 
Since v is the value of w which makes +? vanish, therefore 


du 4H? 
Bap 
a da? [22 
the value of (dr?/dz)? when 7?=0 (§ 80); so that 
02 = GLE AWE, 5 ATT aa set Pr0 sas eons enined > (2) 


and gv is therefore a pure imaginary, which we take to be 
negative imaginary, so that v=Tt'ws (§ 54). 

Oia da. 2H lon Rey 

du Tr du n-wk? eu-ev gu-—ev 


Now 
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or sid oi ee =h(utu)the(u—U)— Gu. eee (3) 
from ((’) (§ 197); so that 
Bs Giot ek ae) 
iw => $ log o(v— i) uty, 
ev = eet es RE eh RI ey A: (4) 
TUS) ge 
while ee ka ase i) ed) ae (5) 
ov aU 
Oeil, L. a(v+u) =u 
and ytiz= k ae 
= kd(u,), 
Y=tg =" GU), cs eccecneene ae semeae ene (6) 


giving the form of the chain. 

For a revolving chain fixed at two points, we must have 7? 
restricted to lie between positive values, b?and c?, and therefore 
gw must be restricted to lie between ¢, and e,; so that with 
du/dxz constant, we must put w=aw,/a+es. 

For a chain attracted to the axis with intensity proportional 
to the distance, and thus taking up a form of minimum 
moment of inertia, we have u=aw,/a; and now gw can become 
infinite, and the chain reach to infinite distance. 

In this and other mechanical problems, the parameter of the 
elliptic integral of the third kind is almost always imaginary ; 
the apparent awkwardness of this imaginary parameter is 
removed when we proceed to express the vector y+iz by a 
doubly periodic function of the second kind ¢(w, v), whose 
logarithm is the elliptic integral of the third kind ; and thence 
determine y and z theoretically by resolving f(t v) into its 
real and imaginary part. 

Familiar instances of the same procedure are met with in 
Elementary Mathematics ; thus 

x+iy=c cos(nt+ia), or ¢ cosh(nt +7), 
will represent elliptic or hyperbolic motion about the centre. 
Generally, with «+iy=2, X+i1Y=Z=F'z: then 
= f'2, i47=Fz+h, ef tel. 
will give the motion of a particle of unit mass under component 
forces (X, Y). (Lecornu, Comptes Rendus, t. 101, p. 1244.) 
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207. The Tortuous Elastica. 


A procedure, similar to that just employed for the revolving 
chain, will show that the equation of the curve assumed by 
a round wire of uniform flexibility in all directions can be 
expressed by the equation 

ytiz=ke(u, v) 
and z=kfut yu, 
where WU =8o,/C+ as, 
s denoting the length of an arc of the wire, and 2c the length 
of a complete wave. 
(Proc. London Math. Society, XVIIL., p. 277.) 

The elastic wire differs thus from the revolving chain in 
having w= sw,/c+s, instead of w= zxw,/a+ ws (§ 97). 

To establish these equations, take the axis Oz as the axis of 
the applied wrench, consisting of a force X along Ow and 
a couple Z in a plane perpendicular to Ox; denote the tor- 
sional couple about the tangent at any point by G, and the 
flexural rigidity of the wire by B. 

Then the component couples of resilience about the axes 
Ox, Oy, Oz are taken to be 

BY2 -y"2), Bee" = 2's’), Ba’y’-0"y) 
the accents denoting differentiation with respect to the arc s; 
the equations of equilibrium are therefore 


(UA 2 GLY, rcsa townsee on sconss (1) 
BB GY PIX Zire acteics onan e acie me (2) 
BOG =) SG aX Yonie scene nos tors (3) 


(Binet and Wantzel, Comptes Rendus, 1844). 
Differentiating each equation with respect to s, multiplying 
respectively by a’, y’, 2’, and adding, gives 
G’=(; so that G is constant. 
Multiply equations (1), (2), (3) by #’, y’, 2, and add; then 
G—X(y2' —y'z)=9, 
so that yz —yz=r'dy/ds=G/X, a constant ; 
and f yz" —y"2=". 
Again, multiplying (2) by y, (3) by «, and adding, gives 
Beat'(yz — y'2) — Bayz" —y'2) = Gyy +2’), 
or Ba! =X (yy +22’), 
so that, integrating, Bo =} X(y?+2)+-H. 
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Then 2g! — KX yy’ +22’) 
=K*{(yr+2)y? +27) —(y2'—yz)} 
= 2X(Ba' — H)\(1—2“”)—G, 
a cubic function of x; so that, by inversion of the elliptic 
integral, w’ or y?+2? is an elliptic function of the are s, which 
may be written 


Y? +2 =K? (Qu — QU), .cesesecrerscscnsncrovevens (4) 
or Ba! =4Xh?(9w — —u)+ H, 
provided i= ree ; 
da 
and now 7 is =k(gw—eu) et e 
2H 
7 = bu+( pot eas afelaiclerelorereretelerakons etek (5) 
ne dip iG ds MBG 1 _ 490 (6) 


du Xr du X*k? gw-—=u ~w— EU 

By Kirchhoft’s Kinetic Analogue, it follows that the axis of 

a Spherical Pendulum, Gyrostat, or Top can be made to follow 

in direction the tangent of a certain Tortuous Elastica, when 

the point of contact of the tangent on the elastica moves with 

constant velocity ; so that, if ~, y, z are the coordinates of a 
point fixed in the axis of the Gyrostat, and Oz is vertical, 


~_p ed cute) 
y + Z= ka esr exp(rA = Cw)u, 
=k(ev—u), 
where now W=Nt+es, 


and 2w,/n is the period of the oscillations of the Top, or Spheri- 
cal Pendulum. 


The Spherical Pendulum and the Top. 

208. To prove these formulas independently for the spheri- 
cal pendulum, let the weight of the bob be W l|b., and let the 
tension of the thread be a force of VI/W poundals; then the 
equations of motion are, with the axis of # drawn vertically 
downwards, 

da N, d*y dz 
qatNe=9 aa +Ny= 0, dg t¥2=09;-- Le 
subject to the condition, / denoting the iength of the thread, 
e+y?+2=/?, 
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The equation of energy is 


R(@2+ G24 2) = O(@AC) 5. ..ceeecccecesseeeeees (2) 
while y2—Ye=h, a constant. .....;.......+: (3) 
Now, at + yij +22+ NP =ge, 


sothat N?=ge+e+i?+2?=9(30+2c); 
thus giving the tension of the thread. 
Hermite writes (Sur quelques applications des fonctions 
elliptiques, 1885) 
(y+ 12NY — 12) = yy +28 — Uye— yz) 
= —ae—ith, 
so that the norm of each side is 
(y? + 2*\(y? + Z*) = orn? + h2. 
Then 
(2 —a?){2o(a@+¢)— a} =a? + h?, 
or 24? =29(a+c)(P—a?)—h? 
= — 2ga3 — 2gcu? + 2glu + 2gcl? —h?; 
so that x is a simple elliptic function of ¢, which we may write 


Mi POU GU) Sains cine «1 cate nadesone ees (4) 
where uw=7t+s, for gw to lie between e, and e,. 
Then Ph?n20u = 2gk?(ou — ev)? — 2gck*(ou— ev)? 


— 2gkl*(ou— ev) + 2gGcl?—h? 
= tgk*(4e*u — g.9u— gs), 
provided nv? =tgk/l?, and gy= —te/k; 
while g, and g, are suitably chosen. 
The value of g’v is found by noticing that «=0 when u=v; 
and thus 7h?n?0y = 2gcl* — h?, 
Now Hermite writes 


Ty + ia) + My ti2)=0, 


a : ORE 2NC 3a+2c ,, 
i Sy+ia= Na a gk =—2 ; = 6eu-t bu, 
Lamé’s differential equation for n=2, with h=6gv. 
The formal solution of this equation is reserved for the 
present; but it can be inferred for this case by taking the 
equation (3) and writing it 


dy _ h 

du n(y?+2*) 

diy th/n _4ih/nl_, $ih/[nl ‘ 
or io oe + Tere weaker Oooo (5) 
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We now put 
l—-x=k(eu—ga), l+ua=k(eb—@u) ;...-.- (6) 
and since (2%2= —h?, when a= +1, or when w=a, or b, therefore 
i 3 h? 
pra = 90 — — Tae 
With k positive, and gb>gu>ga, we take g’a negative 


imaginary, and g’b=—g’a positive imaginary, so that (§ 54), 
A=pws b=w,+ ws, Where p and q are real proper fractions. 
i —le'a lo 
Then Nee =f 10 ee (7) 


du gu-—ga gb—ew 
and integrating, by equation (6), § 199, 


iy Hoge Oks ula wt Hog — wbb.(8) 
ytte_ wy o(U+a)o(b+u) 
a y—1Z a ~ o(u—a)a(b— poo ze reer 48070, 
while 


(y+ ie\(y —i2) = +2=P—22 = (eu —ga)(yb— eu) 
_ pout a)a(u— a) AUS Ue wu) 


0 ou ob o Ww 


; . polutajo(w+b) 7 ee 
so that ytw=k enees exp(— ¢a— ¢b)u | 
: (uw—a)o(b—w 
y —iz=k- el ) edeeenctchon, Bee (9) 


thus giving the solution of Lamé’s differential equation for n = 2. 


209. It is interesting to verify that these values of y+iz 
and y—7z are solutions of Lamé’s equation for n=2. 
Denoting y+7z by ¢, and differentiating logarithmically, 


ld 
§ dna ta) — Gu fat (o+u) — bu Kh 
_lgu-ga 1gb—-gu. 
2 gu-—ga "2 gb—ou - 
and differentiating again, 
LRG 1 d¢\? 
5 d= (gd) 9+ +9u-9(b-+u)+-9u 
é ea a) gu-—'a wb—p'u (Eteen 
4\ 9u— ga 2 gu—ga gb—eu ' 4\eb—eu 
+ 29u—e(uta)—o(b+u) 


AND THEIR APPLICATIONS. 217 


1 g'u—g'a g'b— eu 
2 gpu-—ga eb—eu’ 


=49u+eateb+ 

But with g’a= —¢’b, 

leu—gagb—-gu_1  g®u—eb 

2 gu-—ga eb—eu 2 (ePu—P¢a)(eb—eu) 
so that ; C4 _ 6ou+3pa-+3pb, 
Lamé’s differential equation for n=2, with h=3ea+4+3@b, in 
place of the previous value of h=6gv. 

From Kirchhoff’s Kinetic Analogue in § 207 we may put 


a(uta)jr(b+u) ‘aNCueom 


oaobou 


L (oa b 
= Maul ota exp(— (a— cya 


=k Pi a+b)e}, 
where N= an) — fa—¢b. 


With 9g (a—b)=9'a= —9@’b, 
therefore ((a—b)=€a—éb; 


and, changing the sign of a, 
o(w—a)o(b+u) — _ ad 
ah ah exp(¢a— (b)u = P& —a+b). 
(Halphen, F. #,, I., p. 230.) 


=2(9u+ga+eb), 


ytiz=k- 


210. In the slightly more general case of the motion of the 
Top, we shall find it convenient to draw the axis Ox vertically 
wpwards, and to call @ the angle which the axis OC of the 
top makes with the vertical Oz. 

Then, from the principles of the Conservation of Energy and 
Momentum, we obtain the equations (Routh, Rigid Dynamics) 

LA(d6/dty +4 sin?6(dy/dt? = Wo(c—h cos 6), ....-. (1) 

Alar OOo) 4-07 COS. 0 = Gy nos ecsr sent sense ees (2) 

where 7 denotes the constant angular velocity of the top about 

its axis of figure OU, dy//dt the angular velocity of the verti- 

cal plane through Ow and OC, k the distance of the centre of 

gravity G from O, W lb. the weight of the top, and C, A 

its moments of inertia about the axis of figure OC, and about 
any axis through O at right angles to OC. 
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Putting A/Wh=l1=OP, as in the simple pendulum, then 
P is the centre of oscillation for plane vibrations. 
The elimination of dy//dt between equations (1) and (2) gives 
= 2 
$1 sin 29) =9(; -— COS a)(1 —cos’9) — (Freese) 
= g(cos 0 — cos a)(cos 8 — cos 3)(cos 0 — d),......(3) 
suppose; the inclination of the axis of the top to the vertical 
being supposed to oscillate between a and £, 
a>@>, or cosa<cos@<cos6<d. 
Guided by equation (17), p. 37, we put 
cos 0=cos a cos*p + cos 8 sin’¢, 
cos 8—cos a=(cos 8—cos a)sin*¢, 
cos 3 —cos 0=(COS B—COS a)COS* 5 .essereeeeenees (4) 
and therefore, 


i)=at acon 6) 


=) 4{d—cos a—(cos 3—cos a)sin*} 


=n*(1—x«’sin’¢), 
wiere @ak®! B—cos a we d—cos 8B 
d—cos a d—cos a’ 
and Jln?=}9(d—cos a). 
Now we may put ¢=am nt, and 
cos 0 = cosa cn*nt-+-Cos 9 sn t,,..- 420000 ee (5) 
so that the projection on the vertical Ox of the motion of a 
point on OC resembles ordinary plane pendulum motion. 
When d=1 and cos a= —1, then 
V=g/l, x*=cos’s8 =sin?s(z— 8B) ; 
G and Cr vanish, and the oscillations are in a vertical plane. 
But, in the general state of motion, 
Ae G— Cr cos 8 
dt sin?6 
_1 G+Cr 1 G-—Cr 
S215 cos ats 1—cos@ 
Sel G+Or 1 G—Or 
~ 21+cosa+ (cos B—cos a)sn2xt 3 1—cos a—(cos B—cosa)sn2nt’ 
so that yy is expressed by two Third Elliptic Integrals. 
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Putting cos @= +1 in equation (3), show that 


G+ Cr\? 
( + =) =27(1 +08 a)(1+cos B)(d+1) ; 
a, = 291 — cos a)(1—cos 8)(d—1), 


while, in accordance with Jacobi’s notation, we put 
__ cos B—cos a _ cos B—cosa. 
l+cosa ’ me eli—Cod aes 
so that, finally, with w=nt, we find 
diy _cnv,dn v,/sn v, , en v,dn v,/sn vp , 
du 1—«’sn?v,sn?u 1 — «*sn*v,sn?u 
and, as in the spherical pendulum (§ 208), we take 
V=1pK 0, K-19 kK; 
where p and q are real proper fractions. 
In the Weierstrassian notation, we put, as in (6), § 208, 
1+cos 0=k(gu—ga), 1—cos 0=k(~b— eu) ; 
and thence (§ 224) c—h cos 0=hk{ g(a +b)— gu}. 


esny, = ’sn7V, 


: lip —t'a $0’ 
We thu: see eae Lo 7 
e thus obtain A Be i eb eue rer at (7) 
but now the relation g’a=—g’b holds only when Cr=0, or 


when the motion of the top is comparable with that of the 
spherical pendulum; on the other hand, the relation g’a=’b 
implies that G=0. 
The Kinetic Analogue of the Top with the Tortuous Elastica 
(§ 207) is obtained by putting 
a+b=o, and \=(a+b)—fa—(b. 
In the Steady Motion of the Top, a=6, «=0, K=}7; 
and the elliptic functions degenerate into circular functions. 
We thus obtain the condition for the steady motion, and the 
period of the small oscillations, given in Routh’s Rigid Dynamics. 
211. A similar procedure will solve the general equations 
of motion of a solid figure of revolution, moving under no 
forces through an infinitely extended incompressible friction- 
less liquid; the work will be found in Appendix III. of 
Basset’s Hydrodynamics, vol. I; also in Halphen’s Fonctions 
elliptiques, I1., chap. IV. The problem is of practical interest 
from its bearing upon the determination of the amount of spin 
requisite to secure the stability of an elongated projectile. 
(Proceedings, Royal Artillery Institution, 1879.) 
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212. We again resume the consideration of the motion of a 
body under no forces, first mentioned in § 32, as affording a 
good practical illustration of the necessity for the introduction 
of various analytical theorems of Elliptic Functions. 


Geometrical Representation of the Motion of a Body under 
No Forces, according to MacCullagh, Siacci, and Gebbia. 

Quadrics concyclic with the momental ellipsoid, that is, 
having the same circular sections, are given by (Smith, Solid 
Geometry, § 170) 

(A —H)a?+(B-H)y?+(C— A) =Dh’; 
and now, if we produce the instantaneous axis of rotation OP 
to meet the concyclic quadrie in P’, and denote OP’ by BR, 
(A—H)p?+(B- A)?+(C— A)r? = Dio”, 
while Ap?+ B+ Cr? = Dh? w?] R*, 
so that, by subtraction, j : ieee 
A(p?+q?+7?) = Dia mp»): Or a wr ary) 

Along the polhode, R=h sec 6, where @ denotes the angle 
between the instantaneous axis OP and the fixed axis of 
resultant angular momentum OC’; and then 

h? He, tll 
Br COSI Py vrrrvre reser eeeees(T) 
the polar equation of a quadric surface of revolution. 

Since A? is less than h?sec?@ for all points adjacent to P on 
the momental ellipsoid, therefore in the concyclic quadric 

1 cos*0 = 

R? h2 ~ Dh? 
except at the point P’, and therefore the concyclic quadric 
touches this quadric surface of revolution at P’ and rolls 
upon it during the motion. 

We may also take concyclic quadries, given by 
(H — A)a?+ (H — B)y?+(H —C)z2 = Dh?, 

2 2 
P= p- p= p—008"S, gavelevese sates ieee (2) 
the polar equation of a quadric of revolution. 

In particular, if H=D, then R’sin @=h, the polar equation 
of a cylinder of revolution, outside which this concyclic hyper- 
boloid rolls during the motion (Siacci, In memoriam D. 
Chelini, Collectanea mathematica, 1881.) 


is greater than 


and now 
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213. By reciprocation of these theorems, we prove Mac- 
Cullagh’s theorem, “that the ellipsoid of gyration, 
we ye 2 1 
APA O ai’ 
always moves in contact with two fixed points on the axis of 
resultant angular momentum, equidistant from the centre ” ; 
and we also deduce Gebbia’s extension of MacCullagh’s theorem, 
that “confocals of the ellipsoid of gyration, the polar recipro- 
cals of the concyclic ellipsoids of the momental ellipsoid, slide 
without rolling on fixed quadric surfaces of revolution.” 
In particular, the polar reciprocal of Siacci’s cylinder of 
revolution is a circle, upon which a certain confocal to the 
ellipsoid of gyration slides without rolling. 


= 


Geometrical Representation of the Motion, according to 
Sylvester, Darboux, and Mannheim. 

214. In Sylvester’s splendid generalization of Poinsot’s re- 
presentation of the motion of the body, it is proved that a 
confocal to the momental ellipsoid rolls upon a plane per- 
pendicular to the axis of resultant angular momentum OC at 
a constant distance from O, which plane rotates about OC with 
constant angular velocity, and therefore gives a geometrical 
representation of the time. (DPhil. Trans., 1866.) 

The proof of this theorem depends upon two geometrical 
propositions, in connexion with confocal quadric surfaces— 

(i.) “The locus of the pole of a fixed tangent plane to a 
quadric surface, with respect to any confocal, is the normal to 
the first surface ;” 

(ii.) “the difference of the squares of the perpendiculars from 
the centre on two parallel tangent planes of two confocals is 
constant and equal to the difference of the squares of the 
corresponding semi-axes.” 

Thus, in fig. 25, if OP’ is a surface confocal with the 
momental ellipsoid OP, then Q, the pole of the invariable 
plane CP with respect to the surface OP’, will lie in the 
normal PQ to the momental ellipsoid at P ; while the surface 
OP’ will touch a plane C’P’, parallel to the invariable plane 
CP, and such that OC’?=OC?—)?, * denoting the difference 
‘of the squares of corresponding semi-axes of the confocals. 
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Since C is a fixed point during the motion of the body, 
therefore C’ is also fixed. 

Drawing the plane QL through Q, parallel to the invariable 
plane, and denoting OC by h, as before; then since Q is the 
pole of CP, 

0Q.0V=0P%, or OL. OC=007 =? —2, 
so that OL=h— d/h, LC =2Jh. 


Fig. 25. 

Again, denoting as before (§ 104) by w the constant com- 
ponent of the angular velocity of the body about OC, so 
that the resultant angular velocity of the body about OP is 
u.cosec OPC, then the velocity of the point P’ in the body is 

ucosec OPC ROP sin POP t= pW s 
where V’ is the point in which the line OP cuts the plane C’P’. 

Therefore the angular velocity of P’ about the invariable 
: By PV Ole Vee ? 
line OC is orp = ap = =p, 

a constant ; so that if the surface OP’ rolls without slipping 
on the plane C’P’, this plane must revolve about OC with 
constant angular velocity ur?/h?. 

The point P’ lies in the plane OQPC; and since 

OPC ROC’ AOC 

GP =_ LO Ol mOCe 
therefore OC CLE = OCRGP. 
and P’ lies on the rectangular hyperbola PP’; this is the 
geometrical property principally employed by Prof. Sylvester. 

(Solid Geometry, Salmon, $$ 167, 180; Smith, §§ 163, 167.) 
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“so 


The angular velocity of the vector C’P’ with respect to the 
: Pee Rie ; 
revolving plane C’P’ being Puss it follows that, if p’, ¢’ 


denote the polar coordinates of a point P’ on the herpolhode 
described by P’ on the revolving plane C'P’, then 


p?_ 00? _ he 
Big OLA me 
ap i 4D Bb. D luli 
12, teal : K& 
and pF =a(1 ss ABC a? 


equations similar to those required for the herpolhode of P. 

In particular, if we take \?=/?, then OC’ =0, and the con- 
focal OP’ is a cone; and the plane through O rotates with 
constant angular velocity u, while the cone, called by Poinsot 
the rolling and slipping cone, rolls on this revolving plane, 
the angular velocity about the line of contact OH being v. 

If we consider the curve described on this revolving plane 
by the point H, the foot of the perpendicular from P on the 
plane, then p, ¢’ being the polar coordinates of H (§ 113), 


de ap  A—D.B—-D.C—Di? 
Gino a ABO pe” 
so that the point H describes on the revolving plane an orbit 
as if attracted to O; and, as in § 89, we shall find that the 
requisite central force is of the form Ap+ Bp’. 
(Pinezon, Comptes Rendus, April, 1887.) 

This is otherwise evident, by noticing that the vector x+iy 

of this curve satisfies Lamé’s equation (§ 204) 


© @-+iy) = (2eu-+pu)(e+iy), 


dt? 
where p’'=*(ev— eu), 
Pax 2p, d?y (: é) 
2 fY _(30y—2% Jy. 
so that de = (3p0 272) % Aye 30V 72) 


A value of ) may be found which makes the herpolhode of 
P’ a closed curve; and this closed polhode is an algebraical 
curve, when v is an aliquot part of a period, the correspond- 
ing elliptic integrals of the third kind becoming pseudo-elliptic. 

Abel has devoted great attention to the subject of pseudo- 
elliptic integrals (Huvres, XI.), and the algebraical herpolhode 
affords an interesting application of his theorems (§ 218). 
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The Addition Theorem for the Third Elliptic Integral. 
215. Theorems (9) and (10) of § 189 show that, employing 
the function ¢(w, v) of § 201, 
log A(t, Vv) Flog f(Uy, Wee p(U,+U,, Vv) +log Q, 
p(Uy, V) p(Uy V) =O) 
p(y +Us, V) 
T(V+U,)o(VAUg)o(U, + Uy) _ = 
T(UEUy Ug) TV TUzTUg 
where, expressed by elliptic functions of u,, u,, and v, 
eG 3 (Uy — Uy) — e(u+ >} 3 Ut Uy) 95 (Uy + Up) (2) 
~ PH(U, + Uy)—O(VEF.U,+Uy) oh areas PE(Uy— U2) 
Also, as in equation (8), § 188, 
log A(v, vu) =log d(u, v)+udv—vlu ; 


or 


or 


so that 
log o(v, U4) +log g(v, U,) 

=log A(v, u+u.)— { Gu, + Gu, — Ku, + Uy) }v + log Q,...(3) 
the Addition Theorem for the parameters w,, Uy. 

These theorems have been generalized by Abel for the addi- 
tion of any number of amplitudes or parameters in the 
Third Elliptic Integral, and the proof is a simple extension of 
his method, employed in § 162 (GHwvres, XX1.). 

Denoting by a any arbitrary quantity, equation (7) of $162 
may be written 

Lda, 0x. 
aay JXy (Gay) ary 


Now, since 6a is of lower degree in a than Wa, and 


Wa=CII(a—2,), 
it follows that, when resolved into partial fractions, 
Oa Oz, 


Wa Deg =a, Wa,’ 
and therefore, writing fa and px for P and @ respectively, and 
A for the value of 4 when z=a, 


1S oda; padta—fadsgu . 


ye 
Ay JX, Ta (fa)? — (@a)y2A 
_ 1 sdfa—dpa.jf/A 1 dfat+édga./A 


————) 


SA fa—ga../A Ja fat+oa./A 


sVv4 Ak, ie ee _ ($a 
oa =o A a le oa — 26 tanh | (A). 4) 
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Integrating, with the notation (§§ 197, 199), 


il te 
be dw _ HY =) outs 
Jima log(gu— ev) —log ¢(u, v)=4$ log ZHeeTy e2uso, 
where a=u, /X=—'u, a=gv, /A=—9'v; 

Joo Pum ©) 1p tt@tGa-n/A Fa-9'a./A (Ur —9Y /- 
7 8 Buy, v) a fa—ga./A tat+¢ia. ea (5) 
so that 


A KO ik ee) 
Mr pu » UV) a eC +w’,) 
is expressible by elliptic functions, g and ¢’, of v; provided that, 


as in (11), $162, 
yi ee Ole Sp PO ga Ree san tanec amet ann (6) 


the coefficients in fa and ga being determined as functions of 
gu, and gu, by the plexus of equations (4) in § 162; f’a and 
ga being the same functions of w’,. 

Thus the function 

a(v+4U,;, ) 

Relea ae a eee (7) 
is an elliptic function of v provided that the sum of the values 
—u, of v which make the function vanish is equal to the sum 
of the values —w’, which make the function infinite ; in other 
words, briefly expressed, provided the sum of the zeroes u is 
equal to the sum of the injfinities w’. 

In particular, with the w’,’s all zero, Du,=0; and in equation 
(6), § 162, we can put 


Wa= (fa) —(payA =I(gv—gu,) ; 
so that log g(u,, v)=log(fa+ ga. ./A)+constant. 


VU, )o(VU+U,) ... c((UtUy) 
Bonus TI d(u,, v), or CUE) a neces (8) 
when Uy F Unt Ugt ooo tUp=O0,.-.cecrereereeeeecees (9) 


is a rational nee al function of gv and 9x, ane may be 
written, as in § 198, 


CH=CyACQUAC MULT» CpQM— DU. ..rerereeoens (10) 
i 


G.E.F 
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So also, since (§ 201) 
p(— U, v)p( U, v)=eU — v; 


therefore, writing U for — wz, 


r=p-1 
> log £(u,, v) = log (U, v)+log Q+a constant,...... (11) 
—! 


where Q=C/(gU —¢v). 
In particular, when U=ea, ¢(U, v)=,/(v—ea) (§ 202), and 
r=M—-1 
TT (ty V)= Cf] r/ (QU — Ca), «nsec rcrverccesoee (12) 
r=1 
when UW, + Uy + Ugt ...+Un-1= Wa: 


By an interchange of amplitude and parameter, 
Y log o(u, ¥,) —Z log p(u, v,) =log QO — pu, ......++(13) 
provided that Dv, = 2", 
Q being a function of gu, gu, ev, gv; and 
p=2(for— fv). 
216. A further application of Abel’s Theorem of § 162 shows 
that p is expressible as a function of gv and gv; this is the 


generalization of the Addition Theorem for the Second Elliptic 
Integral, given in § 186. 


se LOX, 
For af 2 =) a, 


and this case can be determined as a degenerate case of the 
preceding result; since, making a=o, 


Wy Aly af a Ax, Che Bali 
yf au a a) = oe A—ay f/f Xy 


=the eat of 1/a* in the expansion in ascending powers 
1 fa—ga./A 


of 1/a of TA 108 ts, naa Oo ec eccccecesceccosce (14) 
Thus, with X=4e3—g,7—g,, and w=, 
then fy= eS a 


and p or X(fv,— (v’,) = — 217 tanh- fe A, | (a=00). (15) 


Jacobi calls ,/A the factor of the Third Elliptic Integral. 
(Werke, IL., p. 494.) 
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217. Similar results hold when, as in § 167, X is supposed 
resolved into two factors, X, and _X,,. 

Denoting P2X, —Q2X, by Wa, 
and varying the arbitrary coefficients in P and Q, and conse- 
quently the roots of ya=0, as in § 162, then 

V'a,dx,+2P6P .X,—2Q6Q.X,=0, 
while Te Aa AG =): 
so that Y'a,da, — 2(QOP — PSQ),/(X,X,)=9, 
da,  jQYoP—PédQ Ox, 


a Re SORE 2 Wa, a, 
and Din X= OOF i Lu’. 
Again, as in : on 
ian, 5 pad ta — fa dpa 


ee, ee -—- {Gaye —(a)2A, 
1_ dfa./A,—dpa.J/A, 1 Stfa./A,+éda.,/A, 
he fa. we od Awe) Ae fa, Ay ba. J As 
ee ed A, 
=4 fa. /A,+oa.,/A, 
Thus, as an pees. to the formulas of §§ 174, 176, 186, 
and 189, take, as in § 38 (Durége, Hlliptische Functionen, § 36), 
X=X,X,, where X,=2, X,=(1—2)(1—ke). 


Then, with «=sn?u, 


da ada 2 

i=) 
Sax U, JX Sper Ham wv), 
0 0 


lx 
d y= eo Ty 
an eae II(n, x, $), 
in Legendre’s notation, with ¢=am u, and n= —1/a. 


Now, if, as in §§ 164, 165, we take 
P or fv=p+a, and Q or ¢x=q, 
and denote by 2,, #4, @3, the roots of the equation (7), § 167, 
we, or P?X,—Q2X,, or (p+x)a—q(1—x)(1—ke)=0; 


then Gee 0 
1—a#,.1l—«#,.1—«#,=(1+p)’, 
H+ y+ We — ka,,0,= — 2p ; 


so that, as in § 164, 
(2—a, —7,—a,+ka, xa)? =4(1—-a,.1—x,.1—«5), 
where U,+U,+ Us =. 
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Again, ; 
ee, ra dx, area fil! lite 
Sa-% JX, a8 a—2, Xs d— Xz & 
a fa. eek — da. mde een p-124 VAs (16) 


% apes re ig JA, hot As 2 fa ./ Ag 
since @,, %, % vanish when p and q are made zero; and this is 
equivalent to the result of equation (9), § 189, with a= —1/n, 
ane 1—@.1=ko ~(1+0)(14+ 4) = =: 

a a 

pa nJ/Ag_9/(1—a.1—ka) _ _ ngn/(—4) 

tae Ay (p+a),/a 1—np 

Un/( = a)@ og ; 

— T4+n—n,/1—a, -1—a,.1—2,) 
Similarly, for the Second Elliptic Integral, 


0,00, LAL, i 
Ve JX, Ue JX, We 


and 


- 2a? BCI A OMe es ceed 2) 
=n r/(a.1—a.l—ka) jonk Ne ( ) 
Se oa Pe ees Ree cs +...} 

I a +4(1-—a.1 hay ia aot 
Se eee CL RRA ORE aan sete ine Seen bacreee. mbric- (17) 


as before, in §§ 174, 176, and 186. 


218. Abel’s pseudo-elliptic integrals are derived by making 
the w’s equal in equations (7), (12); or the v’s equal in equation 
(13); also by making their sum equal to a period w,, or the 
sum of multiples of periods, such as Po, + ws. 

Now wlog p(u, v) 1s of the form log Q— pu, 
or p(u, v)* is of the form e-/"Q, 
where ( is a rational integral function of gu and g’w of the 
form of C in (8), sometimes qualified by a divisor ,/(gw—e,). 

We begin with the simplest case of an algebraical herpolhode 
by taking v=,+}0,; and then, from equations (39) and (40), 
§ 54, we can infer that the value of s, between e, and e,, which 
WETS edad Wem pe NG ore ee 

€,—8 8—é, 


is 8 or 9U=e,+,/(e,— es. €,— 5). 


makes 


AND THEIR APPLICATIONS. 229 


Denoting gu by s, g’u by A/S, and gu by a, we infer that 
ds 
(s—a),/S 


is pseudo-elliptic, that is, can be expressed in terms of 


J ds[J/S8 and of tan-1(Q,/S/P). 
In fact, by differentiation of 


= Dette: BCs é;.8— Cy) een aes) ACE SACS g) 


a-s —8 
4) 
aH) — Me _apittt= 
Le) Oe n/ (Coe) 2190 
2/8 @—a),/S 
since 19’v= —2,/(e,— es. &2—e3){ a/(& — 3) — a /(€n — es) 
In the herpolhode, therefore, of § 113, 
1a'v du 
p— uta ea O—3{./(e— 3) — a/ (ep —&5)} nt, 
or CS he UES { / (6 — &5) — n/ (Cp — €5)} nt, 


and therefore, relatively to axes revolving with constant 
angular eta 


—43{,/(é,—e3)— n/ (€g— 3) }n, 
the herpolhode a be the algebraical curve, given by 
_ya/(8— ey 8— ey) 
a—s 
(a—s) cos 20=,/(s—e, .s—e,), 
(a —8)’cos*20 = (a—s)’—(¢,+ 2a)(a—s)+(a—e,)(a—e,), 
(a—s)*sin?20 + {/(6,— 3) + a/(e,— es) }*(a —8) 
— n/ (6, — 6s - 6 — &s){ n/ (6 — es) caw (Gres) = 0; 


2 2 


a 


§=4 cos 


where, as in §113, a—s, or 9U—9U=" a Te 
Referred to Cartesian coordinates, in which 
p=2e+y*, p’sin 20=2ay, 

this equation becomes 


| 402 + {a/(6,—&s) — n/ (6s — es) jee | 


2 4 
x [AP +i, 29)— (6) a? | =(e, eo) 
of the form (Crs SU) |G pe ah Od ee (18) 
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The relation QU — = n/(€, — es - €y — Cg); 
combined with the equations of §§ 110, 113, leads to the relation 
A-D.D-C_A-B.B-C. 


iby ec 1 
and either B= D, which gives the separating polhode ; or 
Wh 
Die Aee BS Os 


the relation for this algebraical herpolhode. 
Now, from $$ 108-110, 


1D SNe wee say 
e—a=(4— 3) n ca 0= (5-5 n2’ 


while, with A> B>D>C, and ¢,=€,, €g=x, =, 


nl (6,— 3) — a/ (C2 = 3) = Gas ae ee Se 


To determine the confocal surface which will describe this 
aleebraical herpolhode by rolling on a fixed tangent plane, we 
must equate the angular velocity of the axes to ud?/h?; and 


- or) 

The squares of the semi-axes of the confocal are therefore 
HE a(2 LL Den 1B Di 
Bsn B Lee 1 Die 
Me ren(Bb De 12 Pi 


while the square of the distance from the centre of the tangent 
plane on which this confocal rolls is given by 


wove I(1— fi 


The confocal is therefore a hyperboloid of two sheets, of the 
form ee ie 2 =1; 


and in rolling on a fixed Beer plane at a distance b from 
the centre, it will trace out the algebraical herpolhode ( (18), 


being the preceding herpolhode, changed in scale in the ratio 
of h to b (Halphen, F. #., IL, p. 285). 
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219. A more complicated case can be constructed by taking 
V=,+ 303; but now we must choose particular numerical 
values for g, and 95. 

If we select the modular angle of 15°, then 2xx’= 4, and in 
(C), $53, J=58+4, J—1=11?+4; so that, by choosing A =108, 


then Gg= Lb; q— Ls 
and é=$4+,/3, e@=-1, e=4—,/8. 

It is easily verified that, with the above value of v, gv=}; 
for g2u= —$=¢4v; also this value of gv or s makes, in equa- 


tions (39) and (40), § 54, 
p (AaB %; g, —9,)= 29-49-47 %; gy, 9) 
mee ‘ 1 
The corresponding elliptic integral of the third kind in the 
herpolhode will now be pseudo-elliptic ; we find, in fact, that, 
¢ asf fips USAC ales Cee _,(2s—7),/(28 +2) 
(2s—1)? (2s—1)* 
oo = Teo2s-50 ee glu hig’u du 
> APE WISE b/? ds gu—gv ds 
since ig’v= —3,/2; so that, in the herpolhode, 
1) ¢'; 
p—pt= ie —}h/2nt+0; 
and therefore, relatively to axes revolving with constant 
angular velocity u—4,/2n, the herpolhode will be the alge- 
braic curve 


3,/ (48? — 48 — 11) 


6@=t5in-* 
‘ (2s—1)* 
or (1 — 2s)’sin?36 + 9(1 — 2s)? — ea 0, 
in which 1—2s=2(9v— gu) = pete ce =3?, ,, SUPpose ; 
and now p°sin”36 + 3¢?pt — 4c° = Aa aaenenee (19) 


a curve, consisting of six equal waves, arranged on a circle. 


With (i.) A> B>D>C, and 


ee=4+,/3, Go=—1, =4—-,/3, gpu=h; 
2A-—D.D— 
then (§ 113) gv—-@= SL o= - AG ) 
w2=A—D.B-D. 
QU—e.= ae aoe 3 AP ; 
A-D.D—C A-—D.B-D 
so that = AG => AB . 
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Then, either A—D=0, which would give a stable rotation 
about the axis A; or 


Topo sides ates stead tae ce eae (20) 
so that D is the harmonic mean between B and C. 
Again, pv—en=5 =" ae 
so that sme et z 
ae p74 por z) B04 AG a) 
ae Aga Ot </3)( a) sane ly 


which is impossible, with A > B> C. 
But (ii.), with A > D> B>C, we find that D is the har- 
monic mean between A and B; also 
aa 1 Sed vay(h- ai ek ee (22) 
so that 2+,/3 is the ratio of the semi-axes of the focal ellipse 
of the momental ellipsoid, and 4/3(,/3—1) is the excentricity. 
Another algebraic herpolhode can be constructed by taking 
v=0,+ 43; and, with g,=15, g,=11, we find that 


gu=—$+,/3, ig'v=—3,/2(2—,/3). 


Now, if 
@=4 sift eR NCL ER o. ee 10+7,/3)/(2s— 2¢,) 
(23-2, /3+-5)# (2s—2,/3-45)3 
dO Jf 2(/3-1)_ _3,/2(2—,/3)_.. 
i RGSS (22-2315) 


so that 
bigudu_ (—3,/2(2—,/3)ds 
ies SS GAT ITD 
= 3/2/31) fF ysin Dal ta 8) 
NES (28-2, /3-++5)? 
and now the algebraic herpolhode, with respect to revolving 
axes, is given by 
(2s—2,/3+5)*sin 30=6(,/3—1),/(s—e,..8—e,), 
reducing to an equation of the form 


p®sin?30-+ Ppt+ Qp?+ R=0...cseccseseoee (23) 
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With (i) A>B>D>0O, and 


&=$+,/3, &=—1, —%=}4-./3; gu= —§+,/3, 
Peer G2 BD. D— 0 
QU — Cg $4 /3= 7 BO , 
2A —=— Dy D— C 
—¢é,= —3 = ill es, 
Qu — ey +2,/3 a Ci 
ay lee __w A-D.B-D 
QU — eo 3 rae Cane 
Therefore A-D.D-C_,B-D.D-C 
AC BC 
and rejecting the factor D—C, 
iL 9s DS ia ey 
1-4=2(1-), OF GHGS Becceeesccseeee (24) 
DSO AL DIBA A ik POR eat al 
Al eet GEES a ie shar Tend ese Sa 
ae aGe see P.O -7 og (5 a) 
i at Ay seal ff 4 
arg, B-se-a) an pa /3-D{ 5-4). plelstetetersicretels (25) 


so that the excentricity of the focal ellipse of the momental 
ellipsoid is ./3—1. 

With (ii.) A > D> B>C, weare led to an impossible result. 

Points of Inflexion on the Herpothodes. 

220. The original herpolhodes drawn by Poinsot (Zhéorie 
nouvelle de la rotation des corps) were represented with points 
of inflexion, as curves undulating between two concentric 
circles on the invariable plane. 

But it was pointed out by Hess, in 1880, and de Sparre 
(Comptes Rendus, Nov., 1884), that such points of inflexion can- 
not exist on Poinsot’s original herpolhodes, which are curves 
always concave to the centre, as drawn in Routh’s Rigid 
Dynamics, Chap. 1X.; like the horizontal projection of the path 
of the bob of a conical pendulum, or like the path of the Moon 
relative to the Sun, a good figure of which is given in the 
English Mechanic, p. 337, June, 1891, by Mr. H. P. Slade. 

The herpolhodes described on planes parallel to the invari- 
able plane in Sylvester’s representation are capable, however, 
of possessing points of inflexion, when the confocal of the 
momental ellipsoid attains a certain shape. (Hess, Das Rollen 
einer Flache zweiten Grades auf einer invariabeln Ebene 
Munich, 1880; de Sparre, Comptes Rendus, Aug., 1885.) 
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Denoting by h the constant distance from the centre of the 
plane upon which a quadric surface rolls, de Sparre shows that 
the herpolhode on the plane has points of inflexion, when the 
quadric is 

(i.) an ellipsoid 


2 ] 1 
x 
ane 


pet ee? 


yy 2 


if 
2 2<¢2 if h2 ier, 
b2 aoe az<b Se, if h > b?, and ee 


BP SONA By Hh 
(in a momental ellipsoid, A <B+C, or Bete so that 


points of inflexion cannot exist on the herpolhode) ; 


(ii.) a hyperboloid of one sheet 


TOU pe Py Cnty Leal eee 
peas 2< f2 2< q? j zs ee, 
mt be 2 1G be ih ae ane 2 jet 2 
(iii.) a hyperboloid of two sheets 
i al eee: ee, Ghee Ib ab 
5-5 =l, <ce’, if 5 >——+-, whatever the value of h. 
a & @ BI tee 


These herpolhodes being similar to the original herpolhode 
of the momental ellipsoid, when referred to axes rotating with 
constant angular velocity «A?/h?, can be considered as defined 
by the polar coordinates p, 0, given in terms of the time ¢, by 
the equations of § 113, 


Pl= TP (@U— OU) n sanchtoes ee eeeo ae eee (1) 
dé h19'v : 
ae = ey, — ou SOOOUCOCIOUOOUUDO COO GDOO NCIS (2) 


with u=nt+o, V=o0,+tws m/u=1—)2/h. 
Denoting the velocity in the curve by V, and its radius of 
curvature by R, then, resolving normally, 


V3? dol ef 8) a ieee aA 


BR dé p dt\? dt/” ?dt\de” de 
which will be found to reduce to an equation of the form 
V3 A 
a. Ga ORS Sc 2a ee ee (3) 
where P=M'+3mV7ov + ni—'v, 


Q= 3m’ nig’v —mn’"v —1 vie’ ; 
and the corresponding herpolhodes will have points of inflexion 
when XQ is chosen so that Pp?+@ can vanish. 
Thus Halphen points out that the algebraical herpolhode 
of § 218 will have points of inflexion, if b? < a2, 
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221. The polhode being given by the intersection oF the two 
quadric surfaces Ag? + By? + C2? = Dh2, 
Atg? + Bey? + C22 — D2h?2, 
we may in consequence write 
-C,, a Cree 
te wi (a?+n), Las re (+r), = 


where (B—O)a?+ (C—A)l?+ (A—B)ce?=I1Dh2, 
A(B—C)a?+ B(C— A)b?+ C(A — BP =1D*h? ; 


ee coed sic 
NCEE Aa? 


the equation of a system of confocal quadries, on choosing / 
UBM 9 Oa alice 83 


and then 


puch that t= Lor ye ag o 
Then 
D.A—D.B-C D.B-—D.C-—A 
2 = : Bh Vasa a, 2 
—c?= — (BC h2, ?—@= (RC h?, 
D.C—D.A—B 
2 yas 2 
e—P=— BC h 


By varying X along the polhode, we find 


2 dx LOGAN Cr ele 2 dd 

x dt a+r dt?” dt 2a®+4x dt’ 
so that the polhode is an orthogonal trajectory of the confocal 
surfaces, for any one of which ) is constant ; and two ellipsoids. 
can be drawn on which the curve is a polhode, of which the 
generating lines of the confocal hyperboloid through the points 
are normals. 

When these confocals are hyperboloids of one sheet, the 
generating lines may be made of material rods or wires, 
jointed at the points of crossing; and now any such a system 
of rods forming a hyperboloid is capable of deformation, and 
assumes in succession the shape of the confocal hyperboloids ; 
the trajectory of any fixed point on a rod being orthogonal to 
the hyperboloids, and therefore capable of being a polhode, if 
the hyperboloids are coaxial with the momental ellipsoid of 
the body. (Messenger of Mathematics, 1878; Senate House 
Solutions for 1878; Larmor, Proceedings Cam. Phil. Society, 
1884, Jointed Wickerwork; Darboux and Mannheim, Comptes 
Rendus, 1885 and 1886.) 
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Darboux has shown (Despeyrous, Cours de mécanique, t. IL., 
Notes XVII, XVIIL) that if we hold a given generator fixed, 
then any point fixed in any other generator will describe a 
sphere; thus, if a rod moves with three points P, Q, & on it 
connected by means of bars to three fixed centres A, b, C in 
a straight line, any other point S of the rod will describe a 
sphere about a centre D in the line ABO, such that the A. R. 
(ABCD) is equal to the A. R. (PQRS). 

The point where the line PQR meets the generator parallel 
to ABC will describe a plane, the corresponding centre being 
at an infinite distance; and generally, if one generator is held 
fixed, any point on the parallel generator will describe a plane. 

The herpolhode can now be described by taking a jointed 
hyperboloid, similar and similarly situated, and of half the size 
of the former one used for describing the polhode, with one 
generator fixed along the invariable line OC, and with the par- 
allel generator along the normal PQ at P; and now, if P is 
moved in a direction perpendicular to the hyperboloid at P, 
it will describe a plane curve, which is the herpolhode. 

222. Any point fixed in a body moving under no forces, 
whose co-ordinates with respect to the principal axes are 
represented by a, b, c, will have component velocities 


cq—br, ar—ep, bp—agq, parallel to the principal axes ; 


and will describe a curve whose projection on the invariable 
plane will be given, in polar co-ordinates p and ¢, by (S§ 104-118) 


a ee Gene es 
Du 
_ (bCr—cbq)+(cAp—a0r)?+ (aBq—bAq)? 
Dey? a ae 
dp ip) : Ap 
“= {(b?+0?)p—abq —car |} * 


+ {(e+a?)q—ber — abp} nf! 


+ {(w+b*)r — cap — beq i ) 
i 


the moment of the velocity about the invariable line OC; and 
p,q v are given as functions of ¢ in §§ 32, 106, and 108. 
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The equations are much simplified when the point is fixed on 
one of the principal axes, when two of the three quantities 
a, b,c vanish; and it will be a useful exercise for the student 
to prove that, in these cases, the curve of projection on the 
invariable plane with respect to axes rotating with angular 
velocity G/A, G/B, G/C respectively, is given by an equation 
of the form 

e+tiy=kp(u, wa—v), or kp(u, wo—v), or kob(u, w.—). 

Another useful exercise is to deduce Poinsot’s relations when 
the co-ordinate axes fixed in the body are not principal axes. 

Now, if the equation of the momental ellipsoid is 

Av + By?+ C2? —2A’yz—2B'2a—2C'xy = Dh? ; 
and if p, q, 7 denote as before the component angular velocities, 
and h,, h,, h, the components of angular momentum about the 
axes, the three equations of motion under no forces are _ 


Camhg+hg=0, S2-hep+hr=0, U8—hg+hp=0, 
where 


h,=Ap—Cq-Br, h,=Bq-A'r—-—Cp, hz=Cr—Bp—A'Q; 
and these equations are solvable by elliptic functions. 

(Dissertation Ueber die Integration eines Differentialgleich- 
ungssystems ; Paul Hoyer, Berlin, 1879.) 

223. The numerical results obtained in the preceding alge- 
braical herpolhodes can be utilized in the corresponding 
problems of the revolving chain (§§ 205-206) and of the 
Tortuous Elastica (§ 207). 

Putting =, or v=4$w, in § 206, 
then gv =€,—./(€;— ey - & — €s)s 


19'v = 2,/(e, — 3 - ,— es) { ~/ (G— 65) + mi lg es) 5 


sig'v du 
= YT Nes 
gad =f[ Qu — ev 
=} cog OU PF) 41 (0,05) + a/(ex-€5) (bw) 


QuU— ov 
or (s—gv)cos[2yr+ {a/ (21-3) + / (C2 es) Xm, /4] = /(8-C, 8-5), 
where s—gu=1"/k?. 

In the corresponding problem of the Tortuous Elastica of 
§ 207, it is merely requisite to replace « by the arc s. 
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The working out of the analogies for the other algebraical 
herpolhodes is left as an exercise; merely mentioning that 


and that, if 
w/2n/(45°— 158 — 11) 


—1 gjpn-l Se ee 7—le gad —_., 
6=4sin (23-43)! COSTS i 
d@ 1 2s+1 1 ue wv 1 


ds 2 2848 S/S MRS ete 


i. higvdu _ ad Ml ufvedas 20U 
4 pu-gv /2 3. (gu—gv)t 


224. he analytical expressions in §§ 208, 210 for the motion 
of the Spherical Pendulum and of the Top or Gyrostat show, 
by comparison with the equations of the herpolhode in § 200, 
that this motion may be considered as compounded of two 
Poinsot representations of the motion of a body under no forces, 
as given in §§ 104, 214 (Jacobi, Werke, IL, p. 477). 

The relations connecting these two component Poinsot 
motions have engaged the attention of Darboux (Despeyrous, 
Cours de mécanique, II., Note XIX.), of Halphen (F. £#., IL, 
Chap. IIL), and of Routh (Q. J. M., XXII). 

We may put the conclusions arrived at by these mathema- 
ticians in the following condensed form, depending on funda- 
mental dynamical and geometrical considerations. 


(i.) If the vector OH represents the axis of resultant angular 
momentum, then H lies in a horizontal plane through the point 
G, where the vertical vector OG represents G, the constant 
component of angular momentum about the vertical. 

(ii.) If the plane drawn through H, perpendicular to the axis 
of the Top, cuts this axis in C, then OC = (7, the constant com- 
ponent of angular momentum about OC, the axis of the Top. 

(iii.) These two planes, one horizontal and through G, which 
we shall call the invariable plane of G, and the other through 
C and perpendicular to OC, which we shall call the invariable 
plane of C, intersect in a line HK perpendicular to the vertical 
plane GOC’; and if HK meets the plane GOC in K, then 

CH? — GH? = CK? — GK? = 0G2— 0C? = G2— Cr, 

(iv.) The instantaneous axis of rotation OJ lies in the plane 

HOC; and if OL meets CH in J, the resultant angular velocity 
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about OJ is OI/C; also CI/CH=C/A, 
and the velocity of Cis 7. CT. 


(v.) By equation (i.) of § 210, the square of the velocity of C 
is (2077? Wg/A)\(c—h cos 8) ; 
so that CI?=(20?Wg/A)(c—h cos 6), 
CH? =2A Wg(c—h cos @) 
=2A Wohk(gw—gu), suppose. 
Then, a equation (3) of § 210, with w=nt+o,, 

In*h*e?u =gh(ou — ga)(eu—eb)(gu—ew)—(a+ Bou) ; 
and ‘therefore, when w=a, b, w, we have three equations of the 
form i@a=a+ea,—igb=at Beb, ip’ w=a+ Bou; 
so that, according to § 165, we may put w=b—a. 

(vi.) Now GH?=2A Wghk{e(b—a)—eu} —@+ 0%? 
=2A Wghk(gw' — eu), suppose, 
where ew ——a+b)= —(G?—C077?)/2A Wghk ; 
and since 


G+Cr — Cr 


“TA Wghky 2° * Tear Wank) = 2°? 
and 2=hk(ob—¢a), 
fe ee 
therefore gw —a(b—a)= (gb—eay? 


and therefore (§ 151) we may put w=b+a. 

(vii.) The point H moves in the invariable plane of G with 
velocity equal to the impressed couple of gravity, and parallel 
to the axis of the couple; so that the velocity of H is in the 
direction HK, and equal to Wgh sin 0; and the moment of this 
velocity about Gis Wgh sin 0. GK. 


But GK sin 0= OC — OG cos 0, 
so that p(d¢/dt)= Wgh(Cr —G cos 6), 
if p, @ denote the polar coordinates of H in the invariable 
plane of G. 
Now p?=2A Wghk{e(b+a)—eu}, 
and cos 9= k(gu—4ea— eb); 


so that finally we shall find, after reduction, 

dp G . 4i(b+a) 

di 2A o(b+a)—gu’? 
and therefore H describes in the invariable plane of G a her- 
polhode with parameter b+a. 
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(viii.) Similar considerations will show that the curve de- 
scribed by H in the invariable plane of O is also a herpolhode, 
with parameter b—a. 

If in equation (2) of § 210 we replace Cr by Av’, the motion 
of OC is unaltered, but now the momental ellipsoid at O becomes 
a sphere, and OZ is the instantaneous axis of rotation ; so that 
the motion of OC is produced by rolling the cone, whose base 
is the herpolhode described by H in the invariable plane of C, 
on the cone whose base is the herpolhode in the invariable 
plane of G, the angular velocity being proportional to OH. 

(ix.) But in the general case, where OJ is the instantaneous 
axis, the curve described by J in the invariable plane of C’ is 
similar to the curve described by H, and is therefore a herpol- 
hode. 

Now from (v.), drawing CM, LN perpendicular to OG, 

Ol?=0C?+ CI? 
= 07)? + (20? Wg/A)(c— OG+ GM) 


20? Aes ve) ), 


= C7 y2 = — 04+ a A: GN 


so that OJ? varies as the height of J above a certain horizontal 
plane ; and the locus of J is therefore a sphere, to which the 
point O and this plane are related as limiting point and radical 
plane. 

The motion of the Top can therefore be produced by rolling 
the herpolhode described by J in the invariable plane of C on 
this sphere, with angular velocity proportional to OJ. 

(x.) It still remains to be shown that the cone described by 
OJ in space round OG is a herpolhode cone ; this is left as an 
exercise. 

Darboux shows that two such hyperboloids as those described 
in § 221, with a pair of generating lines, PQ, PQ’ in coincidence, 
and the opposite g generators OG, OC of the same system inter- 
secting in a fixed point O, may be used to represent the 
motion of OC, the axis of a Top, when OG is held vertical; 
the point P of intersection of the coincident generators hoe 
made to describe herpolhodes in the invariable planes of G 
and (, by being moved in the direction of the common normal 
of the hyperboloids. 
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225. The numerical results of the pseudo-elliptic integrals 
of §§ 218, 219, and 223 can be utilised for the construction of 
similar degenerate cases of the motion of the Top. 


Thus, if a= $03 b=w0,+ hws, 
then b6+4=0,+03 b-a=0,; 
and we shall find cos a=0, cos 8=x, d=sec £, and 
C°r?=2A Woh sec 8, G?=2A Wgh cos B. 
The spherical curve described by C' is now given by 
sin @ sin(nt cos B—y) = ,/{cos 6(cos B—cos 6)}, 
sin 6 cos(nt cos B—y) = ,/(1 —cos 6 cos 6). 
With a=}, b=w,—;, and b+a=e, 
we find that cos a, cos 8B, and d are unaltered, but Cr and G 
are interchanged ; and C' now describes the spherical curve 
sin 9 sin(nt—v)= ,/ {cos A(sec 8 —cos 6)}, 
sin 6 cos(nt—v,)=,/(1—sec B cos 6). 
Again, with a=20,, b=w,—40, g,=15, g,=11; 
so that ga= —3, gb=4, we tind that 
k=1, cosa= any. cos B= —3, d=,/34+1, C7? =4A4 Woh ; 
and the spherical curve described by C is given by 
sin?@ sin 3y-=(—1—2 cos 6), 
sin®@ cos 8y/ = (1+ cos 0+ c087@),/(2+ 2 cos @—cos?6). 
To realise this motion practically, place a homogeneous sphere, 
of radius ¢, inside a fixed spherical bow] of radius a, in contact 


at an angular distance of 60° from the lowest point, and spin 
the sphere about the common normal with angular velocity 


seite-9} 


The sphere if released will roll on the interior in this curve. 
As another numerical illustration we may take 
9o=48, G,= 44. 


when 0(w,+4w3)=2, PZw,= —4; 
Q'(w, +40) = — 9'303 = 67/3. 
Also, with 93=30,— 9,28, @,/0,=2./2, 


}03= —I—-F »/6, Zo, = 1 —#,/6, ete. 
Q 


G.E.F. 
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226. It is convenient to represent the two parts of w by 
yy, and vy, such that | 
dy, 1G+Cr 1 dw, yig'a 
di 2 A 1+cos@ du gu—ga 
di, _ 1 G=-Cr 1 des Lig'b ; 
dt 2 A 1—cos@ du gb—gu 
also to put y=V,-Yy, whence Euler’s angle p=x+(A-C)ri/A, 
are dx _Cr—G cos 0 
dt A sin?0 
an expression obtained by interchanging @ and Cr in y. 
With a= po, b=0,+ ws, a change of g into —q interchanges 
G and Or, while a change of p into —p interchanges G and 
—Or: both changes of sign change G and —G and Cr into 
— Or, and thus reverse the motion. 
The following degenerate cases of the motion of the Top will 
afford an exercise on the preceding results of §§ 210, 224 :— 
A. With b—a=a,, or gq—p=0, 
qa ft al cosa cos 8 
Cr h cosa+cos B 
C?7?/2.A Wgh=cos a+cos B; 
and by § 215, x is now pseudo-elliptic; and 
x= A/(c08 «+008 B)a/(Ag/l)t—& 
where g=tan- (cos 8 —cos 8)(cos 8 —cos a) 
1+ cos a cos 6 — (cos a+cos )cos 0 
_a/{(cos 8 —cos 6)(cos @—cos a)} 
sin 6 
_ia/{1+ c08 a cos 8 — (cos a+cos 8)cos 6} 
sin 0 
‘The angular velocity of H round G@ in the invariable plane 
ot @ is now constant and equal to $G/A. 
B. With b—a=o,+s, or gq—p=1, 
va (Go Ter Tpdcosie 
ap Or ha cosatid 
C?7?/2A Woh=cosa+d, . 
and the spherical curve described by C has cusps on the circle 
given by 0=6; and now 
X= A/ (008 at d)/ (g/l) €: 
a A (d—cos 6)(cos @—cos a 
ee i +d cosa—(cosa+ Des a 


=sin 


= COS 
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The angular velocity of H round G@ is again equal to 4G/A. 
C. With b+a=w,, or g+p=0, 
galt i tosa cos 8. 
G  cosa+cos 8 
and now yf is pseudo-elliptic, and given by 
r= a/(c08 a+ 008 8)a/(dg/D)t— é5 
while the angular velocity of H round C in the invariable 
plane of C is constant and equal to $Cr/A. 
D. With b+a=,+0s, org+p=l1, 
Cr _1+dcosa 
oe = Gime cosatd 
pa a/ (cos atd)a/(dg [Dt & 
and the angular velocity of H round C in the invariable plane 
of Cis again $Cr/A. 

KE. With g=1, b=o0,+,, G—Cr=0, and vy, disappears ; and 
now cos6=c/h=1, the Top being spun originally in the 
upright position. 

Now if the Top falls ultimately to the extreme inclination a, 
we find that C?7?/2A Woh=1+cosa; 
and subsequently, after a time ¢, 

sin $0=sin $a sech{sin $a,/(g/l)t}, 

Crt. _, jeos 0—cosa. 

SoA vf I+cos@ ” 
so that the integrals for ¢ and yy are pseudo-elliptic. 

F, With q=0, b=o,, G—Cr=0, and yy, again disappears; but 
now d=1, and the Top does not rise to the vertical position. 

For numerical illustrations of this motion, take 

G=%o,, and g,=15, g,=11, when ga= —3; 
or go= 48, 9,=44, when ga= —4. 

G. With p=1, a=o,, G+Cr=0, and vy, disappears; now 
cos a= —1, and the Top passes through its lowest position. 

For numerical examples of pseudo-elliptic cases, employ the 
results @(w,+40,; 15, 11)=4, and g(o,+ $03; 48, 44) =2. 

H. With p=1 and g=1, G=0 and Cr=0; and the motion 
reduces to plane revolutions, as in § 18. 

I. With p=1 and qg=0, G=0 and Cr=0; and the motion 
reduces to plane oscillations, as in § 3. 

K. With p=1,q =0, d=1, cos B= —1, cosa= —1, the pen- 
dulum is at rest in its lowest position. 


.V, 
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The Trajectory of a Projectile, for the Cubic Law of Re- 
sistance. 

227, An immediate application of the function ¢(u, v) of 
§ 201 occurs in the solution of the motion of a body under 
gravity in a resisting medium, in which it is assumed that the 
resistance of the medium is in the direction opposite to motion, 
and that it varies as the cube of the velocity. 

Refer the motion to oblique coordinate axes, one Ox in the 
direction of projection at the point of infinite velocity, and the 
other Oy drawn vertically downwards. 

Denote by w the terminal velocity of the projectile in 
the medium ; so that if W denotes the weight in pounds, the 
resistance of the air at a velocity v is a force of W(v/w)s 
pounds, and the retardation produced is g(v/w)*. 

The equations of motion are then 


de g/ds*dz 

dt - 1%) ‘ds’ CoCo eer ereereoseereesesrcees (1) 
dy _ _ g (ds\F dy : 
at? —5 (=) Fee SOE ai. Ga eee (2) 


Eliminating the term due to the resistance, 
dad'y dady da 
di dt-— d@ dt 7dt’ 
or, writing p for dy/da, 
dp_ dt  dpdx 


di Ida?! dé den (3) 
It Ox makes an angle a with the horizon, then 
ds*_ dy? jdydzx . da* 


GP ide de ap no ae 


Ey : 
= Fay? —2psin a+1), 
and now equation (1) becomes 
de __ gasp de 
d? .uP\dt/ at 
\ 3 
=- va (p?—2psina+1), 


da —* da 
or ae aaa ue (p?—2psina+1),......... (4) 
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Integrating, noticing that da/dt=«, when p=0, 


(Oa , : 
Ww (=) =$p°—p’sina+p=}P, 
suppose, where p*?—3p’sin a+3p is denoted by P; 


da gil - 
or Gaur DBE Ee ee ne (5) 
dp_ _(t&\*_ 9 pa 
h => as ? 
Then, from (8), Ae =9(5 d -) ee 
g de pA 
so that ap Pe. 
oy pt 
we ia , 
1 3 = 
and faa /P 3p, aoa och Tes Aa (6) 
0 
g a . 
maa / PP Bee Goh Keer ed (7) 
0 
: ad 1 
hil zee p> 
ee dt i 
ge 44, 
rigs Pie DE ie ok ROR (8) 
0 


228. The integration required in (6) is similar to that of 
ex. 8, p. 65, discussed also in § 157; we substitute 
z=m?P3/p, 
where m is some arbitrary constant factor ; and then 
428 — 9, = { (4° —g.)p? — 12m®p sin a+ 12m*} /p?, 
which is a perfect square, when 
4m$— g =3m'sin?a, or g,=m(4—8 sin?a) ; 


so that / (42 — 95) =m, /3(2 —p sin a)/p, 
627dz 2m?,/3dp 
-and : =— ; 
J (42— 9) Pp 
dz _—smij/adp_ dp isdn 
es Seagal 
on choosing m?=4; so that 
gx ff” de 


we CE 1p). 


2=0(Z; 0, ce MPa are (9) 
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Th gu psina—2, 

en mete. 

and supposing #=a at the vertical asymptote, where p= 
ga sina ga _1 


we 8 ae 6! 


(EU seg tla. 
so that iat tan 30 
of 
oy os sins lege See aes (10) 
i Pde ga ge ge _ ge 
Ore Pye Pup Pop 
I 
, are 
and, integrating, ya fda, 
Ya. a 
0. ne Ow 


the equation of the trajectory. 
It is convenient to write w and. v for gx/w? and ga/w*; 
Tes /iPUEe oe (11) 
gv——'w 
to be integrated by the Brome rules of § 198. 
Rationalizing the denominator ¢’v—’u, it becomes 
g°v— eu or 4(%u — g*u), 
since y,=0 ; and resolved into linear factors, it becomes 
4(9v — pu)(wpv — puU)(wrev—pu), 
where w, w” denote the imaginary cube roots of unity, viz., 
= —434+4,/3i, w= —4—4,/31. 
Now, resolved into partial fractions, 
6970 _ 6¢?u(9" v+e'u) 
gu—-——'wu 4(gv——3u) 
_1 gut+eu ls gvteu 1, wvt+ou 
~ 2 pv—eu' 2 wov—gu '2” wpv—eu 
1 gvt+euU 1 @wvtouU 1 ,e’w%r%+e'u 
72 ane i pemenreny casey 
on making use of the results of § 196, when g,=0. 
Then 


lpvteu, of; Pwvt—u S; Govt 9'U 4 
eae 6 as 29 wv- pav-pu te 297-9 u gw gL 


which is prepared for integration as required in § 198; and since 


and now 


te A caiti ea 
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opps fsQv—u)+ fu—Go)du 


= —log o(v—u) +log cu— uév + constant 
= ogc eu eho = —log o(—u, 0); 
therefore the result of the fee may be expressed by 


a= —log ¢(—u, v)—o log $(— 4, wv)—w'log ¢(—u, w2)....(13) 


The conditions of Homogeneity of ¢ 196 also show that the 
last equation (13) may be written 


ering Slog OP) | Hog ae sb) 
ee om) > gwv u3 wv 


or simply 


gy 


et 8ucv —log o(v — uv) —w log o(wv — wu) - vlog (wv —u), (14) 


subject to the condition that y=0, when w or #=0. 
The equation is left in the complex imaginary form, as there 
exists no theorem for the expression of 


log o(#v—w) in the form P+iQ; 
unless we introduce a new function (a, a), defined by 


(Halphen, PF. #., L, p. 151) 
P(a, a)=/{E(a+ ia) + (aia) da 
0 


229. For the expression of the time ¢ in the trajectory, 
equation (8) leads to 


gt _ Ogu ee J 


w gu—g'u 


-/' URC es (LEON yo of 3 e'wVtPU a, (15) 
2 pv—eu 2 Qwv — QU 2 9w"v — Pu 


when resolved, as before for y, into partial fractions; so that 


ah log ¢(—u, v)—o*log ¢(—u, wv)—w log 6(—4U, wr), 


w 
v—U : v—U) o(wv—w) 
or ay log ot Ps wlog tied —@) log Te as 
= ov WU TW 
or simply 
= —log ¢(v—u) — ow log (wv —u) — log (w’u—u), (16) 


subject to the condition that {=(0, when w or u=0. 
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By addition, 


IY 49" = Blog $(—w, v) + log 6(—w, v)p(—% wr)p( 4 we); 


pasts = Oe 
ie Silla’ a Werte! +log a(v—U)a(wv ee vv —U) 
ovo OV THU THU OU 


b 


and this last term, when expressed in a real form, is equal to 
log Lo’v—g'u). 
(Halphen, F. #., I, p. 232.) 
nie can be proved independently ; for 


my 9 5 to log ¢(— U, V) 


= fer (pv+eU) 4 ae PVT EU, 
du+3 
2 guv—-@'w 2 9v——9u ere 
—6e?u du 


= Fuse =log(g’v— gu) +a constant. ........... (17) 


230. For the purpose of the expression of y and ¢ in ascend- 
ing powers of # or wu, it is useful to employ the function 


A which we may denote by W(—u,v) or W; 


so that Wy (—4u, v)=cu o(—4, v), and y=1, when u=0. 
We may now write 
gy w= —log W(—u, v) —@ log W(—u, wv) — w’log W-(— u, wv), » 
gt/w = —log W(—u, v)—o’log W(— 4, wv) — log W(—u, wv). 
Differentiating logarithmically, 


foe an 


= upyt Spo we ‘U+.. 


on sependitn the second side by Taylor’s Theorem ; so that, 
integrating again, 


uU uw, 3 
log Y(— 4,0) = — pvt Sov“ g aes ay ieas sepa (18) 


Then, with g,=0, and gav=wev, etc., 


3 
log W(—u, w v)= — Fwprt gy eu? 0" OO eee (19) 


log W(—u, wv) = — wu ne ga’'u— w op"'v+ eS Res ike an (20) 
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so that vite 3(f a" uz vo +5 “ey — a) baa ere (21) 
a a(5 pv — FE eee * atv’ v— al dvesechss (22) 
and here wag’ Gea 0) aire 3 sin?a), gv=3, 


, . . 
g v= sina, gv" =3,0v” =4sina, ey = 4—4sina, ev = 42sina,.. 


231. When p,, 2, ps; denote the values of p corresponding to 
three points defined by the values a, a, 23 of @, OF Uy Uy) Ug 
of w, such that 

Cy, +%,+%,=0, or U,+U,+U,=0, 
then, according to § 145, 
(PPP, =0, 0, P3— (Po Pst+PsPi +P; P2)sina +p, + p+ Ps. (23) 

This Theorem follows also as a corollary of Abel’s Theorem, 
as applied in § 166; and it is interesting to proceed to the 
determination, in a similar manner, of the corresponding values 
of YtYo+Yg and t,+t, +t. 

Changing, in § 166, into p and y into P3, then from (7)§ 166, 


Tidy, + dy,+dy3)=p,P, “8dp,+p.P, ~Sdp,+p3P. 3 Sdp, 
2a) (Be “satP6B , prda+ p68, pibat ps6B) _ meear 
7 @-1\p,-P,-P\—P2 Pi1—Po-Po- Ps Po—Ps-P3—Pr ae 
O (dt, +dt,+ dt,) = P,- dp, +P," dp. +P, dp, 
3 [et BM pret oP) 5 t= — S008 
(P3— Pi) Pi— Pe) Game 


Therefore 


cok 
ZO+Yt+ ys) ff 3 : 


= oe 1)—w log(a—w)— wlog(a— ew 2), 2.24) 
8ada 
Z(t, +t, +t,)= ee 
= = Eta 1)- CSA et ere, ..(25) 
hops $_ pas 
where a= fs as P; cgi EI mee ssi Sica snetee (26) 
Pa- — ps D3— Pr Pi-Pe 
and a=, when p,=p,=p,=0. 
As a corollary from the preceding expressions for y and ¢ in 
terms of w or u, it follows that 
o(v—U,)o(V—Uy)o(U—Ug) 
TV TU TUT Ug ~a-l 


. 
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232. By taking z,=0 and p,=0, then 
Pit P.—P p2sin a=, or 1/p,+1/p,=sin a, 
when L,+0,=0, or Uy, +U,=9. 
Now, from equations (13) and (16), 
Ey, +Y,) = —log(gu— ev) —w log(gu—wev) —w’log(gu—w'pv) 


7 (eee Mao 
= —5 log Bia — ,/3 tan Sine ay 


= — Tey 


2 °° gu— =e aaa 
In particular, when w=e,, then 
p(—uU, @) =/(9uU- 
gy 1) nae -s/3eu 
and ie —8e,¢v— 7 1 og ip’ vi tan 20+ 9v 
Oe, eos CO ae -1A/3 QU 
we 4 log Joy “+ g/3 ae 2e,+ ev 


so that the expressions for y and ¢ are pseudo-elliptic ; and, at 
this point, p=2 sin a. 

233. We may now investigate the properties of certain points 
on the trajectory. 

When W=20,—, 
then gu=%t, gu=—+stsina, and p=coseca, 
so that the tangent is parpenaiceiae to Ox. 

The velocity in the trajectory is given by 

w( p?— 2p sin a+1)?( p§— 2p’sin a+3p)4, 

and this is a minimum, by logarithmic differentiation, when 


p-sina p—2psnatl 
p?—2psinatl p> — 3p? sin a+3p ; 

or pcos'*a + pisin a — Le Ope eae (27) 

If the tangent AB makes an angle 6 with Oz at the point A, 
th — sing 

- a cos(a— 8) 
so that the relation becomes 

tan a= —2 cot 26=tan B—cot®. ......... (28) 


Then ,/(4+tan’a)= tan B+ cot B=2 cosec 28, 
or (39s) = $0/(4—3 sin?a) = 3 cos a cosec 28. 


a 
: 
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The relation (28) is equivalent to a number of other re- 
lations, such as 


tan(26—a)=tan a—tan 28=tana+2 cota, 
tan(a— 8) =cot?,, 
tan a= {cot(a—8)}3— {tan(a—B)}8, 
3 tan a+ tana = 2 cot 2(a—8)=cot(a—)—tan(a—), 
tan a= {cot(a—)}3— {tan(a—)}8, ete. 
2 
sin a—3¢'w’ 
therefore, at these points of minimum velocity, 
97°u=t(4—3 sin’a) = 395, and g?u=qz, 
and therefore g2u=gu, or w= 2w,, as in § 166. 


Also, since jo 


The integrals for y and ¢ at these points of minimum velocity 
are therefore pseudo-elliptic, and depend on 


Je aS ind J sue 
1/481) * 1), /G8— 1) 
integrals first considered by Euler (Legendre, F. #., I., Chap. 


XXVI). 
We ee by differentiation, that 
/3(28s—1) __ 2s+1 1 ; 
pp asany i s-1. ferry 
Ld (48-1) +4/3 
z ds" Beets) 
5/3 30) 
= 4st—l) /Ge— “Drs ae 
od , 5 pr/(48°—1)— /3(28 +1) 
537g ON Sata, /8Ga=1) 
4/3 3 eth 


~ Js 1) 7 JU8—1)+/8 JGE=1) 
by means of which the results can be constructed; and 
noticing that, if s=v, ./(487—1)=9'v, gg=9, g,=1, then 

n/(48?-1)+./8 =, 2 

MABE We So@aad) 1 ot 

galas! st rig yee) ae 

we Sis) 325 =P dm), 

we find erallas when u= Zar, 
gy [tw = feoskioy2un60+ } log g(v-Fo,)—Ja/3 tan" (v- Be), 
gt/w =2vfw,— Zw. fw, + $ log e(v— = )+2,/38 tan-19'(v—3a,). 


(32) 
(33, 


952 ELLIPTIC INTEGRALS IN GENERAL, 


234, Denoting by @ the angle which the tangent at any 
point makes with Oa, the tangent at O, the point of infinite 
velocity, and by ¢ the angle which it makes with the tangent 
at A, the point of minimum velocity, then @=@—¢, and 

. oe SNON Sin Bia 
P cos(a— 0) cos(a—B+¢)’ 
ay toak sina—3e’u _1 _ cos(a— B+ $) 


2 p  sin(B—g) ° 


and Sp ee ee Pela Bre) 
= — 2008 o PSO) pmsl 9) 
PP yp fells es a eens —¢) 
Frsik — 2 cos a cosec 28 a zs Bs 


9 30)= —/ (393) = —4./(4—3 sin2a) = — 3 cos a cosec 28, 
Suis ad ee 
sin(B—¢) 93a,’ 
tan w @, 

or coo 87 . ue on, als S285 os ala ace ne et ae (34) 

Therefore, at points defined by w,, u,, where the tangents 
make equal angles with the tangent at A, 

Oy. P'U= 03a. 

Thus, if u,=0, then u,=o,; and the tangent where w=w, 
makes an angle 28 with Oz. 

By the principle of Homogeneity of § 196, we can select any 
arbitrary value of g., and it is convenient to take g,=1; and 


therefore 


ys gu wu Cc mee gu P 
now, if “<= —, then 9- = meu, 9,4 = mow 
, cent Pe gu, 9 RO 9 U, 
Ai 8 1 
where m=9, m=(4—3 pees 


With g,=0, g,=1, we have found, in § 166, 
P30,=1, O'3a,.= —/3, ~'$og= /8. 
Again, if ki =e then 
m uw 
pv=(4—3 sin’a)-3, ov = /3 sin a(4—3 sin’g)? = — r/3 cos 28 ; 


so that, as a increases from 0 to }z, g’v increases from 0 to ,/3, 
and v increases from @, to 4w,. 
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Denoting the analytical expression for tan ¢/tan @ in (34) 
by X, then X is independent of a or B, and therefore a Table 
of numerical values of X, with uw or mga/w? for argument, will 
serve for all trajectories. 

It will be a useful numerical exercise for the student to 
prove that corresponding values of w and X are 


yA J3(/3+1)—,/2. 
She 2/2 


1 1. 
3 Wo) 32’ 


‘ J/34+1—,/248/3 . 
ZW) D) ) 
3, 0; 

: /3—-1—,/24/3 | 
GM) a ft eens 

Wo, —1 , 
: 13/3 +1) +/2, 
Oe SR SOE 
$Wo, OO. 
EXAMPLES. 


Prove that, with g,=0, g,=1, 


UE Cy Seas 
gut. /3(2eu—1) 


2. ou $ay)= J 30S 


— 1. gp (Uu—fe,)= 


: 2 5 geu—1- 
— 3. 9(u—2a,)e(U+ Zo.) eit 
dw 9 P ‘ ra 9 20U = 2 | ’ 
ab Qu— i 24 —2,/3 tanh-1,/3- oi 
a 9 ° < Z r Z 
Sy aoe =e 1,/3u = ys log e(u a 2@»)— qs /3 tan 0) ( HW —2,). 
> oud = _ = log we 2, )+qh5 3 tan = low awe ). 
| eee rr log 9( 2.)+ps./ 


— 7, Integrate (gw)-1, (pu)-*, (gu) -*. 


CHARI E vit 


THE DOUBLE PERIODICITY OF THE ELLIPTIC 
FUNCTIONS. 


235. Besides pointing out the advantage of the direct Ellip- 
tic Functions obtained by the inversion of the Elliptic Integrals 
(§ 5), Abel made an equally important step (Crelle, II., 1827) 
in showing that the Elliptic Functions are doubly-periodic 
functions, having a real period, 4K or 2K, as already defined 
n $11, and an imaginary period, 4K’4 or 2K%, where, as 
before in § 11, 


Ke =fibive —xsin*y) = Fr’. 


Doubly-periodic functions make their appearance when we 
consider functions of a complex argument w=u+v1. 

Denoting «+yi by z, we have already discussed in § 179 the 
system of confocal conics given by 


z=csin w, or ccosw, when w or v is constant. 


: dz 
In this case w =f Few) 


and the poles of this integral, as defined in § 54, are given by 
z= +c, the foci of the confocal system of conics. 
Changing the origin to a focus, then 


ape dz 
S S(@.2¢—zy 
and z=2csin*4w, 


2c— z= 2c cos*4w, 
dz/dw=c sin w. 
Denoting by 7, 7” the focal distances of a point, then 
m= (e+ Yyi)(@— yt) = 4c*sin?}(u+vi)sin?s(w— vi), 
254 
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or r= 2c sin $(w+v7)sin }(w—v1), 
v = 2c¢ cos $(u+vi)cos 4(w—1) ; 
so that . +7 = 2¢ cos vi= 2c cosh », 


1” —7r=2c¢ cos u, 
giving the confocal ellipses and hyperbolas, for which v and u 
are constants, 
It is convenient to denote w—yi by 2 and u—wi by w’; 
and now the Jacobian 


O(a : : 
J or OS csin w sin w’ = tr’, 
O(u, Vv) 


236. Now, if we consider the integral (11) of § 38, 


S /(e.1-2z.1—kzy 


then zg=sn*hw, 


1—z=cn"lu, 
1—kz=dn"hwu, 
dz/dw=sn 4wen4wdn hw; 
and the poles of the integral are given by z=0, I, and 1/k. 
Denoting by 7, 7’, r” the distances of a point from these 
poles or foci O, O’, O” in fig. 26, then 
r =sn dwsn gw’, r=cn dwen gw’, kr’=dn hw dn bw’; 
or by means of formulas (2), (3), (5), (28), (29) of § 1387, with tw 
and }w’ for w and v, and therefore w and zw for w+v and u—y, 


f en vi—enu 1 dn vi—dn u 
f=  —___— ==, a cee aee 
dnvitdnwu K envitenw’ 
envidnu+cnudnvi_ x? dn vi—dn w 

dn vi+dnw ~~ envidnu—cnwu dn vv’ 

her’ = oo vi dnu+en wu dn vi 2 en vi— cn w ; 

cnvz+cn wu en vi dn w—en wu dn ve 


From these relations, by the alternate elimination of wu and v, 
r+r'dnvw=cn oA 
’ 
r—7rdnwu =cn wu 


or kr’ +kr’en vi=dn v0) 
kr’ —kr’eon wu =dnu J’ 

or kr’dn vi—kr en vi = 1 — i 
kr"dn wu —kr enw =1—k)’ 


the vectorial equations of one and the same system of confocal 
orthogonal Cartesian Ovals (fig. 26); also J=krr’r". (Darboux, 
Annales scientifiques de Vécole normale supérieure, 1V., 1867.) 
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As we travel round one of these curves and make complete 
circuits, each enclosing a pair of poles of the integral w, defined 
either by 0 and 1, or 1 and 1/k, the integral increases by 
constant quantities 4K or 4K, the corresponding periods of 
the elliptic function sn}, as in § 55. 


Fig. 26. 


By making £=0, we obtain the degenerate case of the 
confocal conics, and now K=47, while K’=0; so that the 
circular functions have a real period 27 and an_ infinite 
imaginary period; on the other hand, the hyperbolic functions, 
as illustrated by the confocal ellipses, have an infinite real 
period and an imaginary period 2772. 

Mr. J. Hammond has shown, in the American Journal of 
Mathematics, vol. I., how these Cartesian Ovals may be de- 
scribed mechanically, by means of reels of thread, as in the 
case of the confocal conies of § 173. 

He takes two reels of thread, of different diameters, fastened 
together, and pivoted on the same axis at C. Now, if the 
threads are led through a pair of the foci, O and 0’, the curves 

rtlr’=c 
will be described, if the diameters are in the ratio of J to 1. 

By leading the threads round an oval, as in fig. 26, theorems 
can be obtained, connecting arcs of confocal Cartesian Ovals, 
analogous to those of Graves and Chasles for elliptic ares. 
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237. By inversion of this system of confocal Cartesian Ovals, 
we shall obtain another system of orthogonal quartic curves, 
with four concyclic foci A, B, C, D, detined by the vectors 
z=a, 2, y, 6, suppose; and now 

w= fel (e—a 2-8 .z-y.2-6); 
or, writing w for w/,/(a—y . B—4), then, from § 66, 
B-—6.2-a _ a—B.z—-6 he eae. a 
e—0.2—8 er oe gW, ieee 9g W. 

Denoting by 7,, 7,, 73, 7, the distances of a point from the 
foci A, B, C, D, then, from these equations, 


sn? dw, 


—dér a—Bbr 
pee So ien dr, mod, B £—=en $wen 3w’, 
a—d 7, a—0 To 
a—B Yr. 
mod. E 3—dn dw dn tw’; 
I) 7, 


so that we obtain the vectorial equations of these orthogonal 
quartic curves on replacing 7’, 7, r” in the equations of the 
Cartesian Ovals by these expressions. 

(Proc. Cam. Phil. Society, vol. 1V.; Holzmuller, Linfiihrung 
in die Theorie der isogonalen Verwundtschaften, 1882.) 


238. We now proceed to express the elliptic functions of the 
imaginary argument v7 by functions of a real argument v. 
We know that cos vi =cosh», sinvi=7 sinh», tanvi=?7 tanhv; 
and that the function ¢ or amh uw, and its inverse function 
wu or amh~'@=log(sec 6+ tan @) =cosh“'sec ¢, ete., 
connects the circular functions of ¢, for which «=0, with the 
hyperbolic functions of w in §16, for which «=1; and then 
cosh u=sec g, sinh w=tan g, tanh w=sin ¢, tanh w=tan $¢. 
Now, if @=amh i, 
then cos ¢ cosh Ya=1, or cos cosy =1, 
a symmetrical relation, so that 
vy =amh ¢/2; 
and sin ¢=tanh Yi =7 tan y, 
cos p=sech i= secy, 
tan ¢= sinh yi =7 sin yf, ete. 


Also dp =i sech Widyy =1 sec Wd, 
A(g, = (1+ e2tanry) =see PAY, x), 
so that ge UN 


Alps 6) AGH, «) 


G.E.F. 
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If W=am(v, «), 
then p=am(vi, kK); 
and sn(vt, Kk) = i } or isc(v, x’), or 7 tn(v, x’); 
cn(v1, x) = alee y or ne(v, Kk’); 
dn(vi, «)= eee or de(v, x’), 


connecting the elliptic functions of imaginary argument vi and 
modulus « with the elliptic functions of real argument v and 
complementary modulus x’. 
Putting v=K’, we notice that sn K%, en Kd, and dn K% are 
infinite; and putting v=2K’, then 
sn2kK%=0, n2K%=—1, dn2kK%=—1; 
also sn4K%=0, en4K%4= 1, dn4K%= 1. 

239. The Addition Theorems of § 116 may now be written 
en(w+vi)=(enu env—isnudnwusnvdnv)+D, 
sn(w+v2)=(snudnv+icenudnu snv env)+D, 
dn(w+ v2) =(dnucnvdnv—ix’sn wen wsn v)+ D, 

D=cn*?v+x’sn?u sn7v ;5 
remembering that the modulus of the elliptic functions of v 
is x’, while that of the functions of w is x. 
Thus, putting v= K’, 


en(u+ K%)=-74 ee ; sn(u-+ Ki) = — eee , An(u+ Ki) =i, 


so that, putting w=K, 
en(K+K%)=-t'/x, sn(K+K%)=1/k, dn(K+K%)=0. 
Writing CO, S, D for cn mie sn 2u, dn 2u, then (§ 123) 
—en(2u+K%) 1 «8+Di 
edn eR x S—Cv’ 
Generally, when m and m denote any integers, we find that 
en(w+2mK + 2nk) =(—1)"*"en u, 
sn(u+2mK +2nK%)=(—1)" snu, 
dn(u+2mK+2nK%)=(—1)" dnuwu; 
so that 4K and 2K"i are the periods of sn u, 
2K and 4K are the periods of dn u; 
the periods of cn w being 2.4K +42) and 2(K—K’). 


sn*(u+dh%) = ete. 
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In § 164, we may now write 
Uy +U,+U,=4mK+4nk ; 
or in the notation of the Theory of Numbers, 
Uy, + Uy +U,=0 (mod, 4K, 44%). 


240. A combination of the transformations of §§ 29 and 238, 
to the reciprocal and to the complementary modulus, gives 


on(vi = 1 re 1 a en(k’ v1, t/K’) 

a ence (CHC) we due y, Lx’) An(k’vi, ix/K’) 
yy Usn(y «)_ tsn(k’v, Ux’) sn(x’vt, ix/K’ )i 

ee mates) SB cdn(Corl ie) we aa(can acie). 
ee dn(v, me en(K'v, Veo 1 : 

aah 5) = en(v, «) — dn(x’v, 1/K’)— dn(«’vt, ix/«’) 

Thus cn(x’u, tx/K’) rivets «)=sn(K —u, x), 
or am(k'U, tx/k’)=4a7—am(K —u, x); 


as is otherwise evident, when we notice that, if 


¥ zi ieveee eres =t 
w= fl (1 —x’cos?) p= @! +3 sin") “dy, 
0 0 


so that Y=am(k'u, tx/K’), 
yr : $ Sinton 
then K-—w = [(1—«°e0s*) td = fe (1—.’sin’¢) *d¢, 
0 
or g=am(K—u, x), 
provided W=tr—?¢. 
241. As an application, take the values of v, and v, in § 210; 
EES eer fee C88 Cr a, ek 
ONES sere Pa emeisiscos dg 1+ 08 @ 
peg eee eee ahs, Ae 
eS beatae oe Ie ee ee cy 


so that, with v,=pK%, v,=K+ qK%, where p and g are real 
proper fractions (§ 56), then 


l—cosa__ snr, _ _sn’pK% dn *gk'v 
ics ~ sn?v, *, cn2gk% 
1—cos8__ sn? ee dn?v. _ _K?sn pK 
‘| +cos 8B ~ sn*y, dn20, ~ dnp K% eng kt 
d—1 sn?v, en’v, sk *sn’p Ki sn?qKk"s 


= j = ; IG Fa FT 
d+ 1 sn?v, cn?v, en*p ki cn?g Ke 
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Thence, expressed in a real form, 

1—cosa_sn*pK"dn’g Kk’ 

I+cosa cn%pK’ ’ 
or (§ 185)  tanta=tandfam{(p+q)K,«}+am{(p-g)K,«}], 

a= — am{(p+q)K’,«’}-+am{(p-q)K x}. 
—cos 8B «*sn*pk'en’q kh’ 
cosB = dnp” 
_ sn? (pe K’, 1/n’)dn? (qn K’, 1x’) 
en®( px’ K’, 1/x’) 


Also (§ 99) 4 Te 


so that B=am{(p+q)’ KH, 1/«’}+am{(p—q)k’K, 1/x’}. 
i oad ee eee ee es 
And qptr pK’ sng Kk 


sn(ipk’, x)dn?{(1—q)ik’ —K, x} 
e en*(ipk’, x) ; 
or d=cos[am{(p+q—-1)ik’+K, «}+am{(p—q+1)ih"—K, x}]. 
In the Spherical Pendulum, Cr=0; and therefore (§ 210) 
1—cosa 1—cos 8 d—1 


& = — 712 
l+cosa l+cosB d+1 ’ 
1h age arse o ror STL eC ye Al) 
and dai 7" 8 pk’sn7q K = snpK’en gk’ dn gk’ 
or sn(p—q)K' =sn pK’en gk’ dn qk’. 
Thence 
7, _sn(q+p)K’ _ _en(q+p)K" _ dn(q+p) kK" 
=~ sn(q—p)K” “B= —en(g—p)k* © *= —ang—p)K’ 


242. With Jacobi’s notation of § 189, the expression for iy 
in § 210 becomes 


ine =( 


_ (cnv,dn v, en v,dn ae ) 1 


env,dn v, , en v,dn v, 
sn VY, SN V, 


ua +1T(u, 24)+ Iu, 2) 


oo OU- V)O(U=Vs) | 
axey( (W+0,)O(Ut 9)’ 
and now, if we divide am into its secular and periodic part, 
in the form Yp=Vu/K+w, 
then is called the apsidal angle, in the motion of the Top or 
of the Spherical Pendulum, as seen illustrated for instance in a 
Giant Stride; and 
ai e v,dn Mh Zan eet dn U, O(K-v,)0(K—-2,) 


sn, “live Ke blog Scar NOCH Uy 


which must now be eae in a real form, 
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From § 172, 
. * . vw . 
(vi, x) =t f(dn2vi— E/K)dvi 


0 


EH dn?(v, KR) ay 


6G en*(v, ee 
EL snydnv 
es v+Fam(v, 0) ae (§ 185) 
es ae iy Wen, 
=(ti 1)v+Z(v Dei 
v n snvdny 
=e te «)- env ’ 
by means of Legendre’s relation of § 171. 

Thus, with v,=pk%, 

./en ae V; 7p pen cu plc dn pk” 

i( sn v eae :)= rege Ue RJ ok sn pk’ 


Again, ty (2)*, § 186, since ZK =0, 
Z(K + u) = Zu —x’sn vu sn(K +) ; 
therefore, with v,=K+ qk, 
./cn V,dn v, 
(Poe Z0,) = 714 2K, x’) 


snv 


Also, if » and q are proper fractions, the logarithmic term 
of i¥ vanishes (§ 264); so that, finally, 
WV ta , vr hd 
aa PADTL pK, «+ Z(qB, 6’) + 
In the Spherical Pendulum, 
en pK'dn pK’ /sn pK’ =x?sn pk'sn qk'sn(p—q)K’ 
=ZqKk'+Z(p—q)K' —Zpk’ ; 
WV , ip het 
so that Ra=VRPED ALLE, «) +2 (p—- Qk « Ne 
With the Weierstrass notation, taking w in equation (8) 
of § 208 between the limits w, and w,+5, we find (§ 278) 
iW = (a+b) fo, — (Cat fb )o,, 
where 4=poxz b=0,+ Jos 
In small oscillations near the lowest position, p and «’ are 
very nearly unity, while g and « are small. 


en pK'dn pk’ 
sn pk’ — 
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The Geometry of the Cartesian Oval. 
243. Denote the angles POO’, PO’O, PO"O in fig. 26 by 
6, 6’, 6” respectively ; Age with O as origin, 
e+yi=en*twu, x—yi=cn*Zw' ; 
ag oA OYUN ay 
‘an 105 Tat yt Je=yi) | 
cnfw—enjw  //l—enw 1L—en sy 
= en }wen dw’ (aa l+envi/’ 
or, in a real form, with modulus «’ for the functions of », 
tnt Gk VG 1—cnwu jperaeee sn }wdn3u snjzvdnje, 


Cesar T+env cn du enduv ” 
enw+en v 4 sn wsnv 
cos 9 = —_____—_., n= 
1l+enwenv l+enwenv 


With O” as origin, 
K(a-+ yt) = dn?4w 
and, similarly, 
dn dw—dn fu’ l—dnwu 1—dnvi 
dniw+dniw’ Come ; eae 
s0"= (15 ee ee sucniwu sn}v | 
1l+dnwu dnv+env/  dnfu_— enfudniv’ 


4tan $0" = 


008 ee (ee 
dnv+dnwenv’ diy edu wens 


With O’ as origin, and 

e+ yi=sn*hw, 
sn }w—sn 3w’ 
sndw+sn}w" 

To reduce this to a real form, similar to the above, we require 
two new formulas, not included in Jacobi’s list (§ 137), but easily 
derivable from it, namely, 

{dn(w-+v) +en(w+v)}{dn(w—v) + en(u—v)} =(¢,d, +¢,d,)2/D, 
{dn(w+ v) + en(w+ v)}{dn(w—v) ¥ en(u—v)} =K%(s, $ 8,)?/D. 

Now, with }w and 3w’ for w and v, and w and vi for u+v 

and w—», 


then 7tan $0 = 


ftand@= (ae utomu dn vi—en sy 
9 A ASS $ 7 ’ 
(i w—-cenu dnvitenrvi/’ 


tan 36°=/( dnu+enw 1— ae en gu dn $u sn dven hv 

ee 1+dnv sn du dn ju ~” 
c’sn Usnv 

dnwu—cenwdny 


—enu+dnudnv 
dnw—cenwudnv 


sin §’= 


* cos 0’ = 
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244, Again, denoting the angles which P subtends at 0’0", 
0°0, 00’ by ¢, ¢’, $” respectively, so that 
p=7—-0— 6", ¢ =0-6", ¢’=7r—-0-0; 
then we shall find 


ee cals cn dv = ao 
enfu  sndvdndv Ltenw 1—cnv/’ 


4 
tan }¢’= «sn du Cae) 
. enjudnjiu  dndw duw+tenu 1+4+dnv/’ 
fang gs nee en du en $uvdn hvu =q ee Eee) 
dndu sndv l+dnw dnv—cnv/’ 
cnwu—cnv : sh wsnv 
cos ¢ = ——_—__—_., sin ¢ = ——____.,, 
l—enwecny l—cnwecnv 
ai aa, K’sn Usnv 
dnu+tenwdnv’ ? ~dnu+tenudnv 
sn ae ing” K’sn WSN U 
~ dnv—dnwenv 


dnv—dnwuecnv 
Similarly, denoting by o, w’, w” the angles which the normal 
at P to the oval along which v is constant makes with PO, 
PO’, PO”, we shall find 
, snwuecny snwdny ; sn U 

tan » = ———_., tan » = ~__—__,, tan w»’ = ——_——.. 

sn v dnwsn v cnwsny 
_ Drawing the three circles through O’PO’, O”PO, OPO’, and 
denoting the points in which the normal at P meets them 
again by Q, Q’, Q’, we shall obtain similar simple expressions 

for PQ, OQ, ... (Williamson, Diff: and Int. Calculus). 


245. The two ovals defined by v and 2K’—v form a complete 
curve; and so also the ovals defined by w and 2K —u. 
Denoting by P, P’, Q, Q the four corresponding points 
defined by (u, v), (u, 2K’—v), (2K —u, v), (2h —u, 2K’—v); 
and denoting by p, p’, g, 7 their consecutive positions when 
w receives a small increment dw, then 
Pp=,/Jdu=k,Jf(rr'r’)dw 
_envidnw+enu dn ee ont du 
dn vi+dn wu en vi+cn u 
_dnw+cenu dn Gee wucn de 
dn v+dnw cn vWV \l+enu env ‘ 
and changing w into 2K —u, v into 2K’—v, 
,, anu—cnudny //l1—cnwenv 
9 ~dn v—dnwu en 2G +enwu en 2 el 
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There ta = 2 dnudnv Gee du 


ce 1lt+enucnvV \l+enucny 
_2dnv 
~ sn?y 
so that the sum of the arcs described by P and Q is expressible 
as an elliptic arc. 


/(1—2 en v cos 8+ env) d0 ; 


2 Acnu—K7en (ate du, 


Again Pp-Q7= 3 lt+enucnv 1l+enwenv 


which is expressible in the form 


wis patel —2dnv cos 6’+dn?v)d’ 


K’sn2v 


/(dn’v +2 env dn v cos ¢” 4+ env) d¢" ; 


aa 
so that the difference of the arcs described by P and Q’ is 
expressible by the sum of two elliptic arcs; and thus the arc 
of the Cartesian Oval described by P is given by means of 
three elliptic arcs, which is Genocchi’s Theorem (Annali da 
Matematica, VI., 1864; Mr. 8S. Roberts, Proc. LZ. M. S., IL, V.). 


246. Let us examine the analytical properties and physical 
applications of the functions 
logen4w, logsn4w, log dn sw. 
Denoting log en $w by ¢,+%,, when resolved into its real 
and imaginary part, then 
$, +7, =$ log en $w en $w’+3 log en $w/en dw’ 
en 4w dn dw cn dw'dn 4w’ _ cn 4w’—en 4w 
dn 4w dn tw’ ater en $w’ +cn dw 
enivdnu+tdnvicnu.. x l—cenw 1—envi 
=i : “ti /( ) 
nee dnw+dnwu ct a ltenw 1l+envi/’ 
as in § 236, by means of formulas (3), (20), (28) of § 187; and 
now expressing the elliptic functions of vi, to modulus «x, in 
terms of functions of v, to modulus «’ understood; then 
dnu+enudny l—enu l—env 
=}log =tan-1 : ; 
ne San v+tdnwuenv’ Neate VGaat pes) 
Denoting log sn 3w by ¢,+%v,, then 
pot wy, =} log sn dw sn $u’+$ log sn dw/sn Sw’ 
sn $w dn $wsn dw'dn wu’ 4 iten 182 3’ —sn dw 
dn $w dn dw’ n $w’+sn dw 
cnvi—enu,., _,. //dnut+enu dnvi—envi 
=}lo / tan-} al ( . 
28 an vi+dn ere ON Nien w dnvitcn vt 


=4lo 


=t log 
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1l—cnwenv : dnu+enu 1l—dnv 
Ba LOU eee -1 
«! ana aecnoee y(qeetee. 1+dn 5 


Similarly, denoting log dn }w by $,+iyy it 
envidnu+enudnv ., . {fl—dnw 1-—dnvi 

sent al iat 

°8 en vi+en w fo in| 1+dnwu ia 

Sen état, /(T ee dno ene 
l+enwenv 1+dnw eat 
By (20), (21), (22), (23) of § 137, we prove, in a similar 

manner, 

log, [p+ = 31 1] og Chet en u ; _y—?snvidn w 


5) 


ae 
=4lo 


oC ———, ———— +7 tan ; 
enw * Penvi—enu dn visn wu 


=tanh-‘(cn wu cn v) +7 tan-1(dn wsn v/sn wu dn v), 


l+d 
ae tanh-1(dn w en v/dn v)—7 tan~ "en wsn v/sn u), 


dnw+tenw 
losa|(G w—cn a as 
247. These conjugate functions ¢ and vy of the complex 
w+vi are capable of representing the solution of various physi- 


cal problems concerning a plane in which u and v are taken as 
rectangular co-ordinates, since they satisfy the conditions 


ee a Ben 


log 


Ou ov Ov OW 
Op , Op , Orb , OM 
noe et oe 


Here u and v are not restricted to be rectangular co-ordinates, 
but they may represent the conjugate functions of confocal 
conics or Cartesian Ovals, as in §§ 179, 236, or of any orthogonal 
system, which divides up a plane into elementary squares or 
rectangles, as on a map or chart. . 

As in § 54, we take a period rectangle OABC, bounded by 
u=0, w=2K, v=0, v=2K’; and now, as the end of the vector 
w or u+vi, drawn from O, travels round the boundary OALC 
of this period rectangle, the vector w assumes the values 

2k(0 <t<1); 2K +4+2K4(0<t <1); 
2K+2KU1>t>0); Kul >t > 0). 

When the sides of the period rectangle are a and 6, we 

replace u and v by 2Ka/a and 2K'y/b, where K'/K =b/a. 
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Taking the function log en dw or $,+7y, then from O to A, 
wv, =0; from A to B, ,=4}7; from B to C, ~,=}7; and from 
C to O, yn =0. 

At A, where u=2K, v=0, then ¢,=—; and at C, where 
u=0, v=2K, g,=0. 

The functions ¢, and y, therefore satisfy the conditions 
required of the potential and stream function, due to electrodes 
at A and C, of the plane motion of electricity or fluid, when 
bounded by the rectangle OA BC. 

The function yy, will also represent the stationary tempera- 
ture at any point of the rectangle, when the sides OA, OC are 
maintained at temperature zero, and the sides AB, BC at 
temperature dz. 

When the period rectangle is a square, or K=K’, then 
V=407 when u+v=2K, or along the diagonal AC; we thus 
obtain the permanent temperature inside an isosceles rect- 
angular prism, when the base is maintained at one constant 
temperature, and the sides at another. 

Similar considerations will show that the function log sn }w 
or ¢, +7, will give the streaming motion in the same period 
rectangle, due to a source at O, and an equal sink at C. 

The function yy, is now zero along OA, AB, BC, and $7 along 
OC; and y, will therefore represent the stationary temperature 
when OC is maintained at temperature $7, while the other 
sides are maintained at zero temperature. 

A superposition of four such cases will give the permanent 
temperature when the sides of the period rectangle are main- 
tained at any four arbitrary constant temperatures, (F. Purser, 
Messenger of Mathematics, VI., p. 137.) 


EXAMPLES. 
1. Solve the equation 


k’sntu — 2x’sn2u+1=0. 
2. Investigate the curves given by 
dz/dw=(1—2)8. 
3. Prove that the system of orthogonal curves given by 
E€+im=sn(u+r1?) 
are the stereographic projections of a system of confocal sphero- 
conics (W. Burnside, Messenger of Mathematics, XX.). 
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Prove that the stereographie projection of the points 
c=RKsnudnv, y=Rdnusnv, z=Renucnr, 
on the sphere e+y+e2= Rk 
whose latitude and longitude are @, ¢, are given by 


a ee 1—cn(w+v2) 
=2Rt —i 8 = 
E+m an (tor 20)(cos otzisin ¢) Riper 
Prove also that 
OLN (OYUN (02)? aoa? , (oy? , (oz 
@) w S) + & a es aE i) 1 G 
= R?(1—x?’sn?u —«?snv). 

4. Discuss the physical interpretation of 


inp= tan-WKkSnwsnv ee 
hve an“dnudny +’ Be cnu 
and determine the single function from which it is derived ; 
also of OETA tee een Sree ay keh SU 
eh ea dn n dnv an cn v 


Interpret these expressions when 
e+ yt=csin(u+v2). 
5. Prove that, if w+yi=snw, 


then o+we= Zito | 


gives the plane motion of liquid streaming past two obstacles 
given by #=1 and I/xk, = =t and —1/«< (W. Burnside, 
Messenger, XX.). 

The Double Periodicity of Wererstrass’s Functions. 

248. A procedure similar to that of § 236 will show that the 
Cartesian Ovals of fig. 26 are also the representation of the 
conjugate functions of the system z=gw, obtained from the 


definition of § 50, 
w 
de came Is) 


or dz/dw=g'w= —,/(42 woes 
where 423 — 92% — Ja = 4(% —,)(Z—&)(Z— 
and 7=€,, €,, és define the three foci. 

According to § 51, 
QW — €,=(e, —€,)ns*,/(e,-e,)W= (e,—e,)sn?{,/(e,-e,,w+KA}, 
PW — €,= (2, —es)ds"/(¢,—e,)W= (€,— pa = LAE 
gw — e, = (é, — €s) cs*,/(€, — gw = — (e, — e)dn*{ ,/(e, — e, w+ KG}, 
by § 239; thus identifying these results with those of § 236. 
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With the notation of § 202, 
wy? “Ww \? oW\* . 
pwe=(22), pu —e,= (2) , pu —e,= (22) ; 
and denoting the focal distances by 7,, 7, 73, and w—vi by w’, 


poe. oy py lad oy vi oy. W, 
aWaoW TW aW cWaW 
249. To express these focal distances ina real form, as in §236, 
we employ the Addition Theorem (K) of § 200, written 
o(wtv)c(u—v)=07t ov { (Gu — ea) —(QU—ea)} 
=o-U ToV a TU OG Us Aevsescdneeo setae (M) 
Again, from § 154, g(w+v)—ea is a perfect square; and we 
may write x2=9u, y=euv, s=e(u+v), 
N=9u-—éa, D=GuU—eg. QU—ey; 
J{e(ut+v)— ea} 
£ n/ (PU — Ca - QU — €g. QU — Cy) — »/(QU—eg . QPU—Cy . PU-Ea) (N) 
pu—eu , 


and now 
oat v)o(U—0) = a/{9(u-+r) —ea}o2u o2v(pv—u) 
=oWT{WogVo,V—aBUa,W oVaU,.. .(O) 
and changing the sign of v, 
Y 
Again, by multiplication with (N) and reduction, 
o(u+ V)o (wu —v) 
o(W+V) c(U—v) 
_ VJ (PU= Ca. PU=~Cg . PU-Ca. PU-€g) — (Ca €g)a/ (QU by . QU-Ey) 
pu—gu 


o(Uu+v)o,(w—v)=cWo,U T BVT VT TU TU Tv ov....(P) 


or 
o (Ut Vo (U—v) =o,u Tg TqV TGV —(Cy— ego cov a,v, (Q) 
T(U—V)o(U+V) =o, Tl TQ TRU + (Cy Eg)oU TU ov ov. (R) 
Similarly, 
o(UtV)o(U—V) _(PU—eNU—Cq)— (Cy —es)(Ca— Cy) 


o(u+v) o(u—v) QU —eU 
or 
(Ut o(U—v)=o,2U o,20—(e, — Cg Cg — Cn) TU TU. ..00s. (S) 


(Schwarz, Elliptische Functionen, p. 51.) 


OF THE ELLIPTIC FUNCTIONS. 269 


Now, from these equations (0), (P), (Q), (R), with 
w or 3(w+v2) for u, and w’ or 4(w—vi) for v, 

_ Wo WoW ow 

 cWoWow ow 


Wait ou o,v0 
oT, TVI— UW agvV 
_TWa Wo Wosw Gee ew TVI+ TZU oVI 

TW o3,W oW ow FG Wat — og ov 
with similar equations for 7, and r,; and thence the vectorial 
equations of the Cartesian Ovals analogous to those of § 236 

ToT, —T37, = a Ris 
127 3VI— 13,0 = —(ly—€g)oviJ? 
These vectorial equations again are the geometrical inter- 
pretation of the formula, immediately deducible from (N), 
ogw ogo (w+ W)— ow TTA W+w’) 
= (Cg— Cy TW Wo (WW), errr (T) 
Making m?= —1 in the homogeneity equations of § 196, gives 
PUL; Io Js)=— PY} Jr —Js)s 
the equivalent of the equations of § 238, by which a change is 
made to a real argument and complementary modulus; while 
&(015 Jo Is)= — (V3 Gr —9s)s 
T(t; Jo Js)= to(V3 Yo —Gs)s 
T4(V0 5 Ja Ig)= (V3 Jo =.) 

250. When a point has made a complete circuit of one of the 
ovals, enclosing a pair of foci, defined by e, and es, or e, and és, 
z will have regained its original value, but w will have increased 
or diminished by 2, or 2w,, defined as in §§ 51, 52 by the 
rectilinear integrals 

2 


oof “ds/, /S=f[ *ds/./S, 


ry = —(¢3—€;) 


or 7; 


ey —0 
so that 2w,, 2w, are the periods of the function gw, and 

9(W+ 2M, + 2Nw5) = OU. 

To fix the ideas we have supposed the circuit of two poles 
of the integral made on the enclosing branch of a Cartesian 
Oval, but the result will be the same whatever be the curve, 
provided it makes the same number and nature of circuits. 

Now, in § 165, we can have 

wWtv+tw=2Mw,+ 2Nw, = 0 (mod . 2w,, 2s). 


. 
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251, In § 54 it has been shown how, as the vector of the 
argument w traces out the contour of the period rectangle, pw 
assumes all real values; and gw may be made to assume any 
arbitrary complex value at a point in the interior of the 
rectangle, given by a determinate vector tw, + Uw. 


It is convenient to put w,+,= —@,, so that 
@, +w.+w, =, with 0 +l, + €s = 0; 
and now QW, =Cy PWo=ly, PW,=Cs; 
while QW, = 0' Wy = 9'w, = 0. 


The equations of § 54 show that 


0, Cy. ey — 
e(u+0,)—¢ 2 


IS 

Cy — €s . Cy — € 

gutoa)—2_=——-= == 
Ph Ge 

€,—€, . Cg —€ 

U +.) — €g =2=—_1_3_1 
( 3) — es pu—e, 


equations analogous to those of § 57, in Jacobi’s notation. 
Thus, from ex. 9, p. 174, 
49 2U=9U+ E(U+e,) + E(U+ oO.) + (UF ws). 

With negative discriminant, as in § 62, we take e, as real, 

and é,, é, imaginary ; also w,=4(w,+’.), w= $(w,—w.); and 
PW, =Cy PWz= Cy, PW. = PW’, = eo. 

252. A great advantage of the Weierstrassian notation (at 
first rather baffling to one accustomed to the methods of 
Legendre and Jacobi) is that the dimensions of the elliptic 
integral are left arbitrary, and can be changed by an applica- 
tion of the Principle of Homogeneity of § 196. . 

When the canonical elliptic integral of § 50 is normalized 
in Klein’s manner (§ 196) by multiplying by A™, then 


oT At=ds yy do 

a/ (48° — 928 — Ys) “S i= Yoo — Ys) 
where s=A*s, g,=Aty,, J3= Ady, ; 
and now y—27y,"=1, 
so that the new discriminant is unity, and 

J=y3, J—-1=27y,". 
If @,, ©, denote the real and imaginary half periods of the 

normalized integral, then 


1 1 
@,=0, A, G,=,A™. 
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The general elliptic integral, written with homogeneous 
variables as in § 155, is also normalized by Klein by multiply- 
ing by the twelfth root of the discriminant of the corresponding 
quartic, and its half periods are now @, and @,, 

If we normalize, for instance, the canonical integral (11) of 
§ 38, written with homogeneous variables ~,, 7,, in the form 

Karts Ly — Wy . Ly — leet, 2(a,da,, —x,dar,), 
then the invariants g,, gz, and the discriminant A of the quartic 
Ll, .,— W, . 2, — ker, 
being the expressions given in § 68, therefore 
At = {.h(1—k)}* = 3/(4ee’). 
Now the half ata of integral (11), § 38, being 2K, 2K, 
OW, =2K 2/ (tke), Oe= 2K 08/4’). 

We are thereby enabled to change from Weierstrass’s w, and 
w, to Jacobi’s K and Kk’, and to utilize the numerical results of 
Legendre’s Tables. (Klein, Math. Ann., XIV., p. 118.) 

When the discriminant A is negative, we normalize by 
multiplying by (—A)™, and replace w, and w, by w, and w,’ 
(§ 62); but now the new discriminant y,?—27y,?= —1, and 

wi —A)T=2K 8/(2«x’), w'(— AT) =2K i E/(Lx’) (88 47, 58). 

For instance, if g,=0 in § 50, (— A)? = A/3</gz; and in § 58, 

J =0, or 2xx’=4, 20/(4xe’)= 2/2; and now 
WA) 3) 9g=KA/2, 2/3) Gg = KA? 5 
while (§ 47) Wy /O,—K UK =4,7/3. 

Confocal Quadric Surfaces. 

253. The symmetry and elegance of the Weierstrass notation 
is well exhibited in the physical applications relating to con- 
focal surfaces of the second degree. 

The equation of any one of a system of confocal quadrics 


: a a a 
being wtp T+ 4x 1, 


we put 
+rA=M(ou—e,), F+A=mM(Qu—e), P+A=mM*(—Qu—es) ; 
and now the integral 
dr _ 2u 
: JMa+r.02+rX. +A) 0 


With e, >e,> es, we must take a? < l?<c*. 
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Three confocals can be drawn through any point 2, y, 2, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two 
sheets. ; é 

Supposing the ellipsoid to be defined by A or w, and the 
hyperboloid of one sheet in a similar manner by yp or v, and 
the hyperboloid of two sheets by vy or w; then in going round 
the period rectangle of § 54, 

(i.) w=po, ©>eu>e, for the ellipsoids; starting with p=0 
for the infinite sphere, and ending with p=1 for the inside 
of focal ellipse ; 

(ii.) V=0,+ ws, ¢,>v>é,, for the hyperboloids of one sheet ; 
starting with g=0 from the focal ellipse, and ending with 
qg=1 for the focal hyperbola ; 

(ili.) W=Tw,+,, €,>@w>es for the hyperboloids of two 
sheets ; starting with g=1 from the focal hyperbola, and ending 
with g=0 for the outside of the focal ellipse ; 


(iv.) the fourth side of the period rectangle gives imaginary 
surfaces. 


254. Replacing b?—a? and c?—a? by 6? and y’, so that 
(y/B)-+(elyP=1, «@=0, 
are the equations of the focal ellipse of the confocal system, we 
should have to put, with Jacobi’s notation, 
@+rA= yesu,x), P+A= y'ds{u,«c), P+rA= y'’ns%(u, «); 
C+ n= — B’sn?(v, K’), b+ un = B?en2(v, Kk), C+u = y*dn(v, Kk’); 
+ y=-y"dn*(u,x ), b+ y=-y?en(w,«), e+ y = x*y’sn(w,x ); 
e—h , b—a?, 
ea? ~ ~ aa’ 
and now wu, v, w will be Lamé’s parameters, as given in Max- 
well’s Llectricity and Magnetism, L., chap. X. 
By solution of the three equations of the confocal quadrics, 
gat tA Ute. wt 9 +A. B+. b?+y 
at — Bat OS GS a 
eae tf O+u. ty 
e—a*.?—b 
and thus «, y, z can be expressed as functions of wu, v, w. 
Employing the function s, of § 203, 
ms,” ms? ganze? 
€;—y Cy — by Cg—C3.€g—€" ~ Cg — 6, . Cg — 6 yn, 


where eh 


ra 


a 
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When b?=c?, the ellipsoids are oblate spheroids, and the 
hyperboloids of two sheets degenerate into planes through Oz; 
and now the orthogonal system is given by 


2 pre : 
eoteu Ao eal A BOC (1.) 
a? hia re 
rar he) = ion viene Ae (i1.) 
yf? o2 


cos’w sin2w 
intersecting in the point 
x= cot u tanh v, 
y=y cec u sech v cos w, 
Z=y cec u sech v sin w. 
When b?=a?, the ellipsoids are prolate spheroids, and the 
hyperboloids of one sheet are planes through Oz; now the 
orthogonal system is given by 


2, 2 2 
un FOE EAN ee ee ee (iv,) 
cech2u  coth?w 
2, 2 
wv Y 
— St: (Rue Saee Paes, rameay eters esc Vv. 
sin’y cos2u.” (v.) 
2, 2 2, 
oe and z SY” jy nse Sees sma diets (vi.) 
sech2w  tanh2w 


intersecting in the point 
x=y cech u sin v sech w, 
y=y cech u cosv sech w, 
z=y coth uw tanh w. 
The degenerate case of confocal paraboloids, where the centre 
is at an infinite distance, may be written 


2 
yf? Zz 8 o 
—¥,__-++—__.__ = 8a(a cosh u —2), ........... vil. 
cosh? ay sinh*su ( ) a) 
i 2 ey 
Ze — Sy Oe COSY =) narra nen (viil.) 
cos*4u = sin*4u 
y 2 “ 
- ¥,—+—__ = 8a(a cosh W+@), ........000 ix: 
sinh? * cosh®hw ( ct): a) 


intersecting in the point 
a= a(cosh w+ cos v—cosh w), 
y = 4a cosh 4u cos $v sinh $w, 
z= 4a sinh }u sin $v cosh Sw. 
(Proc. Lond. Math. Society, X1X.) 
8 


G.E.F. 
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255. We may take u, v, w as Lamé’s thermometric para- 
meters, and now Laplace’s equation becomes (Maxwell, Hlec- 
tricity, L., chap. noe 


Thus ocr eth vatiers 
+2How+2Fwut2Guvt+ Huvw 
is a particular solution of this equation; for instance, the 
electric potential between two confocal ellipsoids, defined by 
u, and v,, maintained at potentials U, and U,, is given by 
U={U,(w—u2)+ U2(u,—u)}/(uy — Up). 

When the solution ¢ is equal to UV W, the product of three 
functions, U a function of w only, V of v, and W of w only, 
then Laplace’s equation becomes 


1 aU 1 @V 1 2@w 
(u-v)7y Ai iy dv= (N= My 7 Oe 


so that we may put 


1@U 1 eV 1 &@Ww 
Tet 7 Gea IEM, Gy Gaye = IER 


three equations of Lamé’s form (§ 204), when g=n(n +1). 


256. The complete solution of Lamé’s equation was first 

obtained by Hermite, in the form 
U=C F(u)+ 0’ F(—u). 

Denoting by Y the product U,U, of U, and U,, or F(w) and 
#(—u), two particular solutions of the general linear differential 
equation of the second order, in its canonical form 

LeU 
Cai 
where J is some function of wu, and denoting differentiation 
with respect to u by accents, then 
Y’= U,/U,+ U,U,’, 
Y’=U,'U,42U,U, + U,0," 
=21U,U,+2U,U,, 
or Ye — 21 Ye= 2. Ue 
and = YY" —21Y'—27 Y=20,"U, +20, 0, 
=21(U,U/+ U/U,)=2IY’, 
or YY" —4IY’—2I’VY=0, 
the general solution of which linear differential equation is 


AU2+2BU,U,+0U,2. 
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A first integral of this differential equation is 
2YY"— Y"-—4/Y?+C?=0, 
where C is a constant, given by 
Use — U0, U,=C, 
the integral of CU, — U7 Us=0. 
In Lamé’s differential equation 
L=n(n+l)eut+h; 


and now, changing to z=guw as independent variable, 
Y an 
(Aac* — goat — Jp) 73 + 3( 6x" — 399) 7-5 
dY 
— 4? +n— B)athya —2n(n+1)VY=0, 


and this equation for Y has, as a particular solution, a rational 
integral function of w or gu, of the nth order, which we may 


write Y=II(pu— ga), 
and h=(2n—1)Z¢a. 
Now, by logarithmic differentiation, 
U,. mls my 
U, yi =V¢ =>" ow 
: re melas . be. C 
while Uy, cs = Tou pay 


Brioschi shows (Convptes pot XCII.) that, when resolved 
into partial fractions, we may put 


C ey Qa 
Il(@u— ga) esi —¢a’ 


provided that 
Le'a=0, Leag’a=0, X(gayo’a=0, ..., X(a)"-*0'a=0, 
and eae =(, 
TY vl eu ea lgut+¢a, 
Boe U, “29u-ea@ ms QuUu——a’ 
and, integrating, 


iu, or U,=IL 


tA) exp( —uga) =TIg(u, 


while U, or F(—w) is obtained by changing the sign of w or a. 
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257. Hermite shows (Comptes Rendus, 1877) that the func- 

tion F(w) may be otherwise expressed by 
n- d \"-83 d \n-5 
F(u)= Eye g~u—A (=) gut+4(7) pu—... 

and ou, called the simple element, is of the form &”¢(U, w), 
$(u, w) being a solution for 1.=1 and h=¢w (§ 204). 

To obtain the coefficients A,, A,, ... in F(w), we suppose 
pu or eg(u, w), Fu, gw expanded in the neighbourhood of 
u=0 (§ 195), in the form (Halphen, F. Z. J., chap. VIL.) 


r 1 ; u : lie 
eM Aa(U, w) = pt rt Pala tr — 3A 90 — 9'w)a7 + 


(-1)"Fu= ie. an ee ee 


yr-4 


Substituting in bee s differential equation . 
F’u= {n(n+leuth} Fu, 
we obtain, by equating coefficients, 
n—1\(n—2 
A, =, 
_(n—1)(n—2)(n—3) AO Bet 1)(2a—1) } 
a 8(27 —1)(2n—3) 10 Do [eae 
On comparing the two forms of the solution Fu, we find that 
w= Xa, and X=lw— Léa. 
Thus, for instance, when n=2, we find, as in § 209, 


His Sicha  exp(—fa— Gu 
T b 
= tu akin XMM De 


When n=3, 
Fu= P(U, A,)P(U, Ay) P(U, dy) 
a2 
dy2h™ we — (ga, + PU, + OAs) h(U, wer, 
where a, +A,+A,=o, 
9°, + 9’. + 9'a,=0, 
94,9'0, + PA,0'a, + Paso'a, = 0, 
§00— Ca — Ca. — fa, = 
This fails when g.=0, and a,=, 4,=v, dy=ov ; but now 
(§ 229) Fu=}(9'v—@’u). 


CHAPTER IX. 


THE RESOLUTION OF THE ELLIPTIC FUNCTIONS 
INTO FACTORS AND SERIES. 


258. The well-known expressions for the circular and hyper- 
bolic functions in the form of finite and infinite products 
(Chrystal, Algebra, IL, p. 322; Hobson, Trigonometry, chap. 
XVII.) have their analogues for the Elliptic Functions, as laid 
down by Abel in Crelle, 2 and 3. 

Granting the possibility of the resolution into linear factors, 
the individual factors are readily inferred from a consideration 
of the zeroes and infinities of the function. 

Denote 2nK+2nK% by Q, 
where m and mn denote any integers, positive or negative, 
denote also Q+K or(2m+1)K+ 2nKs by Oy, 

Q+K+K% or 2Q2m4+1)K+2n4+1)K7% by O,, 


and Q+ Kt or 2mK +(2n+1)K% by Q,. 
Then considering the function 
sn U, 


the zeroes are given by w=Q, and the infinities by w=Q, 
(§ 239); and thus we infer that, if sn w can be resolved into 
a convergent product of an infinite number of linear factors, 


the form is 
wi i A-*) 
snu=A—“*~—_**_—* eee (1) 
mm (1-9) 


the accents in the numerator denoting that the simultaneous 


zero values of m and v are excluded. 
Oa 
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Similarly, enu=BIIM(1—“) [2 (2) 
1 


dn w=O1 m(1-¢)/D. eee... (8) 


the zeroes of enw being given by w=, and the zeroes of 
dnu by u=Q,, while the infinities are given as before by 
w=Q,; D denoting the denominator in (1). 


259. But now, in demonstrating the analytical equivalence 
of the expressions on the two sides of equations (1), (2), (3), it 
will fix the ideas if we employ a physical interpretation, such 
as that given in § 247. 

It was shown there that the real and imaginary part (norm 


and amplitude) of 
log sn w, 


where w=u+vi, will represent in the rectangle OABC the 
potential and current function of the flow of electricity (or of 
liquid, following the laws of electrical flow) from a positive 
electrode at O to a negative electrode at C, $7 amperes being 
the strength of the current; but here we take OA =K, OC=Kk’; 
and u, v are the coordinates of any point in the rectangle. 

The infinite series of electrodes, which are the optical images 
by reflexion of these two electrodes at O and C, will form a 
system on an infinite conducting plane, such that, if the 
strength of the current at each electrode is 27 ampéres, the 
resultant effect in the rectangle OABC will be the same as 


before. 
(Jochmann, Zeitschrift fiir Mathematik, 1865; 


O. J. Lodge, Phil. Mag. 1876; Q. J. M., XVII.) 


Starting with a single electrode at O, of current 27 amperes, 
the potential and current function at any point whose vector 
is w or w+vi are the norm and amplitude of log w; and log w 
may be called the vector function of the electrode at O. 

For an electrode at a point whose vector is c=a+bi, the 
vector function at z=x+ yi is log(z—c), | 
which may be written 


log(1—z/e), 
disregarding the complex constant log(—c). 
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The vector of any optical image of O in the sides of the 
rectangle OABOC being given by Q, the vector potential of the 
corresponding electrode is log(1 —w/Q); and the vector function 
of the system of images of the positive electrode at O will be 

log wIVl(1—4). 

Similarly the vector function of the system of images of the 
negative electrode at C will be 

log LI(1~- 6). 
3 

But these functions, considered separately, represent a 
physical impossibility, and are analytically meaningless; their 
difference, however, 

log wIVIE(1 - 5) /u mi(4 =o)! 

will represent the vector function of the whole system of posi- 

tive and negative electrodes; and since this function satisfies 

the requisite conditions inside the rectangle OABC as the 

function log sn w, we are led to infer equation (1), with suitable 
restrictions explained hereafter. 

For logen w, the positive electrode is placed at A, the 
negative electrode being still at (; the vectors of the positive 
electrode images are given by Q,; and now equation (2) is 
inferred; while for log dnw, the positive electrode is placed 
at B, and the vectors of its images are given by (),, the 
negative electrode being at C; and we infer equation (3). 

When in the rectangle OABC we have OA=a, OC=6, 
we take K’/K=b/a, and write K(x/a)+K(y/b) for uwtvi, 
a, y now denoting the coordinates of a point. 


260. We now proceed to express these doubly infinite pro- 
ducts of factors, corresponding to the different integral values 
of m and n, by means of singly infinite factors for different 
values of 1; that is, we combine all the factors for one value 
of n and the infinite series of values of m into a single ex- 
pression; and here we employ the formulas for the trigono- 
metrical functions expressed as infinite products. 

Interpreted physically, we determine the vector function of 
an infinite series of electrodes, equispaced on a straight line 
parallel to OA. 
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Denoting the vectors of such a series of positive electrodes 
by 2ma+nbi, the vector function is 


m=o , —nbt 
log II (g-2ma—nbi), or log(z—nbi)II @ a ny ‘) 


and provided that (z—nbi)/2ma is ultimately zero when m is 
infinite, or that z/ma and n/m tend to the limit zero, we can 
write this vector function (Cayley, Elliptic Functions, p. 300) 
log sin $ar(Z—1D1)/G, .....ccsesenececeeesens (4) 
Resolved into its norm and amplitude, this vector function is 

L log 3[cosh{x(y —nb)/a} —cos ra/a] 
+itan~'[tanh{4a(y—nb)/a}cot($aax/a)]. ...(5) 
The amplitude or current function is therefore constant when 
x= (2m-+1)a; and there is no flow across these lines, provided 
however, as is physically evident, we do not recede to such a 


large distance from the origin that we are not justified in 
taking It z/2ma as zero. 


261. We suppose that Oy passes through the centre of this 
infinite series of electrodes, or that m reaches to equal infinite 
positive and negative values; but now, at a very large dis- 
tance from O, the electrodes on one side of a line, given by 
a=(2m-+1)a, where m is a large number, will preponderate 
over the electrodes on the other side, and the resultant effect 
will be a uniform normal flow a across this line, to counteract 
which a term of the form —az or log e~“ must be added to the 
vector function. 

The analytical equivalent of this physical effect is illustrated 
by the theorem proved in Hobson’s Trigonometry, p. 328, that, 
when the integers » and q are made infinite in any given 
ratio, then ¢2, the limit of the product 


(+5) +g 0+ p)-g) Oa) 


= (2)isin 1. PEPE RE Pee (6) 


The infinite product II(1+c,x) is convergent for all finite 
values of «, if the series Yc, is convergent; as is evident on 
expanding the logarithm of the product. 
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But Weierstrass shows (Berlin Sitz., 1876) that the divergent 


product 2(1 _ 2 @ _ <) (a — <) vs 


can be made convergent if the exponential factor ¢/™ is 
attached to the linear factor 1—z/ma; or, interpreted electri- 
cally, if to the motion due to the electrode at ma, whose 
vector function is log(1—z/ma), we add a uniform streaming 
motion parallel to the vector ma, given by log e#/" or z/ma. 
Now, denoting the harmonic series 
1-142-143-1+4...+p-! by s, 
pe = el *e*I4 sin(zz/a) = (p/q)"“sin(xz/a), 
since the limit of s,—log p or s,—log gq is Huler’s constant. 


262. In a similar manner it is inferred that the vector 
function of an infinite series of positive electrodes, whose 
vectors are (2m+1)a+nbi, 
m reaching to equal positive and negative infinite values, is 
log cos $7(z—nbi)/a = $log s[eosh{a(y—nb)/a} + cos(rax/a)] 
+7 tan-"[tanh{$7(y—nb)/a}tan($7x/a)], (7) 
having lines of equal amplitude given by w=2ma. 
Therefore the vector function of a pair of lines of electrodes, 
whose vectors are 2ma+nbi, is 
log sin{$a(z—b1)/a}sin{$2(z+ nbt)/a} 
=log ${cosh(mzb/a) —cos(az/a)} ; 
or, corrected by the addition of a constant, which makes the 
function vanish when z=0, the vector function is 
We cosh (vzb/a) — cos (zz /a) be op 1 — 2q"c0s (r2/a) +g?” 
cosh(nizb/a)—1 8 (l—q")? 
where Geen 
For a pair of lines of electrodes whose vectors are 
(2m+1)a+nbi, the vector function is 
log cos{4$a(z—nbi)/a}cos{4r(e+nbz)/a}, 
which may be replaced by 
“ft cosh(nb/a) + cos(rz/a) She 1 + 29"cos(72z/a) + gn (0) 
8 cosh(n7b/a)+1 2 (1+q”)? 
For the line of electrodes along O.A, whose vectors are 2ma 
or (2m-+1)a, the vector function will be 
log sin($z/a) or log cos(hr2/@). ....s.ececeeeee (10) 


+ (8) 
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263. Under Cayley’s restrictions, that m reaches to equal 
positive and negative infinite values, and 7 also; but that the 
infinite values of 1 are infinitely small compared with the 
infinite values of m (equivalent to taking the infinite array of 
the images of the electrodes as contained in an infinite rect- 
angle, of which the length in the direction OA is infinitely 
greater than the breadth in the direction OB), we can now 
replace the doubly infinite products in (1), (2), (3) by singly 
infinite products, in the form 


=°1—29" cos(ru/K)+q™ 


sn w= A sin(}ru/K). =D, (11 
sn w sin(darw/ ) it a—g ( L) 
1429” cos(ru/K)+q™ 
= 1 ae = 2 
enu=B cos($zru/K) II +a" -D, (12) 
2n-1 4n—2 
dn w= G0, ee 
ae) 
where 
7 1 —2q?"-1cos(zu/K)+q"-? 
D= Il (ais Tae ak ee (14) 


By putting w=0, the values of A, B, C are seen to be 
K/}7,1,1; while gq=exp(—7K’/K). 

The common denominator D of the three elliptic functions, 
which represents physically a function whose logarithm is the 
vector function of the negative electrodes at points whose 
vectors are of the form Q,, is the equivalent of Jacobi’s Theta 
Function of § 187; and we write 
1 —2q""1cos(zru/K)+q"2 


Ou=00 IT (—q"-1p 
z _sint(gru/K) 
= 00 {1 + Seen CDI] zt ak, (15) 


The numerator of sn w will now be the equivalent of the 
Eta Function, defined in § 192; and thus 


Hu=,/x snu Ou 
K ; | 2q?"cos(ru/K)+ An 
ees OU sine q 
Why 00 sin($7ru/K)II Cer: 
A cenrie sin*($7ru/K) 
Nise \S) sin(Joru/K JIL] 1 + sinh®(naK’/K) Be ACK 


The numerator of enw is represented by the Eta Function 
of u+K, and the numerator of dn u by the Theta Function of 
u+K; and the factors are so chosen that 
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Hut kK) fuaaly) 


mua ef a dn w= /K’ (17) 
Equation (6) of § 188 may now be written 
O(u+v)O(u—v)6?0 = O?u O?y — H?u H2v;......... (18) 
while, by means of (7), § 187, 
H(u+v)H(w—v)0?0 = H2u 62v — O?u Hv. ......... (19) 


264. It is convenient to replace }7u/K by a single letter a; 
and we shall now find that the constant factors are so adjusted 
as to give the expansions in a Fourier series in the form 

Ou =1—2¢q cos 27+ 2q*cos 4a —2q°cos 6a+..., 2... (20) 

Hu = 2g4sin « —2q*sin 37+ 2g sin Bo... ceeeeeeeee (21) 

It is easily shown algebraically that 
I ql — g°™-tz\(1 iow ay ae | 

eee bead ee) gz? 2°) .22}  (20)* 
by changing z into qg’z and multiplying by qz, when the pro- 
duct on ee left hand side merely changes sign; whence equa- 
tion (20) is inferred from (15) by putting z=e””; and equation 
(21) is obtained from (20)* by writing oe for z, and multi- 
plying by #24. 

Written in the exponential form, 

Ou= "S Gengremnai, es i) ea... (22) 


n=—-D 
or with g=e-*%, a=7K’'/K, and b=, 
; Ou = Dimme-Mat2nd Ha= — 72" -1e-@—-bPa+(2n-1)d, ...(28) 


Then O(u at K) = Sve oe Ye - War ind 
Hu = K) —_ DQeas ee* —1)ri — de -(n—4)Pa+(2n -1)d Se ee (24) 
and O(u+2K)= Ou, 
eee Key Ha ee era (25) 


Changing u into u+ K%, or « into «+ 42 log gq, we find 
O(u+ K%) =igq-te-" Hu, 


GG 8) = 19-46 OU, sv seserseoed (26) 
agreeing in giving «snwsn(Ut+K%)=1, .... cece eens (27) 
and leading by differentiation to the formula 
Z(w+ Kt) =Zu+(en uw dn u/sn uv) —($772/K),......0 (28) 
which, with (§ 176), 
Z(u+ K) =Zu —(x?sn w cn U/dn W),.....secseecreeeres (29) 
leads to 


Z(u+K+K%)=Zu—(snwdn u/en w)—(b7/K)... 0.0 (30) 
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265. Jacobi writes (Werke, I., p. 499) « for $au/K, and 
Ox for Ou, 6,0 for Hu, 6, for H(u+K), and 0,0 for O(u+K); 
and now 

6a = SSA te 


=1—2¢ cos 2a + 2q*cos 4a — 2q%c0s 6H... sees (31) 
6,0 = >y2n-1 gq” —$e2n—- 1)xi 

=2gtsin #—2Qgtsin 8e+2q'¥sin 5a we tee (32) 
0,0 sz xq — 32 e(2n—1)xi 

= 2qtcos a+ 2q*cos Bu+2qF cos 5a fF... eee (33) 
0,0 = 2g 

= 1+ 2¢ cos 2~+ 2q*cos 40+ 2q°cos 6@+... ....-- (34) 


or, with g=e-% b=ax1, 
Ox= Xi?” exp(—n2a+2nb), 
Ca >, exp(—7”a+ 2nb), 
6,0 = di?"-lexp{ —(n—})?a +(2n—1)b}, 
O,0=S exp{—(n—$)2a+(2n—1)d}. .....reaeee (35) 
Conversely, starting with these @ functions as defined by 
these exponential series, it is possible to rewrite the whole 
theory of Elliptic Functions ab initio in the reverse order, and 
to deduce all the preceding results, 
(Jacobi, Werke, L., p. 499; Clifford, Math. Papers, p. 443.) 
For instance, we find that 
Oatkr)= 0, O(a+hilog q)=—i¢qteO,a, 
O(a+hr)= O., 0,(a+44 log q)= —ig- tea, 
0(c+tr)=—0,0, O(a+dilogg)= gq tetO,a, 
O(a+hr)= Ox, 0(x+hilogg)= q-tetO,......(36) 
The quotient of two @ functions is thus a doubly periodic 
function, of real period 27 or 7, and imaginary period 7 log q. 
The form of the 6 and © function series shows that they 
satisfy partial differential equations of the form 
d?0 dé 
daz ae d log g Come reccccercveccccceccecs (37) 
and the @ functions are therefore suitable for the solution of 
problems in the Conduction of Heat. 
Thus, if @(x cos a+y sin a, ¢) represents at any instant, t=0, 
the temperature at the point (a, y) of an infinite plane, of 
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which y denotes the thermometric conductivity, then at any 
subsequent time ¢, the temperature will be given by 
ELCDSO SITE SUPER TMTE at ki eee ee (38) 
266. Similar considerations to those of § 258 enable us to 
resolve other expressions into factors ; for instance, 


dnw—x enw : : dnu+kenw 
————,, or its reciprocal ——_-—_—> 
K 
dn w—Kenu K dnu—K enw 
so that : _ =Seyle = ; 
K dnwutk«cnwu dnutx« cn w 


Now dew, or sn(K —w)=1/x, when 
w=(4m+1)K+(2n4+1)K%, 


or cos $zu/K= cosh(2n—1)s7K'/K ; 
while de w= —1/k, 
when cos $7u/K = —cosh(2n—1)h7k’/K ; 


and therefore we may put 
dnu—x«enu __,_cosh(2n—1)4rK’'/K —cos $rru/K 
K ~~~ cosh(2n —1)$7-K’/K +008 daru/K 
i or — 2q”- cos ($7u/K)+ ¢q?"-1 
~~ 1 429"-4cos(dru/K)+ qr Pr 
where the letter Cis used to denote some constant factor. 
Now, writing a for $7u/K, and supposing @ and w real, 
log(1 — 2¢ cos w+ c?) = log(1 — ce”) + log(1 — ce-”) 
= —2(¢ cos 7+ $c’cos 24+ 4c%cos 8v+...), 
log(1+2ccosa+c?)= 2(ccosax—}e*cos 2a+ 3c%cos 8a —...), 
1—2ccosx+c? 
8 T+ 2ecosa+2 
Therefore, expanding the logarithm of (39), 


= — 4(c cos x+4e%cos 8x4 40°cos 5a+...). 


dnw—Kx cnu 
oe ae 


K 
= log C—42(q"-4eos a+ 4q°"- cos 8u + 49°" Fc0s 5a+...) 


2 1g 1g? 
=log o—4(, sar COS +3 ages a as ia COS Sat...) 


1 cos(2m —1)$7u/K 


2 ao ae Oe 40) 
=log ¢ ae 1 sinh(2m—1)37K'/K ( 
and, differentiating, 
eee ‘ 
ee hs sin(2m—1)4au/K (41) 


K~sinh(Q2m—1)$rK' [KO 
the expression of sn w in a Fourier Series. 
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267. By forming the similar factorial expressions for 
csnu+idnw and snw+icnu, 


and taking logarithms, we shall find 


log(« sn w+7 dn w) 
: 1 sin(2m—1)4h7ru/K 
= —2 ann 
uN ao —1 cosh(2m—1)$7K'/K’ St 
sinmru/K 
log( sn w+7 en u)= constant — iz coshna ke aaa (43) 
and, differentiating, 
hye 
con ue DSL De (44) 


EK cosh(2m—1)haK’/K’ 
cos mru/K 
dnu= Worn REieeenee a (45) 


and therefore, integrating, 


TT sin mru/K 
am uae +E one ae ee (46) 
We have now found that, in § 78, 
1 . 
n cosh nr K’/K 


c= 


268. From § 263, we find, in a similar manner, that 
log 0u=constant+ log II{1— 2q?"-lcos(7ru/K) +qin- 2 
cos(mau/K ) 


= constant — ve sinh(maK/K) een ar a (47) 
and, differentiating, 
_T.> sin(mru/K) 
ON Rinne KTR 0-00-04 gdh eee (48) 
eget m cos(m7ru/K ) 
dn?u a ie sinh(maK[KY 0" (49) 
Ex smcos(mru/K) | 
geo a ee ng 
or Ksn?u=1 KK sinh(maK’ [Ky 000 (50) 
Now, referring back to § 78, we can put 
CG 1 1, 2ge 


Ze 
”"” K sinh ark [KK il — gr 
Putting u=0 in (49) or (50) gives what is called “a q series,” 
2mq™ _K(k- EB) 
> Sabtna TE) = 25 —gn pe) Sinejeieeiavare (5 1) 


INTO FACTORS AND SERIES. 287 


As an exercise, the student may form the similar factorial 
expressions for 
l—-enw 1l-—snu 1—dnw dnu—cnu 


) ; 5 ; etc., 
sn wu cn U kK Sn WU KSn Uw 
and their reciprocals 
Il+enw 1+snu l1+dnwu dnu+snu AAS 3 
5) “9 


snu’ cnwu’” xsnw’ Kn U 
and thence determine, by logarithmic differentiation, the Fourier 
Series for nsw, es u, ds u, ete. (Glaisher, Q. J. MV, MODY, 

The applications of these expansions will be found in papers 
Breathe.) Jif, XVIII. XIX., XX. 


269. As an application of these q series, consider the problem 
of the electrification of two insulated spheres, in presence of 
each other, of radii a and b, and at a distance c from centre 
to centre, when maintained at potentials V, and Vz, with 
charges of H, and /, (Maxwell, Electricity and Magnetism, 
I, chap. XI.). 

Then Ea= aa Vat Var Vo; p= anV ain QoeY bercseese-oe( OZ) 
where Qaa Yup are called the coefficients of capacity, and qay the 
coefficient of induction. 

We take w and v as coordinates, given by the dipolar system 

ot yi=k tan $(U4+V2), ...ccsccsceseveseeeee( 5) 
so that w=constant represents a circle through the poles 
~ (0, +k), and v=constant represents an orthogonal circle, with 
the poles as limiting points. 

Now, if we revolve this system about the axis Oy, which 
may be supposed vertical, the two spheres, if outside each 
other, may be supposed defined by 

v=a and v=—8, 
so that a=kcosecha, b=k cosech 8, c=k(cotha+coth £) ; 
and putting a+8=0, Maxwell shows, by Sir W. Thomson’s 
method of successive images, that 
Yaa=k> cosech(no— 8), da»= —kZ cosech no, 

Grp hs COSECI IG). — G.); arate noveseejesencine (54) 
the summations extending for all positive integral values of 1 
from 1 to «. 

Here gq is called Lambert's Series ; it is considered in the 
Fundamenta Nova, § 66. 
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-_ 


Again, with a—6=2, 
Yaa =k cosech ${(2n—1)o+2}, 
Fp =k= cosech }{(2n—1)9—z} ; 
and by the preceding formulas it can be shown that 


Joo ea tan am( KS ; 7) Ragoeeaeae cote (55) 


When the two spheres are equal, z=0, and 
Jaa = Joo = k= cosech 4(2n—1)O= hoy nai aa i: 
When 8=0, the sphere 8 becomes a plane; and now 
Jaa = — Yap = k= cosech na=a sinh aX cosech na ; 
which shows that the capacity of a sphere of radius a is raised 
from a to «sinh a> cosech na by the presence of an uninsulated 
plane at a distance @ cosh a from its centre. 

Similar functions occur in the determination of the motion 
of two cylinders or spheres, defined by v=a and —§, when 
the interspace is filled with homogeneous frictionless liquid. 

(W. M. Hicks, Phil. Trans., 1880; Q. J. M., XVIL, XVIII; 
Basset, Hydrodynamics, I., Chaps. X., XI.; C. Neumann, 
Hydrodynamische Untersuchungen.) 


270. To illustrate geometrically the singly infinite product 
forms in § 263 of the elliptic functions, consider the analogous 
problems of electrodes at the corners of curvilinear rectangular 
plates, bounded by arcs of concentric circles and their radii. 

The vectors from the centre as origin of a series of p 
electrodes, equally spaced round a circle of radius a, will be 

aexp 2r7t/p, where r=1, 2, 3, ..., p; 
and with polar coordinates 7, 0, the vector of the point will be 
rexp 720; so that for the p electrodes, each conducting a current 
of 2a amperes, the vector function is 


T=p ‘ 
log I{r exp(10) —a@ exp(2rzi/p)} =log(r?e?®— a”), .....(56) 


by De Moivre’s Theorem (Hobson, Trigonometry, Chap. XIIL). 

Interpreted geometrically, the norm is the logarithm of the 
product of the distances of any point P from the electrodes, 
while the amplitude is the sum of the angles the lines joining 
the electrodes to P make with the vector @=0. 
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We thus prove incidentally one of Cotes’s theorems, namely, 
that the square of the product of these distances is 
(rPe?) — @P)(rPe-*P8 — EP) = 7? — 2aPr?cos p0+ a”, ...(57) 
and, in addition, the theorem that the sum of the angles the 
vectors from the electrodes to P make with the vector 0=0 is 
pp Ja a 
n “ecos pb a2’ Sane pT RE (58) 
and when the sum of these angles is constant, the locus of P is 
an oblique trajectory of the curves 
7T?cos pO or r?sin pO = constant. 

With a single negative electrode at the centre, of current 
Na amperes, half the total current from the n electrodes on the 
circle will flow to O, the other half flowing off to infinity. 

Now the vector potential is, on writing e° for r/a, 
log (ae jam aw”) = 4 log pngind 

r"sin nO 
70s NO — a” 


= 4 log(cosh np —cos n8) +7 tan-! —hiné....(59 


We can isolate a sector, bounded by 0=0, 0=7/n, and 
7=a; and the preceding expression will represent the vector 
function of the electrical flow of 47 ampéres, with electrodes 
at the end of the vectors r=a, and at 7=0. 

The amplitude of this expression will also represent the 
temperature in this sector, if the radius @=0 is maintained at 
temperature 0, while the radius 0=7/n and the arc r=a@ are 
maintained at temperature $7. 

271. Now suppose that on the same circle r=a, an equal 
uumber p of negative electrodes are placed, equally spaced be- 
tween the positive electrodes; the vectors of these electrodes 
being a exp(27—1)zi/p, the vector function is 

—log(rPe'?? + a?) ; 
or, if moved out radially on to a circle of radius }, 
OM TDL |. iar salaronsagnar tenes < ss (60) 

The vector function of p equal electrodes at a exp 2rri/p, 
and of » equal negative electrodes at a exp(2r—1)zi/p will 
therefore be log(rPeiP? — a?) /(rve?? +a?) ; 
which, when resolved into its norm and amplitude, is 
72? — 2aP yp? cos pO-+a? 2a? r?sin pO 


o — +7, tan ~}-—_.___. 
© 4 P+ 2uP) Pecos pO +a? qe? — gfe 
G.E.F, T 


do 
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= Oe ee ee tan~1— 
osh pp 
with p=log(r/a); this function will represent the state of 
electrical motion in a wedge bounded by 9@=0 and 0=-/p. 
272. The substitution in the preceding expressions in § 247 
of the conjugate functions p@ and log(7/a)? or pp for u and », 
leads to the solution of corresponding problems for curvilinear 
rectangles bounded by ares of concentric circles and their radii; 
and now q=(b/a)”, where a and b are the radii of the curved 
sides, while z/p is the angle between the straight radial sides ; 
so that in the rectangle OABC, 
OA=ar/p, BC=br/p, OC=AB=a—-b. 
The vectors of the images of an electrode at O are now 
aq”" Pexp 2rri/p, 
where 7 denotes any integer, positive or negative, and 
(pi ab 'aps bee pa 
For electrodes at A, B, C, the vectors of the images are 
agnlexp(2r—1)ix/p, 
age”-DPexp 2ix/p, 
ag®"-ViPexp(2r—1)iz/p. 
For a given value of n, the vector potential of the electrodes, 
whose vectors on a circle of radius aq”? are 
agq"?exp 2ria/p or ag”exp(2r—1)zi/p 
will be log II(r?e”9—a?q”) or log II(r?e?? + aPq”). .........(62) 
Now, suppose a positive electrode is placed at O and a 
negative electrode at C, with the corresponding system of 
aes the vector function is 


log Tl n= TL (rveir9 arg?n)|(rrer? — aPgen- 1) 


(ym ieeli-m (fine GA} 


=log rend\sP peio\P i 
(a etc] 


on introducing a negative electrode, of current 7 amperes, at 
the origin; and, writing rw/K for p0 +7 log(a/7), this becomes 


i Zoe cos(rw/K) + 9% 
og / 
log sin(t7w, AY =29"=Te0s (aw) + gima® 0 
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equivalent, as in § 263, on omitting constant terms, to 
log sn w. 

A similar procedure with electrodes at A, CO, and B, C, will 
lead to the singly infinite factorial expressions for enw and dnw. 

Projecting these equipotential and stream lines stereographi- 
cally on a sphere which touches the plane, we shall obtain the 
corresponding solutions for the flow of electricity on the surface 
of the sphere. 

(Robertson Smith, Proc. R. S. of Edinburgh, vol. VIL; 
M. J. M..Hill and A. J.C. Allen, Q. J. M, XVI, XVIL) 


273. When these electrodes are replaced by straight parallel 
vortices, perpendicular to the plane, which is taken as hori- 
zontal, the potential and stream functions are interchanged. 

Suppose a vortex is placed at a point P in the rectangle 
OABC; to introduce the restriction that there is no flow across 
the sides of the rectangle, we must suppose the motion due to 
vortices which are the optical reflexions of the point P in the 
sides of the rectangle ; the sign of the vortex being positive or 
negative according as the corresponding image has been formed 
by an even or odd number of reflexions. 

The vectors of the positive images will therefore be 

. 2ma+2nbi +z, 
and of the negative images 

Qmat2Znbi+te7; 
where z=atyl, v="H—yi. 

The resultant current and velocity function at (=€+,y% will 
therefore be the norm and amplitude of 

(Q2ma+2nbi+ €—2)(2ma+2nbi+ &+2) 
lop il ee Ei Te =A: 
(2ma+ 2nbi+ €—2)(2ma+2nbi+ f+’) 

At the point P, this vector function, due to all the other 

images, is therefore 


log ITIL 


(64) 


(2ma+t 2nbi)(2ma + 2nbit 2% :) 
Qma+2nbi+z2—2)(2ma+2znbv+z2+7 


7 


ms BG Ms: wf ; 
and writing art and 2K +2K uy =U+tVv=YU, 
this may, according to § 263, be replaced by 
log ee) aes ine ne ee (65) 


> Hw Hv 
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The stream function at P is therefore, disregarding constants, 
H(w+vi)H(w—vi)_, 1 @2u Hi — Hu ©?v1 (§ 263) 
8 H?u He =A BS Hu Hv 
Cn Ov 
°8 Ga Het 
=} log(ns’u —ns*v72) 
= $ log{ns?(u, «)+ns*(v, x’) —1} ; ...(66) 
so that the curve described by the vortex is given by 
ns*(2Ka/a, «)+ns*(2K’y/b, «’)=constant, ......... (67) 
and all the other image vortices keep up a symmetrical dance, 
by describing similar curves. 


274, The vortex is stationary when at the centre of the 
rectangle; and now, changing to the centre as origin, the 
vectors of the images are ma+nbi, where m+ 7 is even for 
the positive, and odd for the negative images; so that the 
vector function of the motion is given by 

Joo TE Tp 2ma + 2nbi—2){ (2m + Lat (20+ 1)bi = 2} 

= {2ma+(2n+1)bi—2}{(2m+ lha+ 2nbi—z} 


sn gu dn dw i l1—cw (68) 


= log —— yy log — 
8 cn bw - “' 1l+enw’ 


Expressed as norm and amplitude, as in ; 247, this function 
Let, eS ghee —enw 1+enw 
dS I-+cnw 1+enw'' * °° ltenw 1l—cnw’ 
ee loo Sa dn vi—dnw sn vr 
cnvitecnwu 8 sn wu dn vi-dnu sn uw 
yen u sn w dn vi 
Taney ch vt ire | dhs sn v7 
snwdnv 
dnwsnv’ 
with w=2Ka/a, v=2K’y/b; the modulus of the elliptic func- 
tions of v being x’. 
The equation of a stream line of liquid is therefore given by 
cn wu cn v=constant, or 
en(2Ka/a, x)en(2K’y/b, «’)=constant. ............ (70) 
Close up to a vortex the velocity according to these ex- 
pressions would become infinitely great, which is physically 
impossible; but a solid core may be substituted for this central 
portion, and the shape of this core has been investigated by 
J. H. Michell, Phil. Trans., 1890. 


iL) 
2 


I 
bo} 
— 


ee iy 


= + log 


= —tanh-1(en uw en v)+7 tan-! 
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275. When a point is placed inside an equilateral triangle, 
the Kaleidoscopic series of positive images is given by the 
vectors Z, wz, wz, where z2=a+ yi, and w is an imaginary cube 
root of unity ; the negative images being given by 2’, wz’, w’, 
where z= —x+yi; the origin being at a corner of the triangle, 
and the axis of # perpendicular to the opposite side (Fig. 27, i.). 


VV 
ee 


—— 


N/ANVINININ 
WV 


ix 


N 
(i.) Rigs 27 (i1.) 

In addition, similar groups of six images must be added, 
ranged round the centre of hexagons forming a tesselated pave- 
ment, the vectors of the centres of the hexagons being 

2mh+2nhi,/3 and (2n+1)h+(2n+1)hi,/3, 
where h denotes the altitude of the equilateral triangle. 

In the corresponding doubly infinite products, the elliptic func- 
tions will have K’/K=,/3, so that (§ 47), e=sin 15°, 2xx’ =}. 

Then, in Weierstrass’s notation, the vector potential at 

C=Etnt 
for a single source or electrode inside the triangle will, neglect- 
ing constant terms and factors, be expressed by (§ 278) 
log ¢ (f—2)e (€—w7 )o (6—wz 

o(€—2 )oy(€— a7 )o,(6—0°2) 

a (€—2')o (€—w2')o (F—w2’) 

o(€—2 Jo, (E— 02’)oy (EC — 072"); scesccveeereeee (71) 
while for a vortex or electrified wire, the vector potential is 

fg eae) Come Jo( f= wore )oy(S—# Jor (¢- ws Joy(¢-w'2 ) (72) 

o(6-2')a(-w2')o(€—w"2")oy(C-2)oy (02 Joy (S— we’) 

The nature of the resolution of these functions into their 
norm and amplitude is illustrated in §§ 227 to 2381. 

(O. J. Lodge, Phil. Mag., 1876; O. Zimmermann, Das logar- 
ithmische Potential einer gleichseitig dreieckigen Platte, Diss. 
Jena, 1880; A. E. H. Love, Vortex Motion w Certain Triangles, 


Am. J. M., XL) 
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So also for a rectangular boundary OACB, if we write 
a for €—x+(y—y)t, or (—2, 
B for €+a+(y—-y)i, or €42,, 
y for €+a+(y+y)2, or €+2, 
6 for €—a+(y+y)i, or (-7; 
z, —2, —z, 2’ being the vectors of the point P and its images 
by reflexion in the coordinate axes Ox, Oy, taken in order in 
the four quadrants; then the vectors of all the other images 
by reflexion in the sides of the rectangle OA BC being ranged 
in a similar manner round points whose vectors are 2ma+2nl, 
it follows from what has gone before that we may express the 
vector function at € of all their images, taken as positive, by 
log cae ory 6.6; wate werk tage mee ae BAW) 
with @, =U, @,=01; 
disregarding constant factors, and exponential factors of the 
form exp(Aw-+ Bu?). a 
But when we represent the vector potential of a vortex or 
electritied wire at P, the vector potential becomes 


276. As another illustration of the connexion of a regular 
Kaleidoscopic figure with Elliptic Functions, consider the solu- 
tion of the reciprocant 

(P+1)e—10abt+15a2=0, ..........0c00000: (75) 
dy Py navy dy i ; 
dar dx” de? 3 dg! 

(Sylvester, Lectures on the Theory of Reciprocants, V1., ie 
Mr. J. Hammond has shown (Nature, Jan: 7, 1886, p. 231; 
Proc. L. M.S., XVIL, p. 128) that the integral of this equ 

tion BR) may be written 


(4 tiyae pie 

ee SoG Fe— vty + fo) Fe Pa typ (76) 

By turning the axes through an angle 3 tan-(\/x), we can 

make ) a aene and now, replacing $c by unity, 

(L+t)dt - oat ee 

J Frieda oy o's eh hae See eee eee wee (77) 
L-ia\?. ta 2 tiie 

ea pare ot Cre see = PM Sa 8 A ae 
and (a+ Yt) O(e—YI)=1. oo. ececeee boston the Op 


where t= 


C+YL= 
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Since (§ 196) YWZ=H0Z, YwZ=we2, 
where » is an imaginary cube root of unity, therefore 
PLAY?) GWO(L—YL)=HL, 22. .cceesrescrersens (80) 
which shows that the curve is unchanged if turned through an 
angle of 60° about the origin (Fig. 27, i1.). 
Captain MacMahon has shown that the intrinsic equation of 
this curve may be written 
cos'dyy=dn(s/c), with c=},/2.....0.00.A05 (81) 
The student may also show that the equation of the curve 
may be written in one of the forms 
_ am@tkK, x)=am(ytk’7, x), 
tne, KK" to7(y; x), 
x *sn*(x, x) =K?sn7(y, x’), 


IGE ec yCLIN GS 9) = Koil sai oseitclsierers antennae webshots (82) 

with K=Fin LD sin 15. 
As a similar exercise, the student may solve the reciprocant 
FEET A) y ore-lrnes ates gaaplsisiciee te oe (83) 
in the form’ OY ait | 1G s owahe se ai'es'svs appt Sas (84) 


and determine its intrinsic equation, drawing the correspond- 
ing curves (Proc. London Math. Soc., XVIL., p. 360). 

277. When we expand, in ascending powers of w, the 
logarithm of a doubly infinite product, such as that in the 
numerator of sn u in equation (1), § 258, we find 
log wIVIV(1— 4) =log u— w30-3— ju8E0-*- Ju8SO-*—,..(85) 

Now, when the origin is taken at the centre of all the 
points whose vectors are Q, the coefficients of u, u3, wu, ... 
vanish ; but the value of the series is still indeterminate, until 
the infinite curve containing all these points has been defined. 

For if P denotes this infinite product, and P’ its value when 
the boundary has changed into a similar curve, then 

log P’—log P= $wZ0-?+ 4420-44 ..., 
where the summation now extends over the region lying be- 
tween the two boundaries; and now the limit of 2Q~-? is a 
definite number, A suppose, while the limit of 2Q~*, ... is zero, 

Therefore 

log P’—log P=}4Au2, or P’=Pet4”...5 vise ..(86) 
so that the value of the infinite product depends on the shape 
of the infinite boundary. (Clifford, Math. Papers, p. 463). 
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But, as in § 261, Weierstrass removes this ambiguity by 
attaching to each linear factor of the product, such as 
u 
— 
Q 


an exponential factor exp(G +5 a) ; 


and, in the physical analogue, the corresponding electrode at Q, 
- whose vector function is log(l—w/Q), must have associated 
with it a uniform flow in the direction of the vector Q, repre- 
sented by w/Q; and a streaming motion in rectangular hyper- 
bolas, whose asymptotes are parallel and perpendicular to the 
vector Q, represented by $(w/Q)?. 
Now in the expansion of the logarithm of the doubly infinite 
product P, when these exponential factors are introduced, 
log P=log u—4utTO-4— Fu8TO -o — 200, ose are (87) 
an absolutely convergent series; that is, a series the value of 
which is independent of the order of the terms. 
278. Making a new start ab initio with the sigma func- 
tion (§ 195), as defined now by the equation 
cua ee (1-* exp(445 a rrr (8) 
i A 0 Q+9 capi 
where Q=2mw+2no’, and w/wi is a real positive quantity, so 
that , w correspond to @,, ws OF w:, w, according as A is posi- 
tive or negative, then cw is the analogue of Jacobi’s Eta Func- 
tion; in fact, 
ou = Ce4H, /(e, — e,)u = Ce46,(darw/w), ....-0s (88) 
(§ 263), where C, A are certain constants; also logeu is the 
same as log P in equation (87). 
Now denoting, as in § 195, 


d log cw dlog Sou | » au 


aig, by * and z 5 au by —u, 
4 
<1 nips Oa Pen (V) 


by differentiation of (U) and (58) ; so that, on reference to § 195, 
we may put 

92= 602034, (g,= 1402078 ee eee (W) 
also Ge = tt 3. OT Oe 9.9; 2". 85 hill O meee 
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Differentiating (60) again, 


ae Ue 1 1) 
QU = at? {apna SO SSIOUOC nado (X) 
ope ae: mee 
PW — gL G oy eetnee neces (Y) 


Then (cw)/u, ufu, wu, we'u, ute’u,..., are unaffected by 
the considerations of homogeneity of § 196; as for instance in 
the expansions in equations (21) and (22) on p. 249. 

A change in (X) and (Y) of uw into w+2pw-+2qw’, where p and 
q are integers, merely leads to a rearrangement of terms; so 
that, as in § 250, 

o(U+ 2pw+2quw’) = eu. 
Also, since in Q=2mw+2no’, the arrangements (m, 7) and 
(—m, —7) exist in pairs, therefore 
gw=0, O(wtw)=0, gw =0; 
and 9?u=4.9U—90.9U—E(w+w’). QU— ew 
EGO O10 —= gy washs ship ters coe ccesecsesoveisw es (AA) 
as originally defined otherwise in § 50. 

A change of wu into u+2w in (V) shows that, by a rearrange- 

ment of terms, 


(u+2w)= (w+ 2n, Attia ee anede aD OCaad (89) 
where y is a certain constant, determined by putting w= —o, 
so that MEK Oana ae eee cece Fouls (90) 
Similarly COE 25)) = CUE Ory tings clay sts aaia'v ovine (91) 
where Wis! OM at Coan os he dete sieCacios (92) 
and, generally, 
C(w+ 2pw+ 2qw’) = Fu + 2pyn+ qn’. ........-.(BB) 
Integrating (59) and (90), 
o(U+ 2w) = Ce?™"cu, o(U+ 2w’) = Ce? ou ; 
where C and 0’ are determined by putting w= —w and —w’; 
so that 
o(U+2w)= —OM Meu, oUt 20’) = — MO teu, (93) 
and therefore 
o(W+Zpw) = —(—L)PterPMH + PYG, ..reveerceecescereens (94) 
o(W + 2qer’) = —(— 1) eM OHI G YL, re ceee rece eeee neues (95) 


and, generally, 
(+ 2pw-+ 2qu’) = —(— LPH Mat Neer +2a7 Kur patqwey, ...(CC) 
obtained also by integration of (BB). 
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The doubly infinite products in (U) may be converted into 
singly infinite products ; and now 
2 1— 29" cos(rufw) +9 
27U7/W “ on BB 
ce ing, ao" -a( Bes 


and 


where g=e™?!”, 
4q”" 


TTS a pay =t7?—7'd cosech?(nw /wi), ....(97) 
c.; for the proof of these and other similar formulas merely 
stated here, the reader is referred to Schwarz and Halphen. 
Also, denoting Q+0, Q+a+o, A+o’ by Oy, Q2, Qs, 
then the function o,w of § 202 may be otherwise defitied ab. 
initio by the relation 


beau? Lae 
Tal = efa T(1— 5 Jexp(S- +5 O2 aa), vane ---(EE) 
which will be found to lead to the preceding results. 
z 
Denoting Le loga,u by —¢,u, we shall find that 


Q,U=OA(U+M,), G=1, 2, 8. crccrccsnercnenes (98) 
(A. R. Forsyth, Q. J. M., XXIT.) 


“279, Returning to the function C of equations (8) and (10), 
§ 215, and changing the sign of the w’s, we may also write it 
(ples TUAW, +Ug+... + Up)a(V— U,)a(V — Ug) -. (UV — Un) 
(ov) ** 

F=Cy+ COUT COU. FOu QO DO 5. ....ccercveecensacencee (99). 
and since we may suppose the w’s and v to be all increased by 
equal amounts, the condition (9) of § 215 is no longer required. 

Now, since ( vanishes when v=wu,, where r=1, 2, 3,..., m3 
therefore the coefficients ¢,, ¢, ¢,..., Cu are determined by 
a series of equations of the form 


O=Cy +6, QU,-+ 6,0 Ur +... teyol4—Duy 5 ....ceeee (100). 
and therefore the determinant 
1, 90, ~ @2, ...,° OF “Do l= MO eee (101) 


i od 


where M is a factor independent of v; and now this theorem, 
as a corollary of Abel’s theorem, shows that the determinant 
also vanishes when v= —u,—Uu,—...—Up 
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The symmetry of the determinant shows that M must be a 
symmetric function of the w’s; or writing u, for v, and denot- 
ing the determinant by (wu, u,, Uy» -.-, Un), then ¢ is a 
symmetric function of the w’s, such that 


as “oe +... Up) Up qo(Up— Ug) 
eis tu) = A Cuy Nene douyel. .. (EF) 
(eG. py G—= Ort) <2. fy); 
and it will be found (Schwarz, § 14) that 
A =(—1)4-1) 1!2!3!... uw! 
Thus, for instance, with u.=2, 


1, gu, ew |_ gol +vu+w)a(v—w)a(w—u)a(u—v) 
ils Pv, QV. i aU ov ow 
1, gw, ow 


By forming a similar function C’ of the w’s, subject to the 
condition (6) of § 215, we see that (7) is an elliptic function of 
v, which can be expressed by C/C’, where C and OC” are given 
by determinants, as above. 

Equation (CC) is also sufficient to prove that the function 
in (7) § 215 is doubly periodie. 

As an application of the principles of this article and of 
§§ 209, 215, 216, 257, the student may prove that Q of § 215 is, 
writing a for w,, b for w,, and wu for v, given by the equations 

_ a(tu+a)c(u+b)c(a+b) 
bs o(utatb)cucach 

| 1, eu, ou gi 1, eu, gw | 
| 1, ga, ga | 1, ga, a 
| 1, gb, @b| | 1, 9b, gd! 
(uta+b)—fu—a— ob. 

We a verify the equations of g§ 209, 257, 

d o(utat+t b), uae) o(u see ait) ul (a+ &) | 
du ou o(a-b) ou aaah 
= f(u, a)p(u, b). 

_ When condition (6) of § 215 is not satistied, then (7) reappears 
qualified by an exponential factor of the form e? when v is 
increased by 2pw+2qw’; the function is then called by Hermite 
a doubly periodic function of the second kind ; the function 

g(u, v) defined in § 201 being the simplest instance of this 
kind of function. 


| 
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280. Making the w’s all equal, as in § 218, and interchanging 
w and », the function 
_o(utmo){o(u—v)}" 
~  (cu)ktl(ou)He +) 
is a doubly periodic function which can be expressed in the 
form of C; but now the coefficients ¢ must be determined by 
a series of equations of the form 
O=¢,+¢,0v +600 +..., 
O= 9’ v+cg"v +..., 
0O= ¢6,0’v+c,0"'U+..., 


Expressed as a determinant we may now put 


vee ~QU — OV, —gu—'v, eterells ae-Ny —olu—Vy | 
xX n! QD, QV, dan 5 alu — glHy 
Qu, av, 
glu ly, alu, Mee if 


Finally, making w=v, and dividing both sides by (u—v)%, 
we find, in the limit, 


o(u+ Lu a; gu, gu, -, gully |,...(GG) 
o(w) (H+ 1)? eu, @'U, wee, lH 1by 
| ee ee 
gu, glh+lw, ga(2H —1)ay 
— 1)" 
where M=- oy (Schwarz, § 15); 


(1! 2!3!... ul)? 
Halphen denotes this function of w by Wi+1yu. 
Thus for instance, as in § 200, with »=1, 


Wows on =-@—u. 
Again, with u=2, 
ip RN ‘wo’ w— ey) = 0" g 
so (Sp HP UP U— BMU) =p u(ou— plu), 
By logarithmic differentiation, 
a 3 
aa log Wyu= ca log ae =n(gu—gnu), ...(HH) 
whence gnu can be expressed rationally in terms of gu, g’u, .... 
When w=v, 
xY - _o(utl)jo 
{o(w—v)}#~ (guymrip P41)”. 
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Also, when w=0, 
THU 


Ieouyertyu= (1) T= (= Tbe 
=It(cu)H*Ha+agut+...+ayel%~Dw)} 
Oe tL IE Me atabiacsarSeask<nis's i (102) 


and therefore a,=0, when pv =2pw, + 2qox. 

281. In the pseudo-elliptic integrals (§ 218) 

wv=0 (mod. @,, ws); 

and now, knowing the number y, the coefficients ¢,, ¢,, c,, ... In 
C or xv are readily calculated from a knowledge of the values 
of gu, gv, gv, ...; in this way the results employed in g§ 218, 
219, 223, 225, 233 were inferred. 

Thus, for instance, in § 219, we know that 

M=3, pv=30,+403 5 

Gus, 9 V—01,/2, 9 v= —8, @ V=181,/2, o' v= —252, ...5 


so that the ratios of ¢, ¢, ¢, ... can be calculated from the 
equations O=e+ $¢,4+ 32,/2¢,— 66, 

0=32,/2¢,— 6c, +182, /2¢., 

O= —6¢,+182,/2c,— 252¢,. 


Taking an arbitrary value of ¢,, say 3, we find, by solution, 
G=—9, 4=—10, = —31,/2; 
xu = $0,(2 eu — 31, /2 g’w—10 gu—9) 
= 1c, 9u+2)2 pu—7)—Bin/2 9'u}. 
_ o(U +30, + @3)o7(U— v) 
Xe ou oy 


Now 
ouUu=—v 3 
= On) (pu—e,){ 24 Depa 
so that, in the algebraical herpolhode referred to axes rotating 
with a certain angular velocity, we may put 
(w+ iy)>=Axu(gu—e)~*, 
thus leading to the results of § 219. 

As other numerical examples the student may investigate 
the results of §§ 218, 223, 225, 233; also the example due to 
Abel (@uvres, L, p. 142), where w=5, g,=12, g,=19, and 
v=2, or 40,, when gv=—2 or 1; we then find that the 
values of ¢,, C1, Cy, Cz) Cy C5 are proportional to 

=—998,-—96, —482,/3, 12, 2/3, 0; 
or —396, —252, —122,/3, —24, 2,/3, 0. 


302 THE RESOLUTION OF THE ELLIPTIC FUNCTIONS 


Writing s for gu, then we may put 
Xu = — 288 — 36eu —481,/39'ut+ 12e"u+1,./39""U 
=  36(2s?—s—10)+121,/3(s—4),/(4s°— 12s— 19), 
yu = — 396 — 2529u—121,/3¢’u — 249" + 1,/39""U 
=— 36(4s?+7s+7)+12t,/3(s—1),/(4s°—12s—19). 
We thence infer that the corresponding pseudo-elliptic inte- 


grals involve 
— 32186. ae ae 
fel 1 ig VBE A, 
OoVaoar-—o.—— os $ 
_,(8—1),/(48? — 128s —19) _ya/8(48°7 +78 +7) 
1 at cae 1 es 
or tan /3(42+ 78 +7) cos 2(s+2)F 


and now by differentiation we infer that 


“wy 


2s+18 de 2 5G) Gee) 

"e—1 ,/(48—128—19) — xh D+, /3(2s?—s 210) ee 

43—7 ds ae is—)),/Ge—lLs— ae 
SJ st2 ,/(48?—128—19) = 5 /3(48°+78+7) 


Thus, in the Weierstrassian notation, 


sig'vdu _ eee (gu—4)e'u ati! 
J er pe /3(2¢2u—eu—10) — pa/3u, 


(gu—1)e"u 
eae: 
or = —itan=} J34¢? utigutit? 2. /3u, 


with g,=12, g,=19, according as gv=1 or —2. 


These results may be employed in the construction of 
degenerate cases of the catenaries discussed in S§ 80, 205, 206. 
Thus, for instance, the curve given by 


r?=k?(gu+2), 
Pcos(2,/3u— 50) = ,/3k(4r4 — 9h2r? + 9k), 
is a plane catenary for a central attraction n?wr per unit of 
length, in which (§ 80) 
t= 30? w(r? — 3k), tp=8,/3n?wk?. 
So also a tortuous catenary is given by the equations 
| 1 =12{9(3a0/k)—1}, 
1°cos(50 + $/3x/k) = ./3k(2r* + 3k?r? — 9h), 


under an attraction »2wr to the axis Ox. 


INTO FACTORS AND SERIES. 303 


282. Other pseudo-elliptic integrals are formed by the sum 
of two or more elliptic integrals of the third kind, when the 
sum of the parameters is of the form pw+qu’, as in § 226, for 
the expressions of ¢ and €’. 

We shall denote the integral of the third kind in the form 
(B,), $199, by &(u, v), as this we have found is the form of 
most frequent occurrence in the dynamical applications; and 
now ((,) shows that 


P(u, a)+P(u, b)—P(u, +b) a ay 
x o(a—U)o(b—u)c(a+b+u 
ee se a bkwoa L bt) 


= 9 Lo Ao feta ie —(a+w) (a+) —e(b + w) gu — g(a+b— wu) 
* ea —eb © e(a—u)—e(b—u) eu—e(atb+u) 
by reason of (vy), §197, and (K), § 200. 


When a+b=aa, 9(a+b)=0, P(u, a+b)=0; and now 
P(u, a)+P(u, b)= — sft} log ® oat )=e, 


O(a—U) —ea 

By equation (N), § 249, we may write 

e(a+u)— $< tanh! a eee) 
O(a —w) — Qa —€a . PU— eB. PU—e, 

=tanh fe if yor ten ae 

the latter form to be Beans in dynamical problems, where 
ga is always imaginary ; thence the expressions given for € 
and €’ in § 226 can be inferred. 

- As an application we can put a+b=0, +0, or @, in § 209, and 
thence deduce a degenerate case of the Spherical Pendulum. 


1 
hlog® 


EXAMPLES. 


1. Prove the following q series :— 
(i.) 1429 +2914 299+... =OK =,/(K/$7); 


Qq'+2q'+2q* +... HK _ _ 
(i1.) 1+2q+2q'+... OK Ne 
a 1 —2q¢+2q*— OOF 17 
(iii.) 14 9q+2¢4 a =o =k 


(iv.) (L-2q+29°—...)°+ E Ge +2g*+...)$= (1+ 2+ 294+...) 
Gry aM (xx )2h2q", Gesven'n?, Fs1/1728¢°, or — 1/17289, accord- 
ing as A is positive or negative, when q and x or «’ is small. 
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2. With the notation of § 265, prove the theorem 
8, (20) (22) 85(¢y)04(2) — 44022) (22)q(y) (2) 
— 6(w)6 (20) (21) (2) + 8,( 00) (22),(y)O,(2) 
= 26,(8)0,(s—y —2)0,(s—2—2)0,(s—a—y), 
where Q2=wtatytz. 
Deduce the formulas 
(i.) x?sn u sn v snr sn s 
—enu envenrens+dnwu dnvdnr dns—x«?=0, 
provided utv+r+s=0. 
(ii.) sn }(w+v+7r+s)sn }(u+u—7r—s) 
xsn d(u—v+r—s)sn $(u—v—r+s8) 
(dnudnvdnrdns—x’en wenvenrens+x«« sn usnvsn7rsns—K”) 
(dnudnvdnrdns—x«’cenu envenrens —«’«*snusnusnrsns+K”) 
3. Show that 
(€— g)oy(W)oy (BU) + (€; — &)o(U)oe( BU) + (¢, — ea)o73(W)og(3U) 
= 2(€) — 3) (€3 — €,)(€, — &)a*(U)a?(2W). 
4, Show that Weierstrass’ function o(w) satisfies the partial 
differential equations 


Oa 
cu 0, 


Get geebe 
4g.——+ 69,-—+o— 
Drag + 923g. +7 Uw 
cam 
ou 
Show that the second of these equations is also satisfied by 
the function 


: Oa Oa 
129,.— — 29,2 +-1.0 Wo = 
I85g, 392 dg, TER 0. 


oa(u)/{(¢a—ep)(a— ey) }* § 
and write down the differential equation satisfied by cau. 

5. Prove that the projection of a geodesic on a quadric of 
revolution on a plane perpendicular to the axis is analytically 
similar to a herpolhode (Halphen, II, Chap. VI). 

6. Evaluate the surface of an ellipsoid. 


7. Construct some degenerate cases of trajectories or caten- 
aries on a sphere, or on a vertical paraboloid or cone, employing 
. . . . 5 

the numerical results of the pseudo elliptic integrals, 


CHAPTER X. 


THE TRANSFORMATION OF ELLIPTIC FUNCTIONS. 


283. By the Theory of Transformation is meant the ex- 
pression, in terms of the elliptic functions of modulus « and 
argument wu, of an elliptic function with respect to a new 
modulus ) and of a proportional argument w/M; and then M is 
called the multiplier, and the relation connecting the moduli 
A and x is called the modular equation. 

A particular case of Transformation has already been intro- 
duced in Landen’s Transformation (§§ 28, 67, 71, 123, 181, 182) 
in its application to Pendulum Motion, and to the Rectification 
of the Hyperbola. 

In accordance with the plan of this treatise, we begin with 
a physical application of the Theory of Transformation, before 
proceeding to the analytical treatment of the subject. 

Suppose then in § 259 that an odd number, n, of such 
rectangles as OABC are placed in contact, side by side, so as 
to form a single rectangle OA,B,C, of length OA,=na,fand 
height OC=b; and now put 

OAR OC=16/b=K/K, 

OA /0C= afb=A/X’, 
so that Ny Nee Ges Misc ogdoscee ucAceste tet (1) 
where K, K’ denote the quarter periods with respect to the 
modulus « ($ 11), and A, A’ with respect to the modulus . 

Let us begin by placing a positive electrode at O, and an 
equal negative electrode at C; then, inside the rectangle OB, 
the vector function will be 

log sn Az/a=log sn(Av/a+ A%y/b), 
with z=a+yi. 
G,E.F. U 
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But, inside the rectangle OB,, the vector function of these 
electrodes and their images will be that due to positive elec- 
trodes at 2sa and negative electrodes at 2sa+bz, where s 
assumes all integral values from 0 to n—1; and the vector 
function of this system is (§§ 259, 275) 


s=n-1 
log IL sn K(z—2sa)/na=log II sn(Ka/na+Kiy/b—2sK/n). 
s=0 


The physical equivalence of these two forms of the vector 
function, as seen from two different points of view, shows that 


s=n-1 
sn(Az/a)=A II sn(Kz/na—2sk/n), 
s=0 


or sn(w/M,A)=A IL en(u— 28h /ay)) aes cn ente nee (2) 
where | u/M=Az/a, w=Ke/na; 
so that Me KA KN enna eee (3) 


this is the formula for the first real transformation of the sn 
function, of the nth order. 

Similar considerations will show that 

en(u/M, \)= BIL ei(w— 28k |), .. oirewoseesneeneee (4) 
dn(u/M, »)= ClldnG@i— 26K) eee se ee (5) 
If, as in § 263, we put 
qg=exp(—7K'/K), and r=exp(—7A/A); 
then tp PEAR MPP SE RDF Rom Bt Pic (6) 
and 2 is less than x. 

It simplifies matters to place the rectangle OB in the 
middle of ~ such rectangles placed side by side, and now s 
ranges from —}(n—1) to $(n+1); and combining equal posi- 
tive and negative values of s, we find, according to (7) § 187, 


s=1(2-1) gn2y,—gn2 Yea 


Mo N)=A i 
sn(u/M, dr) sn wu i 1 @an? San Say ee (7) 
where w=K/n; 
2 te lea 
Or WS we” Te,0\e)o/sipipie eieiinlelelv el Weidare/elelealatae (8) 


connecting y=sn(u/M, \) and w=sn(u, x), a=sn(2sK/n). 


284, Next suppose that 7 equal rectangles, such as OA BC, 
are piled on each other, so as to form a single rectangle 
OAB,Cn, where OA =a, OC,=nb; and now put 
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OA/OC, =a/nb=K/K’, 

OAjOG=G/b=A/h’; 
so that By tee HANNE eee aee et aes te veer sos tae eee o cael es (9) 

The physical equivalence of a positive electrode at O and an 
equal negative electrode at C, and of their images in the rect- 
angle OABC, with the positive electrodes at 2sK’iy/b and the 
negative electrodes at (2s+1)K’iy/b in the rectangle OAB,C,, 
and their images, shows in a similar manner that 
sn(Az/a, A)=A Isn(Ka/a+ Kiy/nb—28sKk’i/n), 

where s may assume all integral values from 0 to n—1, but 
preferably, from —3(n—1) to }(n+1); or 


sn(u/M, »)=A II sn(w—28KA/n, ke), 0.0... (10) 
where wjM=Azia, u=Kez/a; 
so that ILS Nez GT OUR no ee (11) 


and now, with 
q=exp(—7K'/K), r=exp(—7A’/A), 
we have NG Ne 
and now 2 is greater than x. 
Similar considerations show that, by placing positive and 
negative electrodes at A and C, or Band C, we shall obtain 
the formulas 
en(u/M, A) =B IL en(u—28K'a/n) ; «0.2.2... (13) 
dn(w/M, X) =C II dn(w—28k'G/n); .......0605 (14) 
these are the formulas for the second real transformation of 
the elliptic functions, of the nth order. 
A similar physical interpretation of Transformation may be 
given in connexion with the curvilinear rectangles bounded by 
concentric circular ares and their radii, as discussed in § 270. 


285. Besides the first and second real transformations in 
which gq is changed into g” and q'/, now denoted by r,, and 
7), there are in addition n—1 imaginary transformations, 
when 7 is a prime number, in which gq is changed into w?q™”, 
denoted by r,, where p=1, 2, 3,..., »—1, and w is an 
imaginary nth root of unity; so that, corresponding to a given 
value of x, the modular equation of the nth order, if prime 
will be of the (n+1)th degree in \, having the roots 

ec, Dn See ee 
of which two only, A, and Xj, will be real; A, <K« <Ao 
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We need only consider the Transformations of prime order, 
as a Transformation of composite order, mn, can be made to 
depend on the transformations of the mth and nth order. 

The different transformations of the mnth order are formed 
by changing q into g”/”; so that the number of transformations 
for any number in general is the number of divisors of mn ; 
reducing to n+1, as before, for a prime number n. 

For a transformation of order ”? there is one real transforma- 
tion for which g remains unaltered, and we thus obtain the 
formulas for Multiplication of the argument u by n. 


286. After this physical introduction, we can proceed to the 
general algebraical theory of Transformation, as developed by 
Jacobi in his Fundamenta nova theorie functionum ellipti- 
carum, 1829. 

The theory in its generality consists in the determination of 
y as a rational algebraical function of x, of the form 


Af =U Vis Sasa chee ope totegan ene (15) 
where U and V are rational integral functions of a, 
7 lh ee eae (16) 
V= bya” + by a" 1+... 4b, + by, ; 
so as to satisfy a differential relation of the form 
we -5 ig ae (17) 
where X= aat+ AbaP+ Cea?+ ddate,\ (18) 


Y=Ay!+4By?+60y2+4Dy+ BJ 
Making the substitution of (15), we find that we must have 
dU dV 
M 
(a da Mar da 7 da 
J(AUt+ 4BURV + 6CU2V2 4 4DUVE+ EV) JX 
and the first condition requisite is that 
AU*+4BU8V+6CU?V2+4DUV?4 EV4= XT, ...(19) 
where 7’ is a rational integral function of a, of the (2n—2)th 
degree ; and now, if we can make 
mene 
T=M(o_V— ed is) Mc (20) 
where M is a constant multiplier, the Transformation is 
effected. 
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But if U and V are both of the nth degree, or if one of the 
nth and the other of the (n—1)th degree, so that either a, or 
6, (not both) is zero, this is necessarily the case; for any 
square factor in (U, V)* will appear as a linear factor of 


which is also of the (2n—2)th degree, and can therefore only 
differ from 7’ by a constant factor M. 

The Transformation is now said to be of the mth order. 

By taking X of the sixth, instead of the fourth degree, Mr. 
W. Burnside has derived hyperelliptic integrals (Proc. L. M.S., 
XXIII.) from the elliptic element dy/,/Y, similar to the hyper- 
elliptic integrals of §§ 159, 160, by means of substitutions of 
the second, third, and higher orders. 

Now denoting by a, 8, y, 6 the roots of the quartic X =0, 
and by a’, 8’, y’, & those of Y=0; so that, resolved into factors, 


X= a(a—a)(4—B)(w—y a—6), 
Y=A(y—ayy—BVy—yy—6); 
then A(U—a’'V)(U—6'V)(U—y'V\(U-SV) 
=aTXa—a)(e—B)(a—y)(@—8); 
and now a factor, such as U—a’V, must be composed of linear 
factors, such as w«—a, and of the squares of factors of 7’. 

In the expression y= U/V there are at most 2n+1 arbitrary 
constants; and in determining U and V so as to satisfy relation 
(19) we determine 2n—2 of these arbitrary constants; thus 
there remain at disposal three arbitrary constants, correspond- 
ing to the three constants involved in an arbitrary linear 
transformation, such as that obtained by writing (§ 139) 

(la+m)/(UVae+m’) for a, 
as exemplified in §§ 153, 160, where the constants J, m, U’, mv’ 
are chosen so as to make X and Y quadratic functions of « 
and y”. 

When X and Y reduce to quadratic functions of # and y, 
the elliptic functions degenerate into circular and hyperbolic 
functions: and now there is no Theory of Transformation, 
except for the change from circular to hyperbolic functions, as 
in § 16. 
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287. Jacobi, in his Fundamenta nova, works throughout 
with the differential relation for the sn function (§ 35) 
Md da - 
J/(1l-y. Toa = /l=—o 1 Ean eset 
connecting g=sn(u, x) and y=sn(u/M, 2). 
Now, if y= UV, 
then, since w=0 makes ~=0 and y=0, y and therefore U 
must be an odd function of #, the other, V, being an even 
function; so that for an odd order of the transformation 
T=a,0+ a 22+... Fane, V=bo+be?+...+0_-10"-*. 
Since w=1, y=1; w=1/x, y=1/d; etc, are simultaneous 
values of a and y, the relation connecting # and y may be 
written in any one of the following forms, 
1+ y=(1+ @)A?/V, or V+ U=(14 «@)A?; 
1— y=(1—- 2)A?/V, V— U=(1— «@)A”; 
1+Ay =(1+«x)C? /V, V+rAU =(1+xx)C?; 
1—)Ay=(1—Kx)C0?/V, V—-AU=(1—xwx)C; .....(22) 
where A and C are rational integral functions of a, of the 
3(n—1)th degree, which become changed into A’ and C’ when 
x is changed into —x#; so that we may put 
A=P+Qs, A’=P —Quz, 
C=P'+Ua, C=P—Qa, 
where P, Q, P’, Q’ are even functions of x; and therefore 
ee ee, Se ee ee 
l+y 1+a\P4+Qa/’ 14+rAy 14+xa\P’—Qa/ ’ 
P?4+2PQ +Q?a? @ «P?42P'Q' 4+ «Qa? 
P24 2PQa2+ Qa? rv P24 PY a? + Q?x® --.(23) 
When the order x of transformation is even, we put 
O=a,0@+007+...+0n-10"-1, V=b,+b,0?+...4+b,0"; 
andnow V+U=(1+a)(1+«cx)B2, V+\U=D2, 
V—U=(1—2)(1—mr)B?,  V—)\U=D*7 2 eee aes 
where B, D are rational integral functions of a, of the (kn—1)th 
degree, changing into B’ and D’ when z is changed into —z; 
so that we may put 
B=R+8x, B=R—-Sza; 
D=fR'+8a, D'=R-Sa; 
where R, S, R’, S’ are even functions of a. 


giving y= 
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288. The number of independent constants represented by 
the a’s and b’s in U and V can be immediately halved by 
noticing that a change of wu into w+K% has the effect of 
changing & into 1/xa and y into 1/Ay (§ 239); and therefore of 
interchanging U and JV. 

An algebraical simplification is thus introduced by writing 
x/,/« for x and y/,/X for y, as in § 143; the differential rela- 
tion now becomes of the form (Cayley, American Journal of 
Mathematics, vol. 9) 


dy = pda (25) 
J/1-2By?+y*) fA —2a0®+a8t) 0 
og Qa=Kt lfc, AV=ALA, ceeereeeereeeeees (26) 
: _ 8n(U, k) K) __sn(pu, d) d). 
connecting wie.e a gie 
and now, if y= U/V. 


U=B, 1¢+...Boa"-?+ Bye", V=B)+Ba?+... By 12"-}, 
for an odd order n of transformation, involving only 1 co- 
efficients B,, B,, ..., Bn-1, and therefore »—1 arbitrary 
constants in y; also Spy 

It follows then that, in the original relation y=U/V, con- 
necting w=sn(u,x«) and y=sn(u/M, Xd), if a?—a? is a factor 
of U, then 1—x«?ax must be a corresponding factor of V; and 
we thus obtain the expression of y as a function of # given in 
equation (8), and in addition the relation 


Nessa AN SIG Mates biatch te toa cial «Sex acters (27) 
so that we may write 
2 — 2 
y= Moe Ta ee nh (28) 


Professor Cayley writes equation (25) in the form 
(1+ Syy?+ Syyt+...)dy=p+ Rw?+ Ryt+...)da, 
y+iSy +tSy +... = p(e+ thar +tho+...), 
where the R’s and S’s are the zonal harmonics of a and £. 


289. Writing this equation (28) in the form 


x I(x? — a) — pan Gr r) I (2 —453) =), 


which is an equation of the nth degree in a, the roots of which 
are g=snu, sn(wt2w),..., sn{wt(n—1)o}, 
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where w=2K/n or 2Ki/n for the two real transformations, we 
find that the sum of the roots 
s=3(n-1 

A nl op ) = "1S snu+ 280), seseeseesecerseseoe( 29) 

or combining the equal positive and negative values of s, 
2sn wu cn 2sw dn 280 

areal ; r) a coe 1— «sn? 2sw sn?y 

AY 2¢,/(1—a?. 1—K*a*) 

cM 1 — Kaa? 
the expression for y when the product in equation (8) is resolved 
into its partial fractions; and similar expressions hold for the 
en and dn functions (Jacobi, Werke, 1, p. 429; Cayley, Elliptic 
Functions, p. 256). 


or e+> pacoue: (30) 


290. We need not therefore confine ourselves, with Jacobi, 
to the Transformations of the sn function; but we may some- 
times find it preferable to seek the relations connecting 

x=cn(u, x) and y=cn(u/M, dr), 
when (§ 35; Abel, Huvres, L., p. 363) 
Mdy da 


= = dialed 
JO=F NEP) Jaa) CY 
or the relations connecting 
x=dn(u, x) and y=dn(u/M, d), 
when cehelh ae == Cbs arte (32) 


J0=F. PX) JOE 
relations already given in (4), (5), (13), (14) of §§ 282, 284, 

But Prof. Klein points out (Math. Ann., XIV., p. 116) that 
it is the differential form of § 38 (really Riemann’s form), 


connecting z=sn(u, x) and ¢=sn*(u/W, d), 
and leading to the relation, on writing k for «2 and l for 2, 
Mdt dz 


Fa (Cae PRES Ve COE ee c. a 
which is the most fundamental in the theory of the elliptic 
functions sn, cn, and dn; the periods now being 2K and 2K%, 
instead of 4K and 2K%, etc. (§ 239); the guadric transforma- 
tions (of the second order) 

=e, 1—a, or 1—xx?, 

t=y, 1l—y*, or? ly?) eee (34) 
leading immediately to the preceding transformations of the 
sn, cn, and dn functions. 


~ 
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291. The Theory of Transformation may be developed en- 
tirely from the algebraical point of view; but Abel has shown 
how the form of the transformation of the nth order may be 
inferred from the elliptic functions of the nth parts of the 
periods, called by Klein, modular functions. 

Thus taking the first real transformation connecting 

z=sn*(u, x) and t=sn?(w/WM, d) 
in relation (33), then 


t= g 


M2 
2 
1 f=a— 2) m(1-) ~-D, 
1—lé=(1—kz)II (1—kBzy? +D, 


m(i—2) i), 


D= LV 10g) os waetose sac Saxe horeess (35) 
where a=sn?2sK/n, B=sn?(2s—1)K/n, 
and the products extend for all integral values of s from 1 to 


3(n—1). 
2 

The form of the factors is inferred by Abel from the con- 
‘sideration that 


G.) when ¢=0, u/M=2sA 4+ 2s'A%, 

where s and s’ are integers; and, from equation (3), 
w=2sK/n+2s'K, 
g=sn?2sK/n=0, or a; 

(ii.) when ¢=1, u/M=(2s—1)A+428'A%, 
u = (2s—1)K/n+28'K%G, 
z=sn*(2s—1)K/n=6 or 1; 

iii.) when ¢=1/l, u/M=(2s—1)A+(28’—1)A%, 
w=(2s—1)K/n+(28'—1)K%, 
g=sn?{(2s—1)K/n—K%} =1/k6 or 1/k. 

(iv.) when t=0, u/M=2sA +4 (28’—1)A%, 
w=2sK/n+(2s'—-1)K%, 
g=sn2(2sK/n—K%)=1/ka, or 0. 

Similarly the relations can be inferred connecting 
g=cn(u, x) and ¢=cn?(u/M, d), 

or zg=dn%(u, x) and t=cn(u/, d), 

not only for the first real transformation, depending on equa- 

tion (3), but also for the second real transformation, depending 

on equation (11), and also for any one of the imaginary 
transformations of the nth order. 
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292. In Weierstrass’s form the relation is 
Mdy | da Bip 
J (4y8—vey—ys)  /(40? — go — 9s) 
connecting #=9(u; Jo Jz) and y=e(u/M; yx yz), 
by a relation of the form 
y=U/V; 
and this must be equivalent to relations of the form 
Y —€q=(a@—e,)A2/V, or (w—eg)B?/V, or (w@—ey)C?/V, (36) 
for a transformation of odd order; giving 
443 — 99) — yg = (408 — go — 93)(ABC)/V*; ...-..-. (37) 
so that V must be a perfect square; thus leading to the 
requisite number of equations for the determination of the 
arbitrary coefficients in U and V, and an equation over, which 
relation may be made to connect the absolute invariants J 
and J’, and corresponds to the modular equation. 
For a transformation of even order, we shall have 


ae U 
1 (@zenyt? 
equivalent to relations of the form 
= A “ wv — €B Be L— Cry Cc? 
Y= €g= (x—e,)T” or oy T? or pin 64 VEX Beer (ite) 
and therefore é 
423 — y,0 — y, (ABC) 
4y° — yoy — Y3=- (x aon Ys ( 7s ene (39) 


293. In the Weierstrassian form we determine the relation 
connecting e=e(u,J) and y=e(u/M, J’). 
But without altering J’ we may write (§ 196) 
e(u/M, J’)= Meu, J’); 
and now, if w, w denote the real and imaginary half periods of 
p(w, J) or gu, we may take w/n, w’ as the periods of o(u, J’) in 
the first real transformation of the nth order; and o, w’/n as 
the periods in the second real transformation (Felix Muller, De 
transformatione functionum ellipticarum ; Berlin, 1867). 
The first real transformation, of odd order n, may now be 
written 
, ey 2s 28) 
eu, J)=gu+ > {o(u— =) — 98a} side Noten (40) 
s=1 N 1) 


similar to equation (30) for the sn function, and obtained in a 
similar manner. 
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By integration of this equation (§ 195) 
; 8=}(n-1) 
G(u, J’) =2G,0+ w+ = C(w— 2809/2) + (w+ 280/n), (41) 


s=n-1 s=}(n-1) 
where G,=} 2 G2sa/n y=" 2 O(Zew/N) 3... ccovresess oes (42) 
s8= s=1 
and integrating again, 
log o(u, J’) = Gu? +log cw IL o(w—28w/n)o(u+ 28w/2), 
o(u, J’) = Cech ou HT o(u— 28e/N)o(W + 28w/N) 3... cece (43) 
The constant C is determined by putting 1=0, when 


Cate e ort J” 1 
ow o(U— 28w/1n)o(w+ 28sw/1) 


1 . 
a o(=28w/n)o(2sw/n)’ 


and now 
Jae vey Tp 7esel n = w)o(2sw/n +) 
eal o(2sw/1) 
= (Gb )"11(Or = 9280/11), ..0cuccesdesevercesere (44) 
by formula (K) of § 200. 
Thus, for instance, with n=3, 
HU; J )=e(o)2(Ot— G,), .-.-ecasesosens (45) 
where G,= 920 =o, 
and therefore satisfies the equation of § 149 
(pss (Ge+492)P +2954, . 
eee GG gs 
or Gt — 49,6? — GeO — eGo =O. occa censor eens (46) 
Denoting by G, and G, the transformed values of g, and gs, 
they are found by a comparison of coefficients in the expansion 
of both sides of equation (44) in ascending powers of wu (§ 195). 
Thus, if J=0, or g,=0, then G,=0 or 2/g,; and taking the 
value G,=0, then J’=0, G,=0, G,= —279,; and 
o(hs 0, — 2795) = (Cb)POU. .. .cesccessecsacovens (47) 
Employing the principle of Homogeneity of § 196, this 
equation may be written 


HUIS 3) St /BCUP PUR. os ceessecees (48) 
leading by differentiation to 
in| BE(Win/ 3) =BEW+ O'U/QU, wr cscsceeceens (49) 
CEI Oe el EE 5 
and 3e(ut,/3) 30u+ Sa ou aay, ther (50) 


since g.=0, as in § 47. 
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Thus, if g, is positive, and w,, w,' the real and imaginary 
half periods (§ 62), then ,’/w,=7,/3; and if we take w= $a», 
then g?u=g, ($$ 166, 233); so that e}w,'=0. 

Again, putting w=«, in equation (49) gives 

As On) Om Oligss <b seek bela nse seca (51) 

Making use of the last equation of § 202, we find 

Noy = $Nq' Wy = FT »/3. 

As a numerical exercise the student may construct the 
following table, and also fill in the values for w=a,, Wo, FW.) 
ws’, Seo) $@.,-..; taking g,=0, g,=1; these numerical results 
are useful in the problem of the Trajectory for the Cubic Law 
of Resistance, discussed in §§ 227-234, 


uU Pu | Q'u fu ou 
| ee - TA/3 
do, | HY2+IP | -aN9H241" | 4 tO | ays yoriyretos 
* 33 a/2 sas 
ZWy, = x/2 — 30 $9, = HM A/4 755 a 
TV 3 
2 1 - 3 a1g+ $3 Deas 
2 y3 
TA/3 
Jo! 0 -i ane! Bey 
3/2 TV3 
Wo Pee eecorevccson | covecsevececneseceses | cesssteveeeverescccce 4/3° 


The Linear Transformation. 

294. In Chapter IT. the general elliptic differential da/,/X 
has been reduced to Legendre’s standard form 

(L—x«sin’) 2d 
and to Jacobi’s, or rather Riemann’s standard form (11) of § 38, 
dz/,/(4¢.1—z.1—kz) 

by various substitutions, in §§ 39, 40, 41, 42, 43, etc., which are 
practical illustrations of the Linear Transformation. 

In § 160, the six linear transformations are given which, 
according to Mr. R. Russell, reduce 

dx/,/X to the form dz/,/(Az*+602?+ 2). 


In determining the linear transformations, of the form 


y= ULV =(at+B)](yet), -.ccceecssecsscene (52) 
which satisfy Riemann’s differential relation 
Mdy da 


J(4y 1-y.1—ly) J(4a.1—a. Te ee 
connecting #=sn%(u,x) and y=sn%w/M, 2), 
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we notice, by § 139, that the absolute invariant J is unchanged : 
so that, according to § 68, there are six values of J, given by 
k 1 1 1 


t=k, b—vV Py Tee 1—k, 1-7; occas ...(53) 
and six corresponding linear transformations, in ee 
oe aK +bK% . 
SAM ATR OG LO Le esas ee 04) 
a,b 2 1 Dell 0 
ole ‘jp ott Abe in ain 1 | mod. 2 


295. But if we change to Jacobi’s form by the quadric 
transformation, which changes w into a, and y into y”, then 

Mdy be da aes 

/A-y?.1—d2y?) /(1- 2? 1 Pa)” 


and now, forming according to § 75 the invariants g,, gs, A, and 


J of the quartic 1l—a?. 1— x72, 
J14Mk+R | __1—-83k—331°—338 , _k(1—h)* 
gaia 8 216 ins eee 1G eee 
i n2\3 
and jd BES ON ee eae (56) 


108h(1 — hk)! 

Professor Klein writes 7* for & or «?, and calls 7 the Octa- 
hedron Irrationality ; and now the absolute invariant being 
unaltered by a linear transformation, 

pao Ltle ee _ (+ 14yt +n!) (57) 
a Tsien (USI ae 
and the roots of this equation in / are found to be 


1 ihes ay G ee LNG _ 
eae se pan Pie 
l=yn ) n® G = 4 > 7 = Hey oisis erence fe alesse: (58) 


giving the six corresponding linear transformations of Abel 
(Guvres, L., pp. 459, 568). 

In the reductions of Chapter II. that linear transformation 
has been chosen which makes & or J positive and less than 
unity, and also gives a real value to the multiplier M. 

The corresponding values of the multiplier are given by 

1/M?=1, 7, —t1 tq), —i1 tay, 
the linear transformations being, as may be verified. 
,ltyltna g Lt Lt inn 
PUPS ey 1 Fim 1 ¥ ine 


y=to, + 772, 
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Landen’s Transformation of the Second Order. 

296. The point LZ (§ 28) in figs. 2 and 3 has been called 
Landen’s point, because of the use made of it by Landen 
(Phil. Trans., 1771, 1775) for his transformation, important 
historically as the first case investigated of the T’ransforma- 
tion of Elliptic Functions, being the Quadric Transformation, 
or of the second degree. 

The ratio AD/AE being sinha or x, while HL/EA=cosa 
or x’; therefore, if C is the middle point of AD, 

IC AL—AC_ AE—EL—-}AD 


Cie 40. emma a 
_1—cosa—}sin’a _(1—cos$a)?_1—cos}a_,, 
i 4 sin?a sintta — 1+cosda = ee 
The ratio ee is denoted by \ ; so that 
ieee PP piece ONE c 
SWS” 1 KEN ee 


rJ/rA=(L—K)/K, Je’ =(L—A)/A, and KA’=2,/(«'A), ...(59) 
different forms of the modular equation of the second order. 
Still denoting the angle ADQ in fig. 2 by ¢, we denote the 
angle ALQ by yw; and now (§ 28) since the velocity of Q 
is n(1+x«’)LQ, perpendicular to CQ, therefore the component 
velocity of Q, perpendicular to LQ, 
LQ dy /dt=ni+«)LQ cos LQC, 


or dyy/dt=n(1+k’)cos LQC. 
But since ae ra therefore 
sin LQC=)Asiny, cos LQC=,/(1—Asin*y)=A(y, d) ; 
and dyy/dt=n(1+x')AW, dr), 
or spoam{(l-tic \nt, XX}... sgeeee cee i eee (60) 
Now, since the angle LQC=2¢—vW, therefore \ 
sin(2p— Wr) =A SID Wes, osces snc conces cee eee (61) 
ae ean sin(2¢—v,)—sin __ tan(p— vy) (62) 
1+)A  sin( com W)+sin Van tang ’ 
(1+x’)tan 
or tan ae Toc tang (63) 


sin y=(1+x’)sin ¢ cos g/Ag, 
as in equation (92), § 67. 
Putting nt=u, (1+x’)nt=v, then sin g=sn u, sin yy=snv; 
and we obtain the formulas (90) to (98) of § 67, 
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297. Landen starts with the relation (61); so that, differen- 
tiating logarithmically, 
cot(24 — YW) (2d —dyp) = cot dp, 
2 cot(26—v-)d¢ = {cot(2¢—W) + cot y}dw 
_  sindgdy 
sin yy sin(2¢—y) 
2d¢ en Nr a 
sin 2¢ cosecyy cos(2¢ —vW) 
Now cos(26 — yr) = ,/(1 —A’sin*y) = AWW, A); 
while sin 2¢ cot ~-—cos 2¢=), 
cot = cot 24+A cosec 2¢, 
cosec*yy = 1+ (cot 26+A cosec 24)”, 
sin?2¢ cosec*y = sin? 246 +(cos 2¢+A)? 
=1+2) cos26+2? 
= (1+A)?—4A sin?¢, 
or sin 2 cosecyy=(1+A),/(1 —x’sin’d) = (1 +A) AC, x), 
where x =2,/d/(1+A); so that, finally, 
mee EON rn NEE KRIED  6 4) 
Cem eG a Alon) 2 
so that, if ¢=am(nt, x), then y=am{(1+x«’)nt, A}, and the 
angle yy may be made to represent pendulum motion on the 
circle CRL, on CL as diameter, LQ meeting this circle in R. 
The velocity of R will then be due to the level of L’, a point 
on CE produced, such that CL’=CL/)?; and now we find that 
El’ =CL'-—-CE=EL, 
after reduction, so that Z and L’ are the limiting points of the 
circle AQD with respect to the horizontal line through #; but 
now the value of g in the motion of # on the circle CRL must, 
in accordance with § 20, be reduced to $g(1—x«’)*. 
Ge LDR LED et ke LP 
LQ LD EL—ED «—x«? 1x’ 
so that (§ 28) the velocity of @ is 
Le LO BOR Lek LQ es cecessesteeeas (65) 
The period of & in the circle CRL is half the period of Q in 
the circle AQD; so that, if A denotes the real quarter period 
of the elliptic functions of modulus ), 
A=4(1+k)K, or (140A) AEE. ... 00.00.0000. (66) 


Again, 
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298. Conversely, as in § 123, we can express the elliptic 
functions of modulus x and argument (1+A)v in terms of the 
elliptic functions of modulus ) and argument v; or starting 
with the motion of R, we can deduce the motion of Q. 

But considering the motion of Q as defining in a similar way 
the motion on a larger circle, to a larger modulus y, we change 
d into « and x into y, where 

ieee v= y= Bal (+y )(+«)=2, 
Vea yy SY =v)’, and c’'y=2,/ey'); (67) 


and now, from § 128, 


UES DE Teton) 
sn(l+kx.u, petals (oe ae (68) 


1+x« sn*(u, Kk) 
en(u, «)dn(w, x). 
1l+«sn7(u, x) 
called Landen’s Second Transformation. 
With w=sn(u, x), y=sn(l+k«.u,y), where y=2,/«/(1+x«), 


en(l+x«.u, y)= 


then eae 
S Lae 
1+ y=(14+2)(1+Kx)+ V, 
1l— y=(1—2“#)1 xz) + V, 
l+yy=(1+4,/k)? +V, 
1—yy=(1—2,/x)? + JV, 
Vos I-+ eat ee te ee (69) 
ae dy (1+x)da 


Jl-¥ ly) JA -a 120%) 
Or, with «=dn(u, x), y=dn(1+x«. u, x), 


ie ate en 

~ l4+K—a® 
1-+-y =2k +V, 
1—y =%(1—22) +, 
Y¥ = 2x2 +V(+k), 
y—y' =2(a2—«'2)-+ VL+8) 

Vleet ee ee eee (70) 
leading to the differential relation, (3) of § 35, 

dy (1+x)dax 


JA-¥. fay) JO? Pn) 
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_ 299. Denoting by I’ the real quarter-period of the elliptic 
tunctions to modulus y, then «=1 makes y=1, or u=K makes 
( ik) u—1"; so that 
Q+n)K=T, 
or (66) CNAs maa L ay Ds ca lees caste tesss cde cee (71) 
Also, A’, K’, IY denoting the corresponding quarter periods to 
modulus )’, «’, y’, the imaginary transformations of § 238 show 
that, with iu=», 
r, xv __ (1+ «')sn(v, «’) 
sn(1 +k 6p r = 1+x’sn%(v, ray 
mae! +x)sn(v, «’)en(v, K) 
dn(v, x’) 
, n~__ en(v, «)dn(v, Ke) 
en(1 +k. Vv, r = 1+xsnX(v, Kk)? 
1—(1+x«)sn?(v, «’) 


sn(1+« .v,7) 


OR CIRP CS NE ie aaa Chae 
_ 1=x«’sn?(v, x’) 
dn(1+x’.v, ’)= eon ne), 
on 1—(1—x«)sn*(v, fay a 
dn(l+k .v, y')= int) be (72) 
su that N= (eK gat Kk 
or A(1 +A)A'= ry Gt +yI"; Haleiave sais e'eibieeieine 8 (73) 
and therefore : Ant =2r- A sc BOBS OT es Sree (74) 


An inspection of Landen’s formulas shows that the dn func- 
tion has always a rational Quadric Transformation. 
Mr. R. Russell shows (Proc. L. M. S., XVIII.) that the 
general rational quadric transformations which reduce 
dx]/,/X to the form dz/,/(A#+6C2?+) ~ 


are always of the form 
mP,+nP, es 
Z mE. +n P, A ARC at a datnnaccicceatatipand (75) 


P,, P., P3 denoting the quadratic factors of G, the sextic 
covariant of X (§ 160). 
Thus if X=1—2? .1—x*2?, 
the sextic covariant may be written 
G=a(1 —Kax?)\(1+x«x?*), 


leading to Landen’s transformations, given above. 
G.ESF x 
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300. Landen’s Transformation is useful, as employed by 
Gauss, for the numerical calculation of K ; for if we put (fig. 2) 
LA=a, LD=b; and CA=a,, OL=,/(a?—6,)=}(a—9); 
‘then a,=4(a+b), 0,=,/(ab); and x =b/a, X’=b,/a,. ...(76) 
_ Now, denoting y by ¢,, and X by «,, equation (64) becomes 

2dp 


ao ip, 3. = ae 
/(acos’p + b’sin’g) — ./(a,2c0s"h, + b,*sin,) 
while g,=7, when ¢=$7; 
so that 
47 do oe tddq, 
J Keer +b’sin’¢) J ./(a.,2cos” rs + b,’sin*¢,) 
ot [2 ee 
S »/(a2c08"h, + bsin?,) 
or Ki Ki fap Keb ig). erences ene eeene (78) 


Continuing this process with ¢,, a,, and b,, so as to obtain a 
continuous series, given by (§ 296, equation 62). 


Dn 
tan(dn = dn-+1) = Ge tan dn 
Ongi=snbz), Opa1 = </ (Onln) ane eee (79) 
then a, and 5, tend to equality ; so that, putting 
a, =e =p, and Px =v, 
dp x dgn 
Sa (Geos? + Bsn’) n/ (An2C0S*y, + b?,S1D7 hn) 
_ ft ay _iz 
S J (weosy + sina) pe” 


or SS ae 
Oe Gee 
K=Ky Ul (1+4,)=4n Tl (1) (80) 
r= r=1 


Denoting the modular angle of «, by 0,, then 
Kat1i= sin Onan =tan2 46, 5 


cos 0,41 =sec? $0,,,/(cos On), 


Onin 
and 1+kp41=sec? 46, = SSS 
(cos 6 
so that st ) 
K =}7 sec 0,/(cos 6 cos 0, cos 0, COS 05 ...), «s+0es (84) 


a formula suitable for the logarithmic calculation of K, 
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Lhe Transformation of the Third Order, and of higher 
Orders. 


301. According to Jacobi’s method, the transformation may 


l-y ieee 
S| 82 
[-y 1ta\itess) oo (82) 
connecting #=sn(u, x) and y=sn(u/M, \); and then 

Zatl+a’s* @ 1—2/a? 


be written 


Yy = ae (i+ Qa)a2 M 1 S27 Seeecesosssccercece (83) 
so that 1/M=2a+1, 
l—yrAy_ 1—Kx/a—Kex 
and ie LG eas 
Seri <6 —*), Pte ee (84) 
leading to the differential relation 
dy (2a+1)dax (85) 


Jl =-y? .1—?y) J 12. 1— 22) 
_ We shall find that, expressed in terms of a, 


4 3 / 3 
Seanad! ‘ 2a ate) 
le Iat 1 x AAG ta ; 
eat —Atay. \»_A+al1—a)* 
2a+ a? Vestn 


so that MAr)= Ta 90" WKA)= Toe 
leading to the Modulur Equation of the Third Order. 
RNa ION.) etl Meena nar eack «! (86) 


We shall also find that this transformation may be written 


1—en(u/M, A)_1—en ae cn wy (87 
1+ en(u/M, A) 1+enwu\at+1l—a enu » verve 87) 
1—dn(n/M, A) _1—dn ieee ae (88) 
1+dn(u/M, A) 1+dn an or dae we ee ¢ 


As a numerical exercise the student may work out the case 
of a=43(,/3—1). 

In Legendre’s notation, with «=sin g, y=siny, he finds 
that these relations are equivalent to 

tan 4(@+W)=(at L)tan g. oo... eee eee (89) 

The Transformation of the Third Order was the highest to 
which Legendre attained, until it was pointed out by Jacobi 
in the Astronomische Nachrichten, No. 123, 1827, that Trans- 
formations exist ‘of the fourth, fifth, or any other higher order, 
as already explained. 
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Thus the transformation of the fifth order may be written 


1—y 1—a#/1—ax+Bx*? 90 

1+y ales eta) g Oe een dee” ec ceicesicieieee ( ) 
and of the seventh order 

l—y _1-2/1—ax+ Bor — yay" 1 

il as y —— il ae a a ac + Ba? ae a) 9 (S00 6 e000 8 Bene (9 ) 


and so on. 


302. When the transformation of the third order in § 157 is 
employed for the reduction of the integral in equation (6), § 227, 


then BP en KE Pee eee aces sates Sateen eae (92) 
where P=p' —3p*sin*a+ 3p, :...sateesssecees aeeetes (93) 
and K=p*cos’a+p sin a1, ........0.ccecesenene (94) 


as in equation (27), § 233; so that K=0 and s=0 at the points 
of minimum velocity. 
Now, with this substitution of § 157, 
8=9(gx/w2s OF A) incre aene de een (95) 
where A=4— 3 sin?a = 2795), sccce ce toa nets ean aes (96) 
(§ 228); and denoting 


fieil at-+) by (ac abyaie. 
Fa) 
then 92Q, ay 920,=—,/A, and H,0O,=47,/3 (§ 298). 
Again (§ 157), — @(gu/w®) = J/P, 
where J=p%(3sin a—2 sin’) —3p?(2—sin?a)+3p sin a— 2, 
and J+PJA=2%Ksin at /A)p—V%, 
J—P,/A=2{k(sin a—,/A)p—1}.. ............(97) 
Now from § 233, 
/A = cosa(tan 8+ cot £), 
(sin a+,/A)=}$ cos a(tana+tan B+cot 8)= cosa tan B, 
(sin a—,/A)=$ cos a(tan a—tan 8—cot 8)= —cos a cot B, 
while p= ee 
cos(a — @) 
Therefore 


{ee ; 0, —A)— mae had oe Sy $(sin a+,/A)p—1 
p(w; 0, —A)+ 930)  \J—,/AP/ — i(sina—,/A)p—1 
cos a tan 8 sin @—cos(a—O) _tan(8—@)_ tang 
—cosa cot 8 sin@—cos(a—O) tan8  tanB 
_9(U; 9, 93)—@'a» 

P(U; O, Js) +9 Fos" 

(§ 234) a curious result of this transformation. 
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Again, since g'3,= —¢'4w., we may put 
$= a" BO, + OU 
Q'$0,— 9 w 


and then, making use of relation (17) of § 229, 
_ o($@, + U)o($wa,+ U)o(4ow, + UW) 
~ o(4@,—U)o(4ow, — Uo (4002 @)— UW) 
_ $e. + U)o*(So.— UW) (Fo. — U) 
T( HW. — U)o"( ZW + UW) Fw. +U) 
by means of (K) § 200, and the relation g2w,/=0; and this 
again, by equation (CC) § 279 and by § 293, reduces to 
_2°(§n,— 4) PCHO)—") ene 
~ FGw,+u) e(3o,+U) 
_ o(3@y Tae gate wiv’ 
Se Bee. 
The Tee ite of ie Theta Functions. 


303. Taking the @ function, as defined in §§ 263, 265 in the 
factorial form, 


A(x, g)= g(q) IL QU 207s Cos 233} tn) sass. (100) 
fie 


where ¢(q) is a certain function of q which § 264 shows can be 
written NG) a G30 tow cece etsats se sucisadiuneh v= oars (101) 
then changing wx into na, and q into q”, 

O(nx, gq") = o(q”) Id — 207 NCOs 2na + qt" 2”) 


= s=n-1 


= $(q") IL IL {1—2q?"-1cos(2a + 2sr/n) +q*"-?} 
v=1 3s=0 
(by Cotes’s Theorem of the ele of § 270) 


i ae TTS (99) 


2 RIGOR s es 102 
“{HQ}" iz i Gleaee OG) potcrens ate roee (102) 
Similarly, with n.=1, 2, 3 
( 
6,.(na, 9”) = Gor L I (epee Bo TING Veins meres es alr fa'bee (103) 


Forming the ee and writing w for }7u/K, then (§ 268) 


Je Tue om wave Of anw= Jeg, (104) 
K 


and thence we obtain the formulas for the Transformation of 
the Elliptic Functions of § 283. 


sn U=—; 
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Similar considerations will show that, when q is changed to 
que or CPhinGue 
e2pTi/n, gun) s=}(n-1) 


2pm —ilogg . 
Bular, e2P™ilng In = IL 6 GS (105) 
Pa q ) { (q)} n canine n ae 

where u«=0, 1, 2, 3; this is left as an exercise (Enneper, 


Elliptische Functionen, § 38). 


EXAMPLES. 


J. Prove that a transformation of the fourth order is 
L—y el —2 EGS EN 
l+y_ lta Il1+x«a 1+a,/« 

and prove that the relation between ) and « is then 


and M=(1+,/k). 
2. Prove that, by means of the substitutions 
cosh $u sinh ¢ 


al 
tan $0= /(cosh w-+sinh u cosh $) 
PaO cosh }w sinh ¢ 
or sin 30= sinhsu+ cosh } 4ucosh p 
) dp 


»/(cosh w+sinh w cosh ’) 
0 
iF 7 0 
= Worcs ae sech }uF,(sech dw). 
: 


z cosh m¢ dp 
Ji w-+sinh wu cosh ¢)"t4 
0 
1.3.5...2m—-1 1 7 (sinh w)"cos n6 dO 
One ie = Fe oe 1 J? (cosh u-+cos 9)" +3 


3. Prove that, with the homogeneous "yan Ly Wy OLS 155, 
and writing X, for oX/ox,, X, for 0X/ex,, the general cubic 
transformation which reduces dx/,/X to the form ~ 

dz/,/(Az#+6C2+ EF) 
is of the form 2=(1X,+mX,)/(’X,+m'X,) (ex. 8, p. 174). 

Prove also that the general quartic transformation may be 
written 2=(lX+mH)/(UX +m’H), 
where H denotes the Hessian of the quartic X (§ 75). 

(R. Russell, Proc. L. M. S., vol. XVIIL) 
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4. Prove that (Cayley) 


_ pet Tae + 2px? +a7 
Jim 1+2px"+ Tat+ px® 


satisfies the relation 
dy wear pda jera 
SVL toy ty) J+ ape? +a) 
Modular Equations. 
304. In the Transformations of the nth order, which con- 


nect the Elliptic Functions of modulus » with those of 
modulus x, and make r=q”, or gq”, or w?q'/” (§ 285), 


Baa KY 1K WwK+K% ak+bK% 
i are Or yr Ol ae) OF generally: ie aKi” (106) 
where be—ad=n, 


the Modular Equation, which determines \ in terms ot x, is of 
the (n+1)th order, as already stated, when 7 is prime, and 
has two real and n—1 imaginary roots. 

We shall content ourselves with merely stating the Modular 
Equations of simple order, connecting x, \ and x’, d’, adopting 
the form and classification employed by Mr. R. Russell in the 
Proc. London Math. Society, Vol. XX. 

Grass 1. 2—15, mod. 16; 

PH JK) + A(X) +1, 
QH=SM(KAKAYA KA EAS (RX), 
R=A4Y/ (Kr KD’). 
n=15, P?—4PQ+R=0. 
n=31, (P?-—4Q"—-—PR=0. 
n=47, P?—4Q—P(R)—2R)=0. 
Grass II. n=7, mod. 16; 
P= i/(cr)+ SKN) —1, 
Q = AM(KAKN) = AKA) = A(X’), 
R= —44/ (rw). 
7, £0, or £/(KA)+ W/ (KN) =1, (Guetzlaff). 
n=23, P—R=0, or S/(erA)+ S/N) + (256 AKANE = LL 
m="1, P?—4Ri(P?—Q)+2PRi—R=0. 
m=119, P°’—R3(7P*®—28P3Q+16PQ?) + R%;..)...=0. 
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Crass ITI. n=3, mod. 8; 

P=, /(rA)+ J(ern)-1, 

Qa SAK) = /(KA) = SEN); 

R= —16,/(cr«'n’). 

i=, elas; or AJ (A) + /(KX)=1, (Legendre). 
n=11, P—RE=0, ov f(A) ESN) + (256A KA’) = 1. 
n=19, P>—-7P?R+16QR=0. 

n=35, P!—RM5P?—16PQ)+2R3P?— RP— R*=0. 
n=43, PU+...=0. 

n=59, PP +...=0. 

Hix Say le! ee = 0: 


Ciass IV. 2=1, mod. 4; 
P=ra4+xnr—-1, 
Q=KrAKN —KA—KN, 
R= —B2KdKN. 
n=1, P=0. 
n=9, P%—14P3R+64PQR—3R2=0. 
n=11, P}—R10P?—64Q)+26R3P+12R=0. 
AS siccenie acetone; sods cade cence etee een eee ee 
n=5, P—Ri=0, or rAt+KN+(B2rAKN B= 1. 
n=18, P2(P34+8R)+ R(11P?2—64Q)=0. 
n=29, PP?+17R§P—9R§) 
+ R4(9P?—64Q—13R3P+15R4) =0. 
WH BT, Kegicsr wince es soe cdosga ete ee ee EE COT een 
n=58, P#{P!+ R3(413P3—2°PQ)+...} + Rt{35P4...} =0. 


305. According to Professor Klein (Proc. L. M.S., X.; Math. 
Ann., XIV.) these Modular Equations are replaced by relations 
between the absolute invariant J and its transformed value J’, 
by the intermediate of quantities + and 7’, such that J is a 
certain function of 7, and J’ the same function of 7’; and now, 


n=2; J:J—1:1= (47—1)8: (r7-1)(874+1)?: 277, 
cr =1 & 60). 


n=3; J:J—-1:1= (r—-1)\(97—-D): (277?—187—1)?: —64, 


cme 
n=4; J:J—1:1= (77+147+1)3: 
(7° — 337? —337+1)?: 1087(1— 7)‘, 
rT =f 
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n=5; J:J—1:1= (7?—107+5)8 
(77 — 227 +125)(7?— 47 —1)?: — 17287, 
rr’ =125. 
m=7; J:J—1:1= (724137449) 457+) 


: (7*#+ 1477+ 637?7+ 707-7)" : 17287, 
Tar =A9: 
mM=13; J:J—1:1= (7? +57+ 13)\(7* +777 + 2077 +197+ LY 
(7?+67+ 13)(7°+107°+ 4674+ 108734 122724 387-1)?: 17287, 
Tr =13. 


The Multiplication of Elliptic Functions. 

306. If we perform the second real transformation upon the 
first real transformation, we obtain a transformation of the 
order n*, leading back again to the original modulus «x ; because 
the first real transformation changes q into g”, and the second 
real transformation changes q” back again to q. 

We then obtain the elliptic functions of argument 

u[/MM =nu, since M=K/n—A, M =A/K, 
in terms of the elliptic functions of argument u, by a trans- 
formation of the order n?, and thus obtain the formulas for 
Multiplication of the argument. 

Thus multiplication by 2 or 3 can be obtained by two suc- 
cessive transformations of the second or third order ; and so on. 

Knowing that the order of the transformation is n*, we 
infer in Abel’s manner the factors of the numerator and 
denominator of the transformation, involving the modular 
functions, the elliptic functions of the nth part of the periods. 

Thus we infer, with the notation of § 258, that, for an odd 


value of n, 
BENG) eae o) Vetere eeacht (cenchoshecs vucpisseressariee (107) 
; eee sn?u 
where U=n sn wil Il @ _ ant 
— sn2u 
Pe TIT (1 SNe 
= IT (1 —x’sn?u sn?Q/72), 
where m, m =0, +1, +2, +3,..., +$(n—1): 


the simultaneous zero values of m and m’ being excluded, 
as denoted by the accents, so that the number of factors is 
3(n?—1). 
2 
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Combining the factors by formula (7) of § 137, 
snnu=A snwuII'Tl’sn(w+Q/n)sn(u—Q/n), (108) 
where A is a constant factor; and this may be written 
sn nu =A TLD sn(u+Q/2) 5 ....cccserecetencevens (109) 
where m,m =0, £1, £2,..., +#(n—-1); 
the simultaneous zero values of m and m’ being now admissible. 
Similar considerations will show that 
on nu = BILL eni(e-P 9) /90 yy oor ieee act eee (110) 
dn nu=C IL dn(w-+-O)1) cere ete (111). 

To determine the constant factors, change wu into w+ or 

w+K'i, when we shall find (Cayley, Elliptic Functions, § 368) 
A=(—1)K°-D,A@-D, BH (c[c OD, C= (A/c WO?-Y, 

By taking in § 259 a rectangle 04,B,C,, in which OA, =e 
OB,=nb, and therefore containing »? elementary rectangles, 
we obtain a physical representation of the formulas (109), 
(110), (111) for Multiplication of the argument by 7. 

Writing u/n for u, and making 7 indefinitely great, we 
deduce in a rigorous manner the doubly factorial expressions 
for sn w, enw, dn in (1), (2), (8) of § 258. 

Again, by putting x=0 or c«=1, the student may deduce as. 
an exercise the trigonometrical formulas for the resolution of 
the circular and hyperbolic functions into factors. 

(Hobson, Trigonometry, Chap. X VIL). 

The Complex Multiplication of Elliptic Functions. 

307. When K’/K=,/D, and D is an integer, we may sup- 
pose the multiplier 7 resolved, by the solution of the Pellian 
equation, into two complementary imaginary factors, so that 

n=(a4+2b,/D\(a—7ib,/D)=a2+b2D ; 
and now the multiplication by 7 can be effected by two suc- 
cessive multiplications by the complex multipliers a+ib,/D 
and a—ib,/D, each leading to an imaginary transformation of 
the nth order, not changing q or the modulus x. 
(Abel, Guvres, I., p. 877; Jacobi, Werke, L, p. 489.) 

The first requirement then in Complex Multiplication is a 
knowledge of the value of « for which K’/K=,/D; and this 
is found by putting «=X’, x’=2 in the corresponding Modular 
Equation of the order D (§ 304). 

The equation is now, according to Abel, always solvable 
algebraically by radicals ; so that, returning to the question of 
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the pendulum in § 15, it is possible to determine by a geometri- 
cal construction the position of two horizontal BB’, bb’, as in 
fig. 1, cutting off ares below them, such that the period of swing 
from B to B’ is ,/D times the period from b to U’. 

Thus the Modular Equation of the second order being 
written A=(1-—«)/A4+«), 
we find, on putting «’=), 

W+2A=1, or A=,/2—1, when A’/A=,/2. 

Putting c=)’, «=X in the Modular Equation of the third 

order (§ 304), 
2,/ (kx) =1, or 2xx’=4=sin¢z, when K’/K=,/3; 

so that the modular angle is j;7 or 15°. 

Dy nen al) = 2, K=(,/2—1)* 671); 
obtained by putting I’/T=1, y=y’=$,/2 in §§ 298, 299. 

Whens K/K—=,/5, 2kxc'=,/5—2,  2/(2Qce')=4,/5—1), 
or (2x)? _ (2xx’)* =I, 

When ey ite ee 2 (kK) = KK =, a/ Qk = Fe 

Collections of these singular moduli required in Complex 

Multiplication are given by Kronecker in the Berlin Sitz., 
1857, 1862, in the Proc. L. M.S., X1X., p. 301; also by Kiepert 
in the Math. Ann., XXVI., XXXIX., and by H. Weber in his. 
Elluptische Functionen, 1891. 


308. In the expression of y=sn(a+ib,/D)u as a rational. 
function of z=sn u, leading to the differential relation 


=e ay ey) a oa — 2x) where 1/M=a+ib,/D, 
Jacobi finds (Werke, t. I.; de multiplicatione functionum 
ellipticarum per quan Ser imaginariam pro certo quodam 
modulorum systemate) that we must restrict a to be an odd 
integer, and b to be an even integer; but these restrictions 
disappear if we work with the en functions; and we can 
even suppose that 2a and 2b are odd integers. 
Let us determine then the relations connecting 

e=enu and y=cn+(—1+%i,/D)u, 
so that 1/M= —4+h,/D, 
leading to the differential relation 

dy _(—34+34,/D)da 
SAP FE) JA a Ft) 


where c=«’/«, the cotangent of the modular angle. 
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If D=4n—1, and we denote (K+K%)/n by o, we shall 
then find that, when 1 is odd, 


1-y L—a@t=3@-D/ge— a 
1 Sete ime en Umes 
= 
5 
1+. 
l+y _ : ue ee eee 112 
42 See x +en(27r—1)w Bates) 


ue 


ar a +i gee Digg < 2 
Lee e/a ai eee) 
gy Naa th aren Bre 
ae a~—en(27r—1) 
1 =,/(i¢ yn (eet ajciel aleve love) aieleiels\etareteras (113) 
ie 


The arithmetical verification for the simple cases of D=3, 
7, or 15 is left as an exercise for the student (Proc. Cam. 
Phil. Society, Vol. V.). 

Formulas (112) and (118) are inferred by putting 

(1) y=, 
when }(—1+2,/D)u=2mK+2m'K% (m-+m’ even); 


and then u=4m'K—(m+m)o, v=en 27w. 
(2) Lier 
3(—1+44,/D)u=2mK+2m’'K% (m+m’ odd); 
and then x=cn(27—1)w. 
(3) y=, 


H(—144,/D)u=(2m+1)K +(2m’/+1)K% (m+m/ odd); 
=(4m'+ 2)K-(m+m’+1)o, c= —en 27w. 


(4) y=—te, 
2(—-1+4,/D)u=(2m+1)K+(2m’'+1)K% (m+ even): 
and then x= —cn(2r—1). 


309. When D=4n-+1 or 1, mod. 4, the relation connecting 
#=cnu and y=cn }(—1+7,/D)u cannot be rational ; but Mr. 
G. H. Stuart has shown (Q. J. M., Vol. XX.) that it may be 
written in the irrational form 


y= Viiedal(? Geen Tener — Do —2 x 


w~—x ji U caesar 
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where wo=(K+K%)/(2n+1), 
a transformation of the order n+4; and this is equivalent to 


—y?=(1—ée)(1—a) (1-9 ey 


. en 2r 
148-045 a+am(+ 2) sy, 
he Q-2)M +a} eee (114) 


this is inferred in the same manner as formulas (111) and (112). 
For instance, with n=0, D=1, and «=},/2, c=1 


ae ta Va (ues) 


au) 
equivalent to, with w=(1+2)r, 
ji=t en2v 
en(1 — —1)v= “Ttimy 
With n=1, D=5, 2xx’ =,/5—2, c=, /5+242,/(,/54+2), 
Je SPE Eee 
2 
Lee ese 
and en $(—1+7,/5)u=,/(ie) ee a 
ee yee 
ac a 


where a=cn }(K+K%). 
310. Generally in the expression of y=gu/M as a function 
of «=gu, where 
w/w or Ki/K=,/(—D), 
and the multiplier 1/M is complex, of the form 
1/M=a+b,/(—D), 
it is convenient to consider four classes of D. 
Class A, D=3, mod. 8; 
Class B, D=7, mod. 8; 
Class C, D=1, mod. 4; 
Class D, D=2, mod. 4; 
the class for D=(0, mod. 4, not requiring separate consideration. 
It is convenient also to consider the discriminant D (§ 53) as 
negative ; a change to a positive discriminant being effected by 
the method of § 59; now w’,/w,=%,/D. 
We can also normalize the integrals (§§ 196, 252) by taking 
—279,2=—1, so that g,=~/(—/). 
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Ciass A. D=3, mod. 8=8p+3 or 4n—I, if n=2p+1. 
1/M=}(—1+41,/A). 
~The relation connecting « and y can be written in one of 
the three equivalent forms 


y—¢, = Ma —e,) UL {e— gw + 2r0,/n)}?+ V, 
il 


y—¢= MX(a—e,) TL {2—9(o,—2re/n)}?+V, 
y—e,=M*(a—e,) IL {e—9(w,+ 27e,/n)}?+ V, 
Ves II {~@—(27rw,/72)} 5 
leading to the differential relation 
Mdy = da ; 
/(4y?—929—9s)  »/ (4x? — 99@— gs) 
This verifies in the particular case of p=0, when 
D=38, J=0, g,=0, 1/M=4(—1+2,/3)=m; 
and then ESD Oia 


This is the simplest case of Complex Multiplication, 
mentioned in $196, and employed in § 227 in the determina- 
tion of the Trajectory for the cubic law of resistance. 

The form of the general transformation is inferred from the 
consideration of the series of values of w which make 

y or o(u/M) =e,, @, @, and «. 
(i.) When y=e,, 
u/M=(2¢ +1)o,+2res, 
(Q+2)(@.— wy) +7(@,+ oy’) 
(q+r+}3)o.—(¢—T+4)ey 5 
w={(Qtr+t)o,—(d—T+4)o9 }/(-4+44,/D) 
=S2{(qtr+h)—(q-1+hi/D}(-1-1,/D) 
_—9-7-3-(9-74+4)(4n-1)  q4+r+3-qtr-i _, 
Int a 2n m2 
= — 24m, + 27rw,— w,—1'(w,+ wy) /N 
= — 2qw, + 27w,— wo, — 270,/N, 
so that «@ or gu=e, or (w,+270./n). 
(ii.) When y=e,, 
u/M =(2¢+1)o,+ (27 +1), 
=(q+rt1)o,—(q-7r)w,, 
w= —2qo.+ 2re,—(2r+ la, /n, 
pu=es, or O(2r+1)a,/n = —(w,—2rw,/N). 


I 


lI 
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(iii.) When y=ég, 
u/M = 2qw, +(27+ lw, 
=(q+r+3)i.—(q-—7—F) oy’, 
W= —2qW.+27w,. — wW. — (27 — 1)ws/N, 
QU=e,, OY P{w.+(27—1)e,/n} or E(w, + 2170,/'1). 
(iv.) When y=oo, 
u/M = 2qw, + 2ro, 
=(d+7)o,—(¢-")w,/, 
vu=— 2d. + 2rw,+ 27rw,/N, 

and QU =0(27w./N). 

Hence the form of the Transformation is inferred. 

By addition, we find 

CSA te A oe, 
Pate: _ GP 4+ Gx? eo) 

where n=2p+1; and we shall find that A,=2G,; and the 
A’s and G’s are symmetrical functions of ¢,, és, és, and there- 
fore functions of g,, g, or J; while G, has the same significa- 
tion as in § 293. 

By employing the Modular Equations given above, or 
employing Hermite’s results (Theorie des equations modu- 
laires), we find 
D=3, J=0, 92=9, SGt+l)=1, g3= 5/3. 

9 
JU ba Sa he go=3 peel ; 
eG = 1, /11 24), je A= SEES 


D=19, J=—-%, g,=8, Sgot1)=3, gg=n/19; 

A, =2G,=—,/19—i, A,=4(25+5%,/19), As= —4$(./19 +62), 
A,=}(21491,/19), A;= —4(/19+1114); 

these values of A,, Az, A,, 4, were calculated by Rev. J. 

Cheyallier, Fellow of New College, Oxford, who has also 

verified the case of D=11. 

D=27, J=—2°x5?~3?, ete. 

D =35, g=3/5(MSS+DH got l= Hd /5+1))° 

D =43, J=—2"x 5%, 9,=80, /(g,+1)=3%, 

gg=3X7xX,/43 (Hermite). 

A, =2G,= —6(,/438+%), G,=$(279+114,/43), 
A,=1051+730,/43, ete. 

D=51, J=—64(5+,/17)(,/17+4) (Kiepert). 
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D =67, J=—2°x5'x113, g,=440, /(g+1)=38x7, 
Jg= 7X 31x ,/67 (Hermite). 
D =168, J= —2! x 58 x 238 x 29°, JSN+1)=3x7x 11, 
Jg=7X11X19x127x,/163 (Hermite). 
Ciass B. D=7, mod. 8=8p+7=4n—1, if n=2p+2. 
The relations connecting y=¢(u/M) and c=¢u, where 
1/M= 3441/0, 


are found, in a manner similar to that employed in Class A ; 


y —¢, = M*(x—e,)(@—e,) TL {2 — (w,+27w,/n)}?+ V, 
(il | 


— WH f2—ploy—2rof))*4 7, 
r=0 
Deli MTL {2 9(o-+2ra/n)}2+V, 
r=0 
V= (a — és) TI {a—@(2re,/n)}2. 
r=] 


As simple numerical applications, 
oe . 
WEG kx = j= — Sy =p = 
é,=1(—,/7+2), Co=hr/7, es =3(—A/7 2). 
Dz 15, »/xx =sin 18° (Joubert). 
In these cases the Jacobian notation is almost more simple, 
as given in § 308. 
Cuass C, D=1, mod, 4=4n+1. 
The relations connecting «=gu and y=¢(w/M), where 
1/M=—}+4i/D, 
cannot now be rational; but, according to Mr. G. H. Stuart, 
we can express the relations in the irrational form 


Pi 4r +1 ) 
io 8 Bes (2a Ty (wy yoo. 
Y-P 30 wv — @s i= ( a as) 

2n+1 3 


a relation which may be said to be of the order n+; and 
this is equivalent to 


9 


4n ) 
Y~ONY—*s) _ qe) TT i (sy s | 
Y¥—e, n=1 EA e +1 )| 


hi 
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Cuass D. JD an even number. 
In this class the simplest function to employ is the sn func- 
tion ; for instance, with 
K’/K = ,/2, then «=,/2-1; 


sn7u 
~ sn? Qe 
and sn(1 2)u=(14+7,/2) SEEN Oe 
(1+7,/2)u=(1+7,/2)sn UE 
where wo=Hk-ik’); 
leading to the equations 
pes 
Pee LE Ke sn w 
1 = eee A 
sn) | Neat ie x 
sn 
1—xy_1 ee +x sn ey 
Itncy 1+a\l—Kcasnw 
connecting e=snu and y=sn(1+2,/2)u. 
= ) 25) ae J/2-1 
Also snw=,/(—1), sn LD eal 


These transformations show that it is not possible to express 
en(1+7,/2)u in terms of env, or dn(1+7%,/2)u in terms of u, 
by a rational transformation. 

With K’/K=2, then x=(,/2—1) (§71), 
and the relation connecting w=snwv and y=sn(1+2i)u may 


be written 
2 a2 
(.- allt 
. Sn“ 2@ sn°+@ 
Ca !) “G 1 —2x'sn22w)(1 — K202sn24o>)_ 
where wo=(h—-1k’); 
equivalent to the relations 
/ 5 e 2 ae 2 
L—y l=xe ; _ sno + on 30 
1l+y 1+«x iat x rigbeaeu 
sn @ Sn 3a) 

4 2 ax 2 
et kemnee.\ {7 van 40 | 
l+cy 1+a a Me a Ne 

ah sn 2/ sn 40 


so that en(1+22)wu has a factor dn wu, and dn(1+2/)u has a 


factor en wu. 
G.E.F. Y 
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When K’/K=,/6, then c=(,/3—/2)(2—/3)5 
and the corresponding relation between sn uw and sn(1 +%,/6)u 
to be written down is left as an exercise. 

(Proc. Cam. Phil. Soc., Vols. IV., V.) 

It can also be shown, in the preceding manner, that the 

relation connecting x=gu and y= (w/M) where 
1/M= —1+%,/D, 

and D isan even number 2m, can be expressed by the relations 


r=m Ir —1 . 2; 
y—e.= Mee) Tt 2p = say’) +V, 


2m 
3 2r ae Vv 
y—ey= Mee) I {o—9(o 5 a2) 47 


DL ee he 
y— = M@—4) TL {2 9(o,— 2 )}+y, 


es me tal 
Im+1 2 


Ws II {2-(ga yey) 


As numerical exercises, we may take 
(i.) D=2, when g,=30, g,=28, G,= —1+41,/2; 
(ii.) D=4, when g,=11, g,=7, G,=—2++2. 


311. In conclusion we may quote from Schwarz some 
general remarks on doubly periodic functions. 

Every analytic function gu of a single variable w for which 
an algebraical relation connects @(w+v) with gu and ¢v is 
said to have an Algebraical Addition Theorem; and then ¢’w 
must be an algebraical function of gu (Chap. V.). 

Every such function is then an algebraical function, or an 
exponential function (circular or hyperbolic function), or an 
elliptic function, which can be expressed rationally by gw and 
g’u (Chap. VIL). 

Elliptic functions are doubly periodic. A function of a 
single variable cannot have more than two distinct periods, 
one real and one imaginary, or both complex. For if a third 
period was possible, the three sets of period parallelograms 
obtained by taking the periods in pairs would reach every 
point of the plane, so that the function would have the same 
value at all points of the plane, and would therefore reduce to 
a constant (Bertrand, Caleul intégral, p. 602). 
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Abel, in generalising these theorems, was led to the discovery 
of the hyperelliptic and Abelian functions. 

Thus if X in § 169 is of the fifth or sixth degree, we obtain 
functions of 2 variables and 4 periods; if of the 7th or 8th 
degree, of 3 variables and 6 periods; and generally, if X 
is of the degree 2n+1 or 2p+2, there are p variables and 
2p periods; but this would lead us beyond the scope of the 
present treatise, and the reader who wishes to follow up this 
development is recommended to study Professor Klein’s articles 
“ Hyperelliptische Sigmafunctionen,’ Math. Ann. XXVIL., 
XXXIII., ete. 
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I. The Apsidal Angle in the small oscillations of a Top. . 

The expression given by Bravais in Note VII. of Lagrange’s 
Mécanique analytique, t. II, p. 352, for the apsidal angle in 
the small oscillations of a Spherical Pendulum about its lowest 
position is readily extended to the more general case of the 
Top or Gyrostat, if we employ the expression on p. 261, § 242, 
as the basis of our approximation. 

We divide the apsidal angle Y into two parts, VY, and W,, 


such that iv, = an, — ofa, 
Y= by, — wb ; 
and now put 4=0,—80,, b=o,+ qos, 


where g and s are small numbers; so that, expanding by 
Taylor’s Theorem as far as the first powers of g and 8s, we may 
put CaS ng + 8x, PH = Ng + 830s, 
CDSE ny — Gow, =m — Yoses 3 
and now, by means of Legendre’s relation of p. 209, 
wy, WI (wg — Se5)9 — (4g + 8e03¢3) = For — 803, + &501), 
V3 (@, + Yes) — ©y(m — Yoox) = qws(n, + 0). 
But, from equation (B), § 51, 
dn2 Qo 3: Veen eam eos 
Je,~ enn a1 — 
1 — HUH os) = es _ 4 — OCU og) , 
€,—e €,— es 
so that, integrating between the limits 0 and »,, 


C0, + (w+ ws) — fw, = (€,—e) dn2,/(e, —e,udu, 


0 


or m+eo,= /(e,—e,)E (Schwarz, § 29). 
Also (§ 51) (¢,—@s)o, = r/(e,— 6) K | 

so that 1 + e30, = —/(¢,-@,)(K—F); 

and therefore WY = Sir tsuz./(e,—¢;)(K — E), 


w= Jogn/ (C= e5) Li, 
340 
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But, from § 210, when a and 6 are very nearly a, their 
approximate values are given by 

23 — UL 

eot?ja= a8" 
ab — es 
C3 — C3 — $8°ws'"ws 

7) 1 772,,) 2¢)/ 

Clg F397 as' 9", 


WS — 8?w37(€y — 3) SS — K7S"w4"(€, — &g) ; 


= nN 
since Q" ws = 2(e, — es) (Cn — € a 
€,—@. e- 
atid S eaCoen vate 6 1 
Ke aah Riese, “2 (g BO 
ay 3 1 3 
= 2 
cot44,8 = EPO M5 % 
ae ei — by Ke? 
Ke 
and therefore (€, — €)3047 Se — = cot? 4a cot? $8. 


Also (§ 210) 
G—Cr__ @b_ "(a +95) 
G+Cr = #4 — 9'(ws — Sw) 
ven 1030 yo G Saxe Ke, 
80,00, 8 és ey aa 


G=Cr 5 
so that (€,— €3)q7w4? Sh — (ae Ne as cot? ka cot? 48, 
Therefore bape ‘taste eet ta cot $6, 
Kem 
mea) ; cot $a cot $8. 
But, ultimately, when «=0 and «’=1, 
then EH=}n, and lt(K—£)/c=47 (§ 11, 170); 
so that WV, sede +47 cot $a cot $8, 
Si Ns 1 1 
Vises (Aaa) cot aed cot 48. 


This reduces for the Spherical Pendulum, in which Cr=0, to 
WV sx dar(i +2 cot da cot $8) $7(1 +3 sin asin £), 
when a and Bare nearly z, thus agreeing with Bravais’s result. 
When a=7z and G+Cr=0, this approximation fails; but 
the student may now prove that the apsidal angle is 


C22 
i = ped ee 
in{1 / Ge watt 
This will be the apsidal angle when the Top is spinning in 


the vertical position with small angular velocity r, and is then 
struck with a slight horizontal blow. 
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IL. The Motion of a Solid of Revolution in infinite friction- 
less liquid. 

The reductions of the Elliptic Integral of the Third Kind 
in § 282 in consequence of the relation 

a+b=aa, 
in connexion with the Top and Spherical Pendulum, are useful 
also in constructing degenerate cases of the motion of a Solid 
of Revolution in infinite liquid, as mentioned in § 211. 

We refer to Basset’s Hydrodynamics, Vol. I., Chapters 
VIIL, IX., and Appendix III, also to Halphen’s Fonctions 
elliptiques, 11, Chap. IV., for an explanation of the notation ; 
and now 7 the kinetic energy of the system due to the 
component velocities u,v, w of the centre O of the body along 
rectangular axes OA, OB, OC, fixed in the body, OC being the 
axis of figure, and to component angular velocities p, g, 7 about 
OA, OB, ‘OC is given by 

T=hPui+v) tpl +A p?+q?)+sCr™ oo. (A) 
(to which the terms 
P(up+vq)+P wr 
may be added in the case of a body like a four-bladed screw 
propeller, or like a rifled projectile provided with studs or 
spiral convolutions on the exterior). 
Then the Hamiltonian equations of motion are 


aa as ror heer is DOE Per REE Ee yo (1) 
ore” OT er 
di au Pow on = Ye @) 0. 0 'slera ecys/0 8 wie prelate rd alanetarene (2) 


CO lam Ol ammnor, 
dt ow tou Pay 
aor poe OL a) yaa L 
dt oom "aa da, — U5, +¥ Bag oes (4) 
d, Ole OT 4 OL AOL 1: 
disq 160) Ope son ee 
dvol vol Ted lemo le eat! 
Apes alee SG0p OL eae Br. (6) 
When no forces act, so that X, Y, Z, L, M, N vanish, then 
equation (6) shows that Cr or 7 is constant. 
Multiplying equations (1) to (6) by wu, v, w, p,q 7 in order, 
adding and integrating, shows that 7 in (A) is constant. 


APPENDIX. 343 
Multiplying (1), (2 ee dinot and! in: 
ultiplying (1), (2), (8) by eae oir adding and in 


tegrating, proves that 


ee =) Z 

Cane 
=) + a StU gat Le erates that veins ova: (B) 

F being a constant, representing the rt linear momentum 


of the system. 
Similarly, it is shown that 


Clioluo, ol Ol ol 
Ou op Ov Og More ov do constanu 
AP(up+vgq)+ORur =G, ...cccccccssseeeen (C) 
where G is a constant, representing the resultant angular 
momentum of the system. 
From equations (A) and (B), 


A( p?+q?) = 2T— Cr? — Rw? — P(u? +") 


2 
.) is constant; or 


E34 Oy? =o itl Sar ee R2w*), 
and, from ae (3), 


ene 7 == = P(ug — vp)? = P*(u? +0?) p?+ @?) — Pup t+ vq)? 


=F DB 


+(27- Cly2 hee cs ND) 


so that w or Rw is an elliptic function of ¢. 

Taking the axis Oz in the direction of the resultant impulse 
F, and denoting by y,, y2, yz the cosines of the angles between 
Oz and OA, OB, OC, so that 

Py=Fy, Pv=Ffy, Rw=Fy;; 
then, with Euler’s coordinate angles 0, ¢, vy, 


A 


y,= —sinOcos¢, y,=sinOsing, y,=cos 8, 
P(upt+vq) =F sin 0(—p cos 6+q sin ¢) = Fsin*@ 5 on 
so that 

diy _G—CFr cos 0 
dt AF sin?0 
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G4CRFr ~-1 | es OF rat Wh We, 
2AF 1+¢c0s0 QAF 1-—cos@ dt dt 


suppose ; and then 


dp oy C\ \, CFr—G cos 0 
ae poe oes =(1-3g)+ asin 


= ae 


The equations given by Kirchhoff (Vorlesungen tiber mathe- 
matische Physik, p. 240) for a, B, y, the coordinates of O with 
respect to fixed axes O’a, O’B, O’y (O’y parallel to Oz) are 


or or OF va 

Fa= Bran 2H +Bs5, B urete elovetessvela\elaietetatatelens (7) 
or or Ol 

FB =—_— a al “239 A3F J Seco rer erereeeeene (8) 

WY = Ws (9) 


“sat ” Bu ow’ 
WHOTE = d,1cy, 08 ee the cosines of the angles between Oa 
and OA, OB, OC; and £,, 8,, Bs, the cosines of the angles 
between O’8 and OA, OB, OC. 
Expressed by Euler’s coordinate angles, 

a= cos@cos ¢@cosy—sin ¢ sinw, 

a= — Cos 0 sin ¢ cos ~—Cos ¢ Sin Wy, 

aj= sin @cosy; 

B,= cos@cos¢siny+sin ¢ cos yy, 

(,= —cos @ sin ¢ sin + cos ¢ cos Wy, 


f= sin Osiny; 
while p=sin ¢ 6—sin 0 cos ow, 
q =Cos p é-+sin @ sin ov, 
(p= p+cos Oy; 


so that, after reduction, 


Fa =A cosy 0+(Cr—A cos 9 VP)sin é sin vy, 
FR=A siny O- aye — A cos 6 v,)sin 0 cos Wy, 


WY = as - sin? 20-47, costs, 
Wr bing Pr oe : cos 8 or Rw, equation (D) becomes 


Cag? or \2 7 2 Ff 2 f = 
d= er) - (29-6) (Oe 2)'| nex, 


Veer ah 2 5 
suppose, wh = { — >) 
pp where 1 erat 
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Denoting the roots of the quartic Y=0 by a» @y, 2» 2 
we may put, according to §§ 151, 152, 


L— Ly = mee 
Qu — oc’ 
al zat kat. 
PU PC- RE — eC, 
e —9¢ gu—e, 
> U— KE wo —C,) 
= tty= — 9c CUS 
~U—P—C ~C —e,’ 
and now, when « oscillates between «, and 2s, 
w=Nt+ os. 


The letter « has been used here in two senses, to agree with 
the ordinary notation; this need not however lead to confusion. 
Differentiating, 
Jx=S = Glee =9(u—c)——(ut+e); 
x= Cu+ce)— C(w—c) — €2¢ 
1 g'(u—c)—¢’2¢ 
~ 2 g(u—c)—¢ 2c 
_lg(u—e)+e(u+te) 
2 e(u—-c)—e (ute) 
w’=e2ct+e(u—c)+e(u+e); 
so that we must write v for 2c and wu for w—c, to agree with 
Halphen’s notation. 
Now, to determine x 


Hy -B (EB 


2 
=> +An*{p2¢+p(u—e)+e(ute)}, 


2 
Py = ‘ie + Anip2o)t —An{&(u—c)+ &ut+e)} 


Ve ) yee ou 
=| — W—= We) — 211 ,—A4 > 
(<5 + Anp2e (w—w,)—2An fu ieee 


so that, in a complete period 2w, of the motion, the point O 
will have advanced parallel to O’y a distance 


FP 
(> + Ang2c) 20, —4A nm, 5. 


also (§ 152) 6e2c =coeflicient of —a in X. 
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We now suppose that w=a makes e=1, and u=b makes 
a=—1; then 
Log Pou 4) 
(ea — ge)(eu— poy 


— pe gb — pu) 


1+2=(p— ec\gu— poy 


gage G-—OFr gbg'c _ jot Clr 
(pa—gecor ‘AFn ’ (gb—ge?? AFn 
Then 


diy, —4e’a(gu— ec) 
du (ga—gcK(eu—ea) 
—i9'a | —}9'a 
~ 94——C' PU—-EA 
—4$(a—0¢) — 30a + 0) + fa 
—$(u—a) + 3G(ut+a)— ga ; 
iy, = —3{@a—c) + (at+c)}ut+s log 
and similarly 


i= —}{Kb—0) + Abe) ut f log see , 


a(ut+ a) ‘ 
a(w—a)’ 


and therefore 


Pe : fb o(uta)a(b+u) 
Ne Saree o(u—a)o(b—uy 


where 
P=((a—c)+ (ate)+ &b—c)+&b+e). 
Also 
sin’?@=1—a?=(1+a)1—2) 
_ 9°e(gu—ga)(eb— eu) 
~ (pu = 9c)(eb = ge)(gu—gey 
o°2ca(u—a)o(ut+a)a(b—w)o(b+u) 
~ g(4—c)a(a+e)a(b—C)a(b + 6)a2(u—e)a*(U-+ey’ 
so that 
sin ei = Code oe 


uU—c)o(ute)’ 
giving the Eee on a plane perpendicular to Oz of the 
motion of a point on the axis OC, relatively to 0; also 
P(w+vi)= —F sin 0e-%, 
ptqi=(—sin OW +i O)e-%. 
We find also, as in § 224, that if the values a, and b, of w 
correspond to : 
t= 14 (27 — Cr? Seah 
then a,—b,=a—b. 
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But now introduce the condition 
. a + b = Way 
when, according to § 282, y becomes pseudo-elluptic. 


P tti iL ee Me 10° QU — a 
ae ce ily PU— eg au 


BG obi gle ; ee 
Il+a,.1+%, %—%g.u—2y 
and, employing b instead of a, this may also be written 
poten i= La 5 2 ey 
l—a,.1—@, «—a%g.xn—«xy, 
so that Cant ds ethe Uieas Lema 
l-o, .1+4-2, 1—«, .1—a 
and therefore each is equal to —1, and 
Ll, +Lgty+2=0, 
since Ly+ta+xrg+e,=0; 
and, changing to the ee angle, 


with % > xg > 4% > Ly > m 
Differentiating, 
dé _ Sete +x) — 2(1 + agary)a ag ere x 
A oe anh) IX , while dg ON ; 
ae _ ie (1+agry)e_ 1, 
so that ap pas — }n(ag+ay) 


y+ Xa — (1+ a %a)e 
1—2 


=4n(a)+%a)—N 


Then ae gy = $N(L)+Xa); 


provided that (%)+2#a)= ae M1+ xa) =Cr/A. 
The quartic X must therefore break up into the two. 


G Cr 
quadratics x? — ee —1 and 24+a— qa): and 
» (Ge—CrFr 

K=@'-1y-(S a) 


so that the requisite relation when a+b=won, is 


1 Fey cas ccainihsiensecisesenins co kK) 
27 — Cr? — (Eo gn) 77 On elena eens (K) 
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Be 1 Cr , Geos @ 
L— Ly . La: Vi cos 
sin @ cos = fs Ws V5 -=-+ Fees 8 cost) |, 
a“. a 1 Cr Gcosé 
ain 6ein f=) ae fe Bee eh — cos” )}, 
G cos @—CrF | 

so that... sin’?@sin 2€=,/X, sin?@ cos 2€= 54 
and. * €=mt—v, 
where m= kn(a+xa) =$G/AF. 


Also, from : and (8), 
F(a cos + 6 sin w) =A6 
=An,/X/sin 9@=Ansin @ sin 2€ 5 
F(a sin y— 8 cos) =(Cr—A cos Ov,)sin 6 


Cr F—G cos = ms 
a Pisin 0 —Ansin 0 cos 2€. 


Therefore Fa=Ansin O(sin 2€ cos yy—cos 2€ sin yy) 
= An sin @ sin(2é—v) 
= Ansin @ sin(2mt—3yv,) ; 
FB = An sin 6 cos(2E—wW) 
= An sin 6 cos(2mt — 3). 
Now in the motion of a point on OC, relative to 0, 
sin 0 ¢¥ =sin 6 cos(mt— €)+7 sin 0 sin(mt— €) 


_ yim (eX. La-&_, fep—e. oy 
— 0 “| By v 2 , 


where x= cos 0. 
When b—a=oa, and W.-W, or ¢ is boii -elliptic, we 
shall find that G and Or are interchanged, and 
Ny + Xa) = Cr] A, 
n(1+a,0.)=G/AF ; 


; Ff? 
and then 27 — Cr? — a O% daesows soe (F) 
so that Pu? +0?) = F?sin’6, 


p+ =n'sind. 
As a numerical exercise, we may take, in addition to (F), 
G=4Aln, Cr=2,/7(An- 
then X =a*—302?+16,/7Ta—15 
= (a? —2,/7a+3)(a?+2,/7e—5); 
=,/1+2, t= —/71+2,/3, = /y—2, = —r/f/1—2/83 
92=60,  g3=88, ¢,=1+2,/3, e,=—2, @,=1—2,/3; 
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ga=—3, pb=1; w= 3w,, b=w,—4w, (§ 225); 
gc=2,/7 +3, gc= —8,/7—20, g2c=5, p2c=4,/7.: 
Now we shall tind that 


Ly —L.L—H\t 
nt—W=} cos-3( 2S ee! = ete. 
vas 2— 2a? : 


sin*@ cos 3(nt — Wy) = (—3+,/7 cos 0 — } cos?6)?, 
sin? sin 3(nt —v) is 
=(3,/7—2 cos 0+4,/7 cos*6),/(§ — ,/7 cos 0— 4 cos®). 


MISCELLANEOUS EXAMPLES. 


1, Construct a Table exhibiting the connexion between the 
twelve elliptic functions 


sn U, ns U, de wu, ed wu; 
cn u, ds wu, ne u, sd u; 
dn u, cs U, sc U, nd wu. 


2. Construct a Table of the values of the sn, cn, dn of 
u+mK+nkK in terms of sn wu, cnu, dnw; also of be elliptic 
functions of 4mkK+nK%), for m, n=0, 1, 2,.... 


3. Prove that, accents denoting differentiation, 


(.) snu dn”’w—sn"u dnu=snw dn wu, ete. 
i(snw), snwsn’w, (sn’w)? 
(ii.) (cn uw)’, enw cn’u, (cn’v)? |=x«2sn wen wu dn x. 


(dn uw)’, dn wdn’u, (dn’u)? | 
(G. B. Mathews.) 


4. Denoting by (m, 1) the function 
SN(Um— Un)CD (Um + Un) 
cn (Um —Un )SN(Um “+ Un)’ 


prove that 
(4, 1)(4, 2)(4, 3)(2, 3)(8, 1)0, 2)+- (4, D2, 3) +(4 2)(3, 1) 
+ (4, 3)(1, 2) =0. 
Denoting by A, B, C the functions 
sn(t—x)sn(y—z) sn(t—y)sn(z—a) sn(t—z)sn(~@—y) | 
sn(t-+a)sn(y+z) sn(¢-+-y)sn(2+2a)’ sn(t+2)sn( 2—y) 
prove that ABC+A+B+C=0. 


350 THE APPLICATIONS OF ELLIPTIC FUNCTIONS. 


5. Prove that 
2u 
(i.) J sn vdy= 2 tanh ~(« sn?u). 


0 
(ii.) frsn(2u+a)du=tanh{x sn wsn(u+a)}. 
; K 
(iii.) Sve ns udu= 42K’ —$K log 1/k. 
° 
6. Determine the orbit in which 
P=h?(u3+au'), the apsidal distance being a. 


7. Rectify 78 = adcos36. 
8. Prove that the perimeter of the Sercot Oval of § 161 


y 2 a: 2; 
is either ae n= ‘ i (ees) oy 1— . 


1 ;) il 


and draw the oe ant curves. 


9. Prove that the length of the curve of intersection of two 
circular cylinders, of radius a@ and b, whose axes intersect at 
‘ 47 7/1 — 2sin4d\} 
right angles, is suf Gaaeian Ko = G4 Das 


1—x*sin*¢ 
0 


and verify the result when a=b. 
10. Prove that K and 4K’ satisfy the differential equation 


dk 
aka k) dk i} iK= 0. 
Deduce the relation 
ha ee a Tae 
dh ot at de eae 
and thence deduce Legendre’s relation (§ 171). 
11. Prove that o, and &, of § 252 satisfy the differential 
: ?a 4—-TJIds oa 
t; J(J—1 = 
alge: LN) pepe Tat ad 
12. Deduce the Fourier series for snu, enu, dnw of §§ 266, 
267 from the series for Zw of § 268, making use of Landen’s 
Transformations and of equations (28), (29), (30) of § 264. 


= (0. 
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13. Prove that 


6) St lito) elute) , Puto) _ 
PU P(U+e,) E(U+te) (Utes) 


il (&)'= Qw+2ow : 
(1i.) a =e2u+ 2ou ; 


0; 


ae gu-e(utatb) gu-e@u-a—b) he { gu-g(a+b) |. 
7 p(u—a)——(u—b) p(u+a)-e(u+b) \(eu-ga)(pu——gb) 
14. Prove that, if a variable straight line meets the curve 
Ag+ By? + Cx+ D=0 
In (2X, Y1)(p Yo Xs Ys), then (§ 166) 
Sire fet os 
15. Denoting the integral 


= gyda 
Wf ane eke 


0 


0. 


where y is given as a function of x by the equation 
e+ y>—3axy=1, 
prove that, for three collinear points, 
fo, + fa, + fa, = 3a. 


16. Prove or verify that, with g,=0, the solution of Lamé’s 
differential equation 


. 1 d?4 e p ; 1 
Oy Te 20 is y= {put /(—9s)}*; 
eelndy Lae 
UB a= 69+ I Bys) is y=9U—b/BMs) 5 
2 1 
et) dae et is y=(A+ Beju)(e pu) ®. 


(Halphen, Mémoire sur la réduction des €quations différen- 
tielles, 1884.) 


17. Determine, by means of elliptic functions, the motion of 
liquid filling a rectangular box, due to component angular 
velocities about axes through the centre parallel to the edges. 

(Q. J. M., XV., p. 144; W. M. Hicks, Velocity and Electric 
Potentials between parallel planes, p. 274.) 
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18. Prove that, with «= }u/w and A =4y/w (§ 278), 


@ a0 3 2050 302. 
Au2™ 1 oe Aaa — gAw 
OS ee ery ORAS , aN ox T,U=eé TN T,U=€ i 
lr 0,0 0 6,0 60 


and thence convert the formulas (M) to (T) of § 249 into 
Jacobi’s notation. 
- 19. Prove that (§ 264, 20*) 
1/Q= Il @ —g")= > Ager ee 
os m=0 
; (6m-+1)2 
q‘jQ==q ©” 
20. Prove that 
: ; 2r 4 
G@) «=4¢n(G+S_) 5 


1+q*7} 
“ a (lag, 
(i1.) Ka ie ? 
A el ate) tanh?rr KK 
ou) bar tanh?(7—4})rK 
21. Prove that, in Appendix ILI., p. 346, 
G? 
Ic— oe eee 
g2c— (a+b) 4A2P en? 
C272 
2c = aa ca b) = 4A2n? > 
, _— 14 (Crk? 2T—Cr?— F/R . 
p+) =r rp A( AP An? 
; _ Wr 2T—Cr?— F/R 
? OOS re An ) 


Work out the case of 
27 —Cr?—F?/R=0, 
G=2AFn, Cr=2,/2An. 
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